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Abstract 

A distance function on a set X is a function RXXd →×: such that ( ) ( )xydyxd ,, =  for 

all yx, in ( ) 0, and , =yxdX if and only if yx = . We show if X is a Nagata space, then 

X  has a distance function. 

 

Definition 1 

Let X  be a set. A topology on X is a collection of subsets of X , denoted by ℑ , that 

satisfies the following conditions. 

1. ℑin  are   and φX . 

2. If A and B are in ℑ  then the intersection of A and B is also inℑ . 

3. An arbitrary union of members of ℑ  is also a member ofℑ . 

 

Example 1 

Let { } { } { } { }{ }cdbdcbXdcbaX ,,,,,,, and ,,, φ=ℑ= . 

Let us verify that ℑ  is a topology on X . 

1. X  and the empty set φ  are in ℑ . 

2. { } { }dcbdcbX ,,,, =∩ is in ℑ , { } φφ =∩ dcb ,,  is in ℑ . { } { } { }dbdbdcb ,,,, =∩  is in 

ℑ  and etc. 

3. XX =∪φ is in ℑ , { } { } { }dcbdbdcb ,,,,, =∪  is in ℑ , { } { } { }dcbcdb ,,, =∪  is in ℑ and 

any other arbitrary union of members of ℑ  is a members of ℑ  as well. 

 

 

 



Definition 2.1 

If ℑ  is a topology on X, we say ( )ℑ,X  is a topological space. Each member of ℑ  is 

called an open set. 

 

Definition 2.2 

A set is closed if its complement on X is open. 

 

Example 2.2 

Let { } { } { } { }{ }cdbdcbXdcbaX ,,,,,,, and ,,, φ=ℑ=  

The set { }ca, is closed since its complement { } { }dbcaX ,, =− is open. Note that 

φ  and  X  are both open and closed. 

 

Definition 3.1 

A sequence in the set X is a function XNf →:  from the set of natural numbers N to the 

set X. If { }aNf =)(  where Xa ∈ , then  f  is called a constant sequence. If  f  is injective 

, then  f  is called a sequence of distinct points. 

 

Example 3.1 
2)( nnf =   for each Nn ∈   is a sequence in 1R . 

 

Definition 3.2 

Let X  be a topological space and { }nx be a sequence in X . The sequence converges to a 

point “a“ in X if and only if given any open set ( )aU  containing a there exists a natural 

number on such that if onn > the point nx is in ( )aU . 

 

Example 3.2 

Consider the space 1R . The sequence ( ) nnf /1=  for each Nn ∈ in 1R  converges to 

0=a . To see this let U  be any open set containing 0=a .Then there exists a natural 



number on  such that ( ){ } UnxnRxV oo ⊂<<−∈= /1/1:1 .Thus for onn > , 

UVnnf ⊂∈= /1)( and hence ( ) 0→nf . 

 

Example 3.3 

The sequence nnf =)(  in 1R  does not converge to any point in 1R  because for each 

1Ra ∈  the open set { }11:1 +<<−∈ aaaRx contains no more than two points of the 

set Nnf =)( . Hence f cannot converge to a. 

 

Lemma 3.1 

Let { }ny be a sequence in the closed set F. If { }ny  converges to y then Fy ∈ . 

Proof 

Assume Fy ∉ . Then FXy −∈ . Since F is closed, its complement FX −  is open. Since 

{ } yyn →  and  y  is in the open set FX − , there is an integer 0n  such that for 

FXynn n −∈≥   , 0 . But { } Fy nn ⊂∞
=1 . Hence y must be in F. 

 

Definition 4 

A space ( )ℑ,X is called a 1T -space if for each pair of distinct points Xyx ∈, , there is an 

open set containing x but not y. 

 

Lemma 4.1 

If X is a  1T -space and Xy ∈ ,then { }y  is a closed subset of  X. 

 

Proof 

We show that { }y  is closed by showing that { }yX −  is open. 

Let x be any point in { }yX − . In particular yx ≠ . Since X  is a  1T -space , we can find 

an open set  xG  such that xGx ∈   and  xGy ∉ .    Hence { }yXGx −⊆ .  

If we do this for every point { }yXx −∈ , we obtain { } U
yx

xGyX
≠

=− . 

Being the union of open sets { }yX −  is open. Hence { }y  is closed. 



 

Definition 5 

A Nagata space is a topological space ( )ℑ,X  together with a function ℑ→× NNg : , 

where N is the set of positive integers, such that: 

1.  If x is in X, then x is in ),( xng for ,...2,1=n  

2. If ),(),( nxngxng ∩ is not empty for all n in N, then the sequence { }nx converges to x. 

 

Definition 6 

A function [ )∞→× ,0: XXd  is a distance function on X  if : 

1. ),(),( xydyxd =  

2. 0),( =yxd  if and only if x = y 

 

Theorem  

If  X is a Nagata space, then X  has a distance function. 

Proof. 

Let X  be a Nagata space with Nagata function g. 

For  Xyx ∈∀ , , we define { }φω ≠∩= ),(),(:),( yngxngnyx  where ℑ→× XNg : . 

Let { }),(:1/1inf),( yxnnyxd ω∈+= . The function  d is a distance function, if it satisfies 

the conditions mentioned in definition 6. 

The first condition ),(),( xydyxd =  is clear. 

For the second part that is yxyxd =⇔= 0),( , we first assume that yx =  and 

consequently  { }φωω ≠∩== ),(),(:),(),( xngxngnxxyx . 

In other words { },...3,2,1),( =xxω  therefore { }),(:1/1inf),(),( xxnnxxdyxd ω∈+==  

{ } 0,...4/1 ,3/1 ,2/1inf),( →=xxd . Hence 0),( =⇒= yxdyx . 

Now we assume that  0),( =yxd   therefore  { }),(:1/1inf),( yxnnyxd ω∈+= = 0 

Since the { } 0),(:1/1inf =∈+ yxnn ω , { }φω ≠∩= ),(),(:),( yngxngnyx . That is, 
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Since ),(),( yngxng ∩  is not empty for all  n  in  N  , referring to the second part of the 

Nagata space definition (definition 5), the sequence { }ny  converges to x. 

We know that the sequence { }∞
== 1nn yy   is in the set  { }y . Since the space is 1T , { }y  is 

closed by lemma 4.1, then lemma 3.1 implies that  { }yx ∈ . But the set { }y  has a single 

member y.  Hence  yxyxd =⇒= 0),( . 
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