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Hyperbolic Translation
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Conformal Geometry

In Conformal Geometry the vector space V (p,q) is enlarged to
V(p+1,q+ 1) with a mapping function F': V(p,q) = V(p+ 1,9+ 1)
such that F (z)° = 0Vz € V (p,q). F (z) is a null vector. The motivation
for this is that translations, rotations, dialations, and inversions in V (p, q)
can all be encoded as rotations in V (p 4+ 1,¢ + 1). The geometric algebra
of G (p+ 1,q + 1) makes handeling the rotations very simple. The starting
point of conformal geometric is the stereographic projection of the line as

show: e

el xle

=11
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The points xe; and x7e; are mapped into the unit vectors ¥’ and . A
little algebra shows that if we let x = x1e1 be a general point on the line

€9 (1)

But this representation is not homogenous since ¥° # 0. Rename e; to
—e! to distinguish it from the basis vector(s) of the space being described
(in this case the line with basis e;) and scale and add the vector € to
equation 1 to get

X =2z1e1 — (1—27)e+ (L +a7)e (2)

where

e? =1, g2 = —1, e-e=10

1The sign is reversed so that our final result is the same as Hestenes.
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and X2 = 0 and the vector space V (1,0) has been extended to V (2,1).
To put equation 2 into standard form let

n—=e—e
O, n-n=2
2:13161—|—:L'% —n

O

n +
2

n

I =
|

X
Then the general mapping F': V (p,q) = V(p+ 1,9+ 1) forz €V (p,q)
is given by

F(z)=a(x’n+2z —n) (3)

This is referred to as the Hestenes mapping since it was discovered by
David Hestenes. We scale X by a to indicate that any multiple of X is
also fulfills the F (z)° = 0 requirement. We then set a to make it simple
to recover x from F' (x) by imposing the arbitrary normalization condition

F(z) n=—1 (4)
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1
which gives o = 5 and

(z°n+2x—n), Yz eV (p,q) (5)

DO | —

F(z)=

If x is a dimensional quantity we introduce the scalar A with the same
dimensions and define

F(x) = Qi)@ (z°n + 2\x — \°n) (6)

Note that for simplicity let A =1 and note that n-z =n-x = 0 giving

1
F(x) - F(y) = Z(x2n+2$—ﬁ)-(y2n—l—2y—ﬁ)
2,2
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= —(@-y) (7)

so that the inner product in V (p 4+ 1, ¢ + 1) encodes the distance between
two points in V (p,q). Note that F (x) - F' (y) = 0 implies that x = v,
such are the wonders of null vectors.
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Conformal Transformations

Conformal transformations consist of translations, rotatations,
dilations, and inversionsin V (p, g). In the conformal space V (p+1,q¢ + 1)
all these transformations can be represented by rotations and reflections.

1. Rotations in the base vectorspace V (p, q)

If R is a rotation in V (p,q) then RnR" = n and RAR' = 7 since n
and n commute with R and

RF (z)RT = %R (z°n + 2z — n) R (8)
= % (z?RnR" + 2Rz R' — RaRT) (9)
= % (°n + 2Rz R" — n) (10)
= F(RzR") (11)
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2. Dilations in the base vectorspace V (p, q)

Qee

Define the rotor D, = e< . ) inV(p+1,q+1). Since (e€)” =1

D, = cosh (g) + sinh (E) ee (12)
2 2
and
D,nD! =e %n D.xD! =z D,iD] =e%n (13)
so that .
D, F (z) D! = 5 (e7*“z*n + 2e~ %z — ) (14)

when F' (x) is properly normalized and thus = has been scaled by e™.
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3. Translations in the base vectorspace V (p, q)
na

Define the rotor T, = e 2 and note that (na)® = 0 so that

na
T, =1+
T
and
TonT] = (1+5)n(1-%7)
2 2
= n
na na
ot - (1+%)2(-%)
"ta Tt )" 9
= n—a*n—2a
na na
T 2TH = (1 —) (1——)
tla Tt )7 2
= z+(a-z)n
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so that

T.F (2) T =

a

(z*+2a-z+a*)n+2(x+a)—n)

DO |

and r — x + a.
. SpecialTransformation in the base vectorspace V (p, q)
na

Define the rotor 7, = e 2 and note that () = 0 so that

— mna
T =14+
T
and
_ na na
TonTh = (1 —) (1——)
"a T 2
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ot = ()0
" a ) 2

