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Abstract:

In this paper we study an important class of polynomial equations known as Schubert
cycles. They are the result of equating to zero the minors of certain matrices. We provide
an algorithm to compute these equations and identify their singular points.

Introduction
The set al 2-dimensional subspacesof R"isknown by the Grassmanian and denoted by
G(2,n). Given a2-dimensional subspace V of R", one can identify V with 2x4 matrix.

For instance, if V is generated by the vectors v, = (a;,b,,¢;,d;)and v, = (a,,b,,c,,d,),
. d:

then we identify V with the matrix gal oG 13. Moreover, since v, and v, are
@2 b2 CZ d2 0

linearly independent, the plane V can be identified with a matrix whose ith column is the

vector gz and jth column is gﬂ In other words, the set G(2,n) can be covered by the
u u

following subsets (charts):
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CuLy=¢ "
& 1y Y, . Yn2l
cL3 = él x; 0 X3 .. XU
D Vi 1Y, o Vool

& .. 1 X
gy* v DX

T

ithcolumn  jth column
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Theset G(2,n) isawel-known object in differential geometry and severd of its
properties are derived from the study of the so-called Schubert cycles. See [2]

1.1 Schubert cycles
Wedenote by C(n)the matrix whose first two columns form the identity 2x2 matrix and

the remaining entries are variables; that is



el 0 X X4 ... X, U

C(n) = : 3 A4 nu
& 1 y; Y4 o Yall

Definition

For each positive integer mand k with 1£ m <k £ n, we define the Schubert cycle

Sik to be the solution set of the following equations:

1. X1 =0 X0 =0,..,%X,=0and y, 4 =0 V4o =0,..., ¥, =0

2. delete the first m columns of C(n) and equate to zero al the 2x2 determinants.

Example

Let n =4. Then there are 6 Schubert cycles:
51 0 X, X, U

First note that C(4) =3 $ 43
D 1y, Y.l

S ={(% %, Y5 ¥.) % =0.%, =0y, =0,y, =0 } =<x;, %, Y.y, >

Sis =< Xas YarXs >

SJ,4 =< X3, X, >

Sy T<%, Yy >

S2,4 =<XY, - XY, 2

S, =< >

Wé usually ignore the last Schubert cycle since it is defined by the empty set of
equations.

Remark
Let K bethesubspace of R" generated by the standard vectors {e,,e,....,e.} . Then the
formal definition of a Schubert cycle S, :
Smk={V1 G(2,n) :dm(vC K,,) ® 1and dm(vC K,) 2 2}.
Our definition gives an easy to use characterization of Schubert cycles.

Example

Consider the Schubert cycle Sisl G(2,4). Our definition describes the intersection of
this Schubert cycle with the chart C(4) . Let us use the formal definition of a Schubert
cycle to calculate the equations that determine the intersection Sz C(4) .

- \
=8 0 0 iinia, thendm(vN K:) 3 Landdm(v Ks) 3 2.

Ifv
0 1 ys yalf



Recall that K:=San{1,0....,0} . Hence dm(v() K1) 3 1if and only if the rank of
b 0 0 Oy é6 0 O Oy é1 0 O Oy

gl 0 X X4H»§O 0 Xs x43»go 1 vy y43i32. Equivalently all 3x3
0 1 ys yaf €0 1 ys yaf 0 O x3 Xaff

determinants must be equal to zero. That is xs=0 and x2=0.

Similarly, dm(v(1K3) 3 2if and only if the rank of the matrix

€L 0 O Ou é& 0 0 Ou
& u é a
o 1 0 Og g 10 o@
€0 0 1 O0u»e 0 1 Ouis3. Equivaently al 4x4 determinants must be
gl 0 X X4H 20 00 X4H
@ 1y yff @ 0 0 yaff

N

ero.
Hence we obtain the equations x4 =0and ys=0. That isthe Schubert cycle Sisgiven

by the equations xs=0, x4=0,and y2=0.
For afull discussion of these idess, see [1].
Definition

Thedimensionof S, is (m- 1)+ (k- 2).

Example
dmS,=@1-)+(2-2) =0

dmS;; =(1- D +(3- 2)=1
dmS,=@1-)+(4-2)=2
dm S, =(2- D +(3- 2)=2
dms,,=(2-D)+4-2)=3

Definition codim
Theco-dimensionof S, codS,, is 2(n- 2)- dm S, .

