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Chapter 1IntroductionThis thesis is an investigation into the properties and applications of Cli�ord's geometricalgebra. That there is much new to say on the subject of Cli�ord algebra may be a surpriseto some. After all, mathematicians have known how to associate a Cli�ord algebra witha given quadratic form for many years [11] and, by the end of the sixties, their algebraicproperties had been thoroughly explored. The result of this work was the classi�cation ofall Cli�ord algebras as matrix algebras over one of the three associative division algebras(the real, complex and quaternion algebras) [12]{[16]. But there is muchmore to geometricalgebra than merely Cli�ord algebra. To paraphrase from the introduction to \Cli�ordAlgebra to Geometric Calculus" [24], Cli�ord algebra provides the grammar from whichgeometric algebra is constructed, but it is only when this grammar is augmented with anumber of secondary de�nitions and concepts that one arrives at a true geometric algebra.In fact, the algebraic properties of a geometric algebra are very simple to understand, theyare those of Euclidean vectors, planes and higher-dimensional (hyper)surfaces. It is thecomputational power brought to the manipulation of these objects that makes geometricalgebra interesting and worthy of study. This computational power does not rest on theconstruction of explicit matrix representations, and very little attention is given to thematrix representations of the algebras used. Hence there is little common ground betweenthe work in this thesis and earlier work on the classi�cation and study of Cli�ord algebras.There are two themes running through this thesis: that geometric algebra is the nat-ural language in which to formulate a wide range of subjects in modern mathematicalphysics, and that the reformulation of known mathematics and physics in terms of geo-metric algebra leads to new ideas and possibilities. The development of new mathematicalformulations has played an important role in the progress of physics. One need only con-sider the bene�ts of Lagrange's and Hamilton's reformulations of classical mechanics, orFeynman's path integral (re)formulation of quantum mechanics, to see how important theprocess of reformulation can be. Reformulations are often interesting simply for the noveland unusual insights they can provide. In other cases, a new mathematical approach canlead to signi�cant computational advantages, as with the use of quaternions for combiningrotations in three dimensions. At the back of any programme of reformulation, however,lies the hope that it will lead to new mathematics or physics. If this turns out to bethe case, then the new formalism will usually be adopted and employed by the widercommunity. The new results and ideas contained in this thesis should support the claim1



that geometric algebra o�ers distinct advantages over more conventional techniques, andso deserves to be taught and used widely.The work in this thesis falls broadly into the categories of formalism, reformulationand results. Whilst the foundations of geometric algebra were laid over a hundred yearsago, gaps in the formalism still remain. To �ll some of these gaps, a number of new alge-braic techniques are developed within the framework of geometric algebra. The processof reformulation concentrates on the subjects of Grassmann calculus, Lie algebra theory,spinor algebra and Lagrangian �eld theory. In each case it is argued that the geometricalgebra formulation is computationally more e�cient than standard approaches, and thatit provides many novel insights. The new results obtained include a real approach torelativistic multiparticle quantum mechanics, a new classical model for quantum spin-1/2and an approach to gravity based on gauge �elds acting in a 
at spacetime. Through-out, consistent use of geometric algebra is maintained and the bene�ts arising from thisapproach are emphasised.This thesis begins with a brief history of the development of geometric algebra and areview of its present state. This leads, inevitably, to a discussion of the work of DavidHestenes [17]{[34], who has done much to shape the modern form of the subject. A numberof the central themes running through his research are described, with particular emphasisgiven to his ideas on mathematical design. Geometric algebra is then introduced, closelyfollowing Hestenes' own approach to the subject. The central axioms and de�nitionsare presented, and a notation is introduced which is employed consistently throughoutthis work. In order to avoid introducing too much formalism at once, the