= 0
T,xT) = <1+y)x(1—%>
2 2

so That
T,F (x)T! = % (z°n+2 (x + 2%a) — (1 + 2a- & + a’z%) 7)

and z — (:1:_1 + a)_l.
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5. Inversions in V (p, q)

ene = e(e+e)e=e—€e=n
ene = e(le—e)e=e+e=n
ere = —I

Evaluating eF' (x) e and normalizing
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Composition of transformations is as expected. If T'(a) = €2,

B¢ aee

R(B,p) = e2, and D(a) = e 2 and we wish to translate, rotate,
dilate, and invert (in that order) the composite transformation f is

f=eD(a)R(B,$)T (a) (36)
and
F (') = fF () 1 (37)
where
fT=T()"R(B,¢)" D (a)'ef, Note that et = ¢ (38)
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Geometric Primitives

e Blade Geometry

Let L = Py A\... A P, be an r-blade such that L # 0 where the P, are
P, = F (p;) and the p; € V (p,q). Then P? =0 and the solutions of

LAX =0 (39)
where X = F(x) and = € V(p,q) will be shown to be primitive

geometric shapes (points, lines, circles, etc.). In general the solution of
equation 39 will be a linear combination of the P} so that

X = Z OélPl. (40)

Also note that L A P, = 0 so that the p; must be points in the geometric
primitive.
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Finally consider the effect of the conformal transformation R on
equation 39. We have (using equation 43 in introGA.pdf)

R(LAX)R = (RLRY) A (RXR') =0 (41)

since (RXRT)2 — 0 the blade L’ = (RLRT) represents a transformed
geometric entity.

Additionally if L = P; A ... A P, then
RLR' = RPIR"A ... AN RP,.R! (42)

and the points that define L are tranformed in exactly the same way
as the point X by R.

e Subspaces:

In the conformal space V (p+ 1,q+ 1) each blade defines a subspace
such that the defining blade is an unnormalized pseudo-scalar for that

— Typeset by Foil TEX — 15



subspace. For example consider the line L = X1 A Xo An. It is
contained in the subspace defined by the plane P = X1 A Xo AnAn
(F(0) =n) since P is just a plane through the origin containing the
line L. This is very useful when we wish to construct dual vectors to
any grade blade. If we did not use this we could not construct vectors
dual to lines and circles.

e Points, Lines, Circles, Planes, and Spheres:

Let four points in 3-space be defined as a = ey, b = e1, ¢ = —eg and
d = es with conformal maps A = F'(a), B = F (b), C = F (c), and
D = F'(c) and consider the blade geometry functions.

— Points:
If L = Py \ P, where P; # P, (p1 # p2) then the solutions are of
the form

X = Oélpl + OCQPQ (43)
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but since
X? =2a100P; - P, = 0, (44)

but P, - P, = —2(ps —p1)2 # 0 so that the possible solutions are
a1 # 0 and as = 0 or as #* 0 and a3 = 0 so that X = P; or
X = P, (scale factors do not matter since P’'s are null vectors) and
L encodes the points p; and ps.

Also note that (using equation 10 of introGA.pdf)
L* = (P - Py)* (45)

so that if L? < 0 it cannot be the outer product of two null vectors.
This can happen when you calculate the intersection of some objects
and indicates that there is no intersection.

If L? > 0 then P; and P» can be extracted by construction. Let a be
a vector such that a - L # 0, assume P; and P, are normalized such
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that P, - P, = —1 — L? =1 and constuct the following vectors:

a=a—(aNL)L=—((Py-a)PL+ (P1-a)P) (46)

wemasat = { TR E | (470 @

and we have recovered PP; and FP» to within a scale factor.

Consider the following cases where © = xgeqg + x1e1 + x265.