For each of the Schubert cycles described above, we can compute the matrix of partial
derivatives of its polynomials:

édx; dx; dx; dxgu
deg dx, dy; dY4ld

s, S dy dy, dy U P 10 O
2 Sdy; Oy dys dysi @ 0 1 od
édx; dx, dy; dy,u 3) 00 1H

gdﬂ dy, dy, dy43
gdxs dx, dy; dy,q




Si3

Sia

S23

S24

€dx; dx; dxz dxzU
e dg d: duy @ 0 0 og
edX4 dX4 dX4 dX4u:% 1 0 Ou
edx3 dx, dy, dy,U €
1
AdY4 dy, dy, dﬂﬂ @ 00 1g
@dx; dx, dy; dy,f
édx; dxg dxg; dxzu
i dx, dy; dy43 & 0 0 Ou
edx4 dx, dx, dx,yq S) 10 OL‘I
gdx; dx, dy; dy,H
édx, dx, dx, dx,u
edx3 dx, dy, dy4u é0 1 0 Ou
edY4 dy, dy, dY4 U gO 00 lLJ
gdx; dx, dy; dY4H
ed(X3Y4 X4Y3)  d(X3Y4- X4Ys) d(X3Ys - XzY3)  d(X3Y, - X4Y3)8
é dx, dx, dy, dy, 1]
= [Y4 - Y3 - Xy Xs]

We observe that the rank of each matrix is equal to the co-dimension, except for the
Schubert cycle S,, where the rank is zero whenever (X3, X4, Ys,Y,) =(0,0,0,0). For this
reason we say that the origin is a singular point.

If S,k iSaSchubert cycle then it is defined by two types of equations; unless m=1. Let
usassumetha m?* 1. Then S, isdefined by:

Equations of Type I:

These are the result of deleting the first k columns of C(n) and taking 1x1 determinants:

€l 0 X3

O 1y v,
which gives us (2n2Kk) independent equations: X1, Xpy» Yks1s-» Y -

X

m |

Ym |

Xm

Y

Xk | Xgwg - Xp L:l
u
Yk | Yekar - Yl



Equations of Type II:
These are the result of deleting the first m columns of C(n) and taking 2x2 determinants.

One should observe that there are (k-m-1) independent 2x2 determinants.

KA — >
A \
Coum Colum

Recall that a Schubert cycle is smooth iff the rank of the matrix of partial derivativesis
exactly 2(n-2)-dim S, = 2n-4-(m+k-3)=2n-m-k-1. Since al the above equations are
independent and the derivative of x; or y; iseither O or 1, we see that a Schubert cycle
Sk issmooth iff the rank of the sub-matrix (formed by considering equations of type I1)

of partia derivativesis (2n-m-k-1)-(2n-2k)= k-m-1 (in other words, we ignore all
equatiors of type ).
Consequently, for S, to be smooth k-m-1=0, since otherwise there is an equation of

type Il and hence asingular point. But k-m-1=0 iff k=m+1.

Result

If mt1, S, issmoothiff k=m+1.

If m=1, then it is easy to see that all the equationsof S, are of typel. Hence S, is
smooth.

Result
Sk ad S, .1 aethe only smooth Schubert cycles.

Example
Consider G(2,5) that isn=>5.

The possible Schubert Cycles are as follows:



S22 =< X3, X4, Xs, Y3, Y4, Y5>

Sz =< Xs, X4, Xs, Y4, Y5 >

Si.4 =< X3, X4, Xs, Y5>

S5 =< X3, X4, X5 >

S2;3 =< X4, Xs, Y4, Y5 >

S2,4 =< Xs, Y5, X3Ya- Xays>

S25 =< X3Ya- XaY3, X3Y5- XsY3, Xays5- Xsya>
Ss,4 =< Xs, Y5>

Se5 =< XaYs- Xsya >

For each of the Schubert cycles described above, we can compute the matrix of partial
derivatives of its polynomials:
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0 1 0 0 0 Oy

% 0100 ol
S23: € u

€ 00 0 1 Qu

O 0000 17

é0 0 1 O O Ou
Sa:g0 0 0 0 0 1y

Bya -ys 0 -xa xs Of

éya -ys 0 -x4 xs Ou
Sz,sig 5 0 -ys -xs O ng

B0 ys -ys 0 -x X
@ 010 0 Of

® 0000 1

83,52[0 ys -ys 0 Xs X4]

Ss5: No Solution

Result
AsSikand Snm+1arethe only smooth Schubert Cycles, the following are all smooth.

Si3
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