material inthis thesis has been split into two halves. The �rst half, Chapters 1 to 4, deals solelywith applications to various algebras employed in mathematical physics. Accordingly,only the required algebraic concepts are introduced in Chapter 1. The second half of thethesis deals with applications of geometric algebra to problems in mechanics and �eldtheory. The essential new concept required here is that of the di�erential with respect tovariables de�ned in a geometric algebra. This topic is known as geometric calculus, andis introduced in Chapter 5.Chapters 2, 3 and 4 demonstrate how geometric algebra embraces a number of alge-braic structures essential to modern mathematical physics. The �rst of these is Grass-mann algebra, and particular attention is given to the Grassmann \calculus" introducedby Berezin [35]. This is shown to have a simple formulation in terms of the propertiesof non-orthonormal frames and examples are given of the algebraic advantages o�ered bythis new approach. Lie algebras and Lie groups are considered in Chapter 3. Lie groupsunderpin many structures at the heart of modern particle physics, so it is important todevelop a framework for the study of their properties within geometric algebra. It isshown that all (�nite dimensional) Lie algebras can be realised as bivector algebras and itfollows that all matrix Lie groups can be realised as spin groups. This has the interestingconsequence that every linear transformation can be represented as a monomial of (Clif-ford) vectors. General methods for constructing bivector representations of Lie algebrasare given, and explicit constructions are found for a number of interesting cases.The �nal algebraic structures studied are spinors. These are studied using the space-time algebra | the (real) geometric algebra of Minkowski spacetime. Explicit maps areconstructed between Pauli and Dirac column spinors and spacetime multivectors, and2



it is shown that the role of the scalar unit imaginary of quantum mechanics is playedby a �xed spacetime bivector. Changes of representation are discussed, and the Diracequation is presented in a form in which it can be analysed and solved without requiringthe construction of an explicit matrix representation. The concept of the multiparticlespacetime algebra is then introduced and is used to construct both non-relativistic andrelativistic two-particle states. Some relativistic two-particle wave equations are consid-ered and a new equation, based solely in the multiparticle spacetime algebra, is proposed.In a �nal application, the multiparticle spacetime algebra is used to reformulate aspectsof the 2-spinor calculus developed by Penrose & Rindler [36, 37].The second half of this thesis deals with applications of geometric calculus. The essen-tial techniques are described in Chapter 5, which introduces the concept of themultivectorderivative [18, 24]. The multivector derivative is the natural extension of calculus for func-tions mapping between geometric algebra elements (multivectors). Geometric calculus isshown to be ideal for studying Lagrangian mechanics and two new ideas are developed |multivector Lagrangians and multivector-parameterised transformations. These ideas areillustrated by detailed application to two models for spinning point particles. The �rst,due to Barut & Zanghi [38], models an electron by a classical spinor equation. This modelsu�ers from a number of defects, including an incorrect prediction for the precession ofthe spin axis in a magnetic �eld. An alternative model is proposed which removes manyof these defects and hints strongly that, at the classical level, spinors are the generatorsof rotations. The second model is taken from pseudoclassical mechanics [39], and has theinteresting property that the Lagrangian is no longer a scalar but a bivector-valued func-tion. The equations of motion are solved exactly and a number of conserved quantitiesare derived.Lagrangian �eld theory is considered in Chapter 6. A unifying framework for vectors,tensors and spinors is developed and applied to problems in Maxwell and Dirac theory.Of particular interest here is the construction of new conjugate currents in the Diractheory, based on continuous transformations of multivector spinors which have no simplecounterpart in the column spinor formalism. The chapter concludes with the developmentof an extension of multivector calculus appropriate for multivector-valued linear functions.The various techniques developed throughout this thesis are brought together in Chap-ter 7, where a theory of gravity based on gauge transformations in a 