— Lines:
Caculate the blade (GAsympy.py was used for all four cases)

—2x9eg Ne1 Nea An
+(x1+x0—1)egANer AnAn
+x9eg Neg A AT
—x9e1t Neg AnAn

AABARAX = (48)
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If it set to O the scalar equations represented are

ro = 0
r1+xo9g = 1
— Circles:

—XT2€( NeirNeay An

ANBACAX = "1_*717260/\61/\62/\77/

—|—§(ajg+x%—l—x%—1)eo/\el/\n/\ﬁ

If it set to O the scalar equations represented are

CIZQZO

2 2 2
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— Planes:
ANBANANDANX = (xg+x1+x2—1)egNeg Aea AnAn (54)
If it set to O the scalar equations represented are
To+ a1+ 30 =1 (55)
— Spheres:
ANBACADAX = (z54+2i+25—1)egAer AesAnAn (56)
If it set to O the scalar equations represented are
i+l +ai=1 (57)

e Transformation of Geometric Shapes:

— Typeset by Foil TEX — 20



In all four cases the relevant blade represents the correct geometric
element through the correct points. By using the operations of
translation, dialation, and rotation (all represented by rotations in
conformal space) can be transformed into the general case for each
geometric element.

e Alternate Construction of Circle:

If ANBANC ANX =0 defines a circle it is easy to construct a circle
through two points with a tangent vector given at one of the two
points. Let the points on the circle be A and B and let the tangent
vector be u. Then conside C' = F (b + au) so that the circle is defined
by F'(a) AN F (b) N F (b+ au), but

a?u?

Fb+oau)=Fb)+a((b-u)n+u)+ 5

n (58)
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To first order in a the blade defining the circle is then

F(a)ANF (ONF (b)) +a((b-u)n+u)) =aF (a)AF (b)A((Db-u)n + u)

(59)
Since F'(a) and F'(b) are homogenous « can be made very small and
still be absorbed into either so that the blade representing the circle
througn a and b with tangent u at b is

Fla)AF®)A((D-u)n+u) (60)

— Typeset by Foil TEX — 22



Extraction of Geometric Shape Parameters from Blades
(Dual Representations)

The duality operation for the A and - products is
X -(AD)=(XNA)IT (61)

where A, is a pure r grade multivector and I is an appropriate psuedo-
scalar. In our case A, is a grade r blade representation of a geometric
entity and [ is a blade of one grade higher that contains A,. We

now consider how to extract geometric information from different blade
representations.
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e Lines and Planes:

Both lines and planes can be described by the following equation (where
x and g are vectors restricted to their respective subspaces):

(x —x0) - To =229 — 25 =0 (62)

where x is a vector from the origin to the line or plane and z( is vector

from the origin to the closest point on the line or plane. If the blade P
represents a plane its dual vector is

P*=Pl=p+an (63)

where [ is the psuedo-scalar for the entire conformal space. If L
represents a line then its dual vector is

L*=L(LAn)=1+ pn (64)
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where L A n is a plane containing L and the origin. Using the dual
relationship we have that

XANP=0—-X -P"=0

XANL=0—-X-L*=0 (65)
For the case of the plane (or line) we have
1, 5 _
F(x)-(p+an) = §(x n+2x—n)-(p+an) (66)
1
= x p—§cm-ﬁ (67)
= I-p—a« (68)
Normalizing gives
L 1=0 (69)
o)
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or

p Lo
— = — 70
o (70)

Note that if the plane or line contains the origin &« = 0 or 3 = 0 and
p or [ is a normal to the plane or line. xy completly determines the
plane. The line is completely determined by xy and

Ap=p1—p2==(L-n)-n (71)

1
2

where p; and py are the points on the line encoded by L. Thus Ap is
a vector in the direction of the line and z¢ and Ap determine the line.

e Circles and Spheres: Both circles and spheres are described by the
equation

(z — 20)” = p* (72)
If C' = X1 ANXoAX3isacircleand S = X1 A XoA X3A X, is a sphere
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the dual vectors can be constructed as follows

C* = C(C An)

S* = 5(S An) (73)

Note that C' A n is a plane that contains C' and S A n is a hyper-
plane that contains S so that each blade can respectively act as a
psuedo-scalar for the circle and sphere.

