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Abstract
A distance function on aset X isafunction d: X~ X ® Rsuchthat d(x, y)=d(y,x) for
dl x,yin X,andd(x, y) = 0if and only if x = y . Weshow if X isaNagata space, then

X has a distance function.

Definition 1

Let X beaset. A topology on X isacollection of subsetsof X , denoted by A, that
satisfies the following conditions.

1. X adf areinA.

2.1f Aand B arein A then theintersection of A and BisasoinA.

3. An arbitrary union of membersof A isalso a member ofA .

Example 1
Let X ={a,b,c,d}and A ={Xf {b,c,d}.{b,d}.{c}}.

Let us verify that A isatopology onX .
1. X andtheempty set f arein A.

2. X C{b,c,d} ={b,c,d}isin A, f ¢{b,c,d} =f isin A.{b,c,d}C{b,d}={b,d} isin
A and etc.
3. XEf =Xisin A {b,c,d} E{b,d} ={b,c,d} isin A {b,d}E {c} ={b,c,d} isin Aand

any other arbitrary union of membersof A isamembersof A aswell.



Definition 2.1
If A isatopology on X, wesay (X,A) isatopological space. Each member of A is
called an open set.

Definition 2.2

A setisclosed if its complement on X is open.

Example 2.2

Let X ={a,b,c,d}and A ={X f {b,c,d}.{b,d} {c}}

The set {a,c}isclosed since its complement X - {a,c} ={b,d}is open. Note that
X and f are both open and closed.

Definition 3.1
A sequenceintheset X isafunction f: N® X from the set of natural numbers N to the

st X. If f(N)={a} where al X ,then f iscalled aconstant sequence. If f isinjective
, then f iscalled a sequence of distinct points.

Example 3.1

f(n)=n? foreach nT N isasequencein R.

Definition 3.2
Let X beatopological space and {xn} be asequencein X . The sequence convergesto a
point “a" in X if and only if given any open set U (a) containing athere exists a natural

number n, such that if n>n_ thepoint x, isin U(a).

Example 3.2
Consider the space R*. The sequence f(n)=1/n foreach ni Nin R' convergesto

a=0.Toseethislet U beany open set containing a = 0.Then there exists a natural



number n, suchthat V ={x1 R':-(/n,)<x<1/n}i U Thusfor n>n,,

f(n)y=1/ni V1 U and hence f(n)® 0.

Example 3.3
The sequence f (n) =n inR' does not converge to any point in R* because for each

al R* the open set {XT R':a-1l<a<a +:I}contains no more than two points of the

set f (n) = N. Hence f cannot converge to a.

Lemma3.1
Let {y, }be asequenceinthe closed set F. If {y, } convergestoythen y1 F.

Pr oof

Assumeyl F.Then yI X - F.SinceF isclosed, its complement X - F isopen. Since
{y.}® yand y isintheopenset X - F, thereisan integer n, such that for

n3ny, y,1 X-F.But{y} _ 1 F.HenceymusbeinF.

Definition 4
A space(X ,A)iscalled a T, -space if for each pair of distinct points x, yT X, thereisan

open set containing X but not y.

Lemma4.l

If Xisa T,-spaceand y1 X ,then {y} isaclosed subset of X.

Pr oof

We show that {y} isclosed by showingthat X - {y} isopen.

Let x beany pointin X - {y}. Inparticular x* y. SinceX isa T,-space, we can find
anopenset G, suchthat xi G, and yi G,. Hence G I X- {y}.

If we do this for every point xT X - {y} , we obtain X - {y} = UGx .
xty

Being the union of open sets X - {y} isopen. Hence {y} is closed.



Definition 5

A Nagata space is a topological space (X,A) together with afunction g:N" N ® A,
where N is the set of positive integers, such that:

1. If xisin X, thenx isin g(n,x)for n=1,2,...

2. 1f g(n,x) Cg(n,x,)isnot empty for al nin N, then the sequence {x, } converges to x.

Definition 6

A function d: X” X ® [O,¥) is adistance function on X if :
1. d(xy) =d(y,x)

2.d(x,y)=0ifandonly if x=y

Theorem

If X isaNagata space, then X has a distance function.

Proof.

Let X be aNagata space with Nagata function g.

For " x,yl X ,wedefine w(x,y)={n:g(n,x)C g(ny)* f} where g:N" X ® A.
Letd(x,y) =inf {1/n+1: nl w(x, y)} . Thefunction d isadistance function, if it satisfies
the conditions mentioned in definition 6.

Thefirst condition d(x,y) =d(y, Xx) isclear.

For the second part that is d(x,y) =0U x =y, wefirst assumetha x =y and
consequently W(x, y) =w(x,x) ={n: g(n,x) C g(n,x) * f}.

In other words W(x, x) ={1,2,3,..} therefore d(x,y) =d(x,x) =inf {1/n+1:nT w(x,x)}
d(x,x) =irf {1/2,1/31/4,..} ® 0.Hence x=yb d(x,y) =0.

Now we assumethat d(x,y) =0 therefore d(x,y) =inf {L/n+1:nl w(x,y)}=0
Sincethe inf {1/n+1:nl w(x, y)} =0, w(x, y) ={n:g(n,x) C g(n,y)* f}. That is,



gLxCalky*f
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Since g(n,x) C g(n,y) isnot empty for al n in N , referring to the second part of the

Nagata space definition (definition 5), the sequence {yn} converges to X.
We know that the sequence {y, =y} _, isintheset {y}. Sincethe spaceis T,, {y} is
closed by lemma 4.1, then lemma 3.1 impliesthat x1 {y}. But the set {y} hasasingle

member y. Hence d(x,y) =0b x=1vy.
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