at spacetime ispresented. The motivation behind this approach is threefold: (1) to introduce gravitythrough a similar route to the other interactions, (2) to eliminate passive transformationsand base physics solely in terms of active transformations and (3) to develop a theorywithin the framework of the spacetime algebra. A number of consequences of this theoryare explored and are compared with the predictions of general relativity and spin-torsiontheories. One signi�cant consequence is the appearance of time-reversal asymmetry inradially-symmetric (point source) solutions. Geometric algebra o�ers numerous advan-tages over conventional tensor calculus, as is demonstrated by some remarkably compactformulae for the Riemann tensor for various �eld con�gurations. Finally, it is suggestedthat the consistent employment of geometric algebra opens up possibilities for a genuinemultiparticle theory of gravity. 3



1.1 Some History and Recent DevelopmentsThere can be few pieces of mathematics that have been re-discovered more often thanCli�ord algebras [26]. The earliest steps towards what we now recognise as a geometricalgebra were taken by the pioneers of the use of complex numbers in physics. Wessel,Argand and Gauss all realised the utility of complex numbers when studying 2-dimensionalproblems and, in particular, they were aware that the exponential of an imaginary numberis a useful means of representing rotations. This is simply a special case of the more generalmethod for performing rotations in geometric algebra.The next step was taken by Hamilton, whose attempts to generalise the complex num-bers to three dimensions led him to his famous quaternion algebra (see [40] for a detailedhistory of this subject). The quaternion algebra is the Cli�ord algebra of 2-dimensionalanti-Euclidean space, though the quaternions are better viewed as a subalgebra of theCli�ord algebra of 3-dimensional space. Hamilton's ideas exerted a strong in
uence onhis contemporaries, as can be seen form the work of the two people whose names are mostclosely associated with modern geometric algebra | Cli�ord and Grassmann.Grassmann is best known for his algebra of extension. He de�ned hypernumbersei, which he identi�ed with unit directed line segments. An arbitrary vector was thenwritten as aiei, where the ai are scalar coe�cients. Two products were assigned to thesehypernumbers, an inner product ei�ej = ej �ei = �ij (1:1)and an outer product ei^ej = �ej^ei: (1:2)The result of the outer product was identi�ed as a directed plane segment and Grassmannextended this concept to include higher-dimensional objects in arbitrary dimensions. Afact overlooked by many historians of mathematics is that, in his later years, Grassmanncombined his interior and exterior products into a single, central product [41]. Thus hewrote ab = a�b+ a^b; (1:3)though he employed a di�erent notation. The central product is precisely Cli�ord's prod-uct of vectors, which Grassmann arrived at independently from (and slightly prior to)Cli�ord. Grassmann's motivation for introducing this new product was to show thatHamilton's quaternion algebra could be embedded within his own extension algebra. Itwas through attempting to unify the quaternions and Grassmann's algebra into a sin-gle mathematical system that Cli�ord was also led to his algebra. Indeed, the paper inwhich Cli�ord introduced his algebra is entitled \Applications of Grassmann's extensivealgebra" [42].Despite the e�orts of these mathematicians to �nd a simple uni�ed geometric algebra(Cli�ord's name for his algebra), physicists ultimately adopted a hybrid system, duelargely to Gibbs. Gibbs also introduced two products for vectors. His scalar (inner)product was essentially that of Grassmann, and his vector (cross) product was abstractedfrom the quaternions. The vector product of two vectors was a third, so his algebrawas closed and required no additional elements. Gibbs' algebra proved to be well suited4



to problems in electromagnetism, and quickly became popular. This was despite theclear de�ciencies of the vector product | it is not associative and cannot be generalisedto higher dimensions. Though special relativity was only a few years o�, this lack ofgeneralisability did not appear to deter physicists and within a few years Gibbs' vectoralgebra had become practically the exclusive language of vector analysis.The end result of these events was that Cli�ord's algebra was lost amongst the wealthof new algebras being created in the late 19th century [40]. Few realised its great promiseand, along with the quaternion algebra, it was relegated to the pages of pure algebratexts. Twenty more years passed before Cli�ord algebras were re-discovered by Dirac inhis theory of the electron. Dirac arrived at a Cli�ord algebra through a very di�erentroute to the mathematicians before him. He was attempting to �nd an operator whosesquare was the Laplacian and he hit upon the matrix operator 