If C* and S™* have a non-zero coefficent for n they can be put in the
form (with proper scaling)
2
C* or S* = F (xg) — on (74)

but by duality we have X - C* =0 and X - §* = 0 so that

F(x)-<F(xo)—%2n> S (75)
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(x—x0)" = p* = 0 (76)

Thus S* and C* gives the center and radius of both the sphere and
circle. The orientation of the circle is given by

(CAn)-n)-n (77)

DO | —

Aps A Aps = (p2 — p1) A (ps — p1) =

where p1, po, and ps are the points that define the blade C'. Since this
result is a grade two blade all the formulas hold in higher dimension
spaces.
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Intersections of Geometric Objects

If two geometric entities are represented by the dual vectors B} and
B3 then the intersection of these entities are the set of points, X (rays in
the conformal space) that simultaneously satisify

X -B'=X Bi=0 (78)

These two conditions are equivalent to the single condition

X - (BfAB3)=0 (79)
since
X -(BiANB3)=(X-By)B; —(X-B3)Bj (80)
and
XAN(BfAB3)) =0 (81)
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Where the dual of the outer product is calculated using the minimal
psuedo-scalar that contains the intersection. For example if By and Bs
are some combination of planes and spheres the intersection will be circles,
a point, or no intersection at all. To simplify for now assume we are dealing
with entities in V (3,0). In that case we can use I € G (5,1) and the dual
of the grade 2 blade in equation 81 with be of grade 4 which is correct
for a circle or line.
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Non-Euclidian Geometry

Start by looking at the properties of the blade that defines a line,

L =X ANY An, in Euclidian space. The generator of the line is (note
that (X -n)=(Y -n) = —1)

B=In=(XAYAn)n =

B . . . a .
Thus R = eZ is the translation that takes z into y and R = e28 is a

translation that would translate points on the line defined by = and y
along the line so that we call B the generator of the line. Another critical
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property of R is that RnRT = n. The point at infinity is not affected by
a translation operation.

Our introduction to non-euclidian geometry is to consider the
consequences of replacing n by e.

Straight Lines In the Non-Euclidian Plane L = X AY Ae
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Thus the equivalent of a straight line in our new geometry is defined by
LNZ =0where L=XAY Ae. Intwo dimensions (F'(z) A F (y) Ae) A
F (2) = 0 is equivalent to?

D(1—|—22)+AZO—|—B,21:O

D = zoy1 — z1y0
A=ux (1 + y2) — 1 (1 + :1:2) (86)
B =y (1+2%) —xo(1+y°)

A2 B\? A24 B2
— — ] = —1 7
(ZO_I—QD) —1—(21—1—2D> 4D2 (8 )
A2 B2

It D =0 we have a straight line and if <57~ — 1> 0 we have a circle.
After much work the condition for a circle can be reduced to

or

(1—-27) (1-97) >0 (88)

2Equations 86, 92, 97, 98, and 99 were calculated with GAsympy.py.
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so that L is a circle if 22, y? < 1.

For the generator of the line we have in analogy to Euclidian space:

B=Le=(XANYNe)e=XANY+(—(Y-e) XNe+((X-e)Y Ne

(89)
Thus B is a generator of rotations in the conformal space. Next the
equivalent normalization of X is X -e = —1 (instead of X -n = —1)
giving
1 9 _
X:F(x):l_x2(xn—|—2az—n) (90)
and ,
—2(x —y)
XY = 91
A=) (1- ) o
B2=(X-Y)-2(X-YV)(X-e)(Y e (92)

Thus B? > 0 forall 22 < 1 and y? < 1 or 22 > 1 and y? > 1. So that if
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~ B
we define |B| = v B? and B = Bl

R = %8 = cosh (%) + sinh (E) B (93)

and

ReR' = <Cosh (%) - ((X Y2 —2(X-Y)(X-e) (Y- e))> e
— (COSh (g>2 — sinh (%) 2) e
= e (94)

So that e is invarient under rotations generated by R. The next step is to
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determine what value of a will cause X to be translated to Y or
Y = RXR' (95)
Since Y is null the equation to solve is
Y?=Y Y =(RXR")-Y =0 (96)
This is equivalent to

cosh(a) (X -Y)—(X-e)(Y-e)+ (X -e)(Y-e)+sinh(a)|B|=0

(97)
cosh () =1 — (X();(?/) y (98)

o ., /a XY
sinh (5) T 2(X o) (Y -e) (99)
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SO

SH
/N
S
<
N——r—"

|

-1 B XY
2 sinh <\/ 2(X o) (Y - )

_ sinh 1 (ﬂf—y)Q
= zsmb \/<1x2><1y2>

If x, y, and z are all on the same non-euclidian line then

d(x,y)+d(y,z)=d(z,z)
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