�@�, where the 
-matricessatisfy 
�
� + 
�
� = 2I��� : (1:4)Sadly, the connection with vector geometry had been lost by this point, and ever sincethe 
-matrices have been thought of as operating on an internal electron spin space.There the subject remained, essentially, for a further 30 years. During the interimperiod physicists adopted a wide number of new algebraic systems (coordinate geometry,matrix algebra, tensor algebra, di�erential forms, spinor calculus), whilst Cli�ord algebraswere thought to be solely the preserve of electron theory. Then, during the sixties, twocrucial developments dramatically altered the perspective. The �rst was made by Atiyahand Singer [43], who realised the importance of Dirac's operator in studying manifoldswhich admitted a global spin structure. This led them to their famous index theorems, andopened new avenues in the subjects of geometry and topology. Ever since, Cli�ord algebrashave taken on an increasingly more fundamental role and a recent text proclaimed thatCli�ord algebras \emerge repeatedly at the very core of an astonishing variety of problemsin geometry and topology" [15].Whilst the impact of Atiyah's work was immediate, the second major step taken inthe sixties has been slower in coming to fruition. David Hestenes had an unusual trainingas a physicist, having taken his bachelor's degree in philosophy. He has often stated thatthis gave him a di�erent perspective on the role of language in understanding [27]. Likemany theoretical physicists in the sixties, Hestenes worked on ways to incorporate largermultiplets of particles into the known structures of �eld theory. During the course of theseinvestigations he was struck by the idea that the Dirac matrices could be interpreted asvectors, and this led him to a number of new insights into the structure and meaning ofthe Dirac equation and quantum mechanics in general [27].The success of this idea led Hestenes to reconsider the wider applicability of Cli�ordalgebras. He realised that a Cli�ord algebra is no less than a system of directed numbersand, as such, is the natural language in which to express a number of theorems and resultsfrom algebra and geometry. Hestenes has spent many years developing Cli�ord algebrainto a complete language for physics, which he calls geometric algebra. The reason forpreferring this name is not only that it was Cli�ord's original choice, but also that it servesto distinguish Hestenes' work from the strictly algebraic studies of many contemporarytexts.During the course of this development, Hestenes identi�ed an issue which has been5



coordinate geometry spinor calculuscomplex analysis Grassmann algebravector analysis Berezin calculustensor analysis di�erential formsLie algebras twistorsCli�ord algebraTable 1.1: Some algebraic systems employed in modern physicspaid little attention | that of mathematical design. Mathematics has grown into anenormous group undertaking, but few people concern themselves with how the results ofthis e�ort should best be organised. Instead, we have a situation in which a vast range ofdisparate algebraic systems and techniques are employed. Consider, for example, the listof algebras employed in theoretical (and especially particle) physics contained in Table 1.1.Each of these has their own conventions and their own methods for proving similar results.These algebras were introduced to tackle speci�c classes of problem, and each is limitedin its overall scope. Furthermore, there is only a limited degree of integrability betweenthese systems. The situation is analogous to that in the early years of software design.Mathematics has, in essence, been designed \bottom-up". What is required is a \top-down" approach | a familiar concept in systems design. Such an approach involvesidentifying a single algebraic system of maximal scope, coherence and simplicity whichencompasses all of the narrower systems of Table 1.1. This algebraic system, or language,must be su�ciently general to enable it to formulate any result in any of the sub-systemsit contains. But it must also be e�cient, so that the interrelations between the subsystemscan be clearly seen. Hestenes' contention is that geometric algebra is precisely the requiredsystem. He has shown how it incorporates many of the systems in Table 1.1, and part ofthe aim of this thesis is to �ll in some of the remaining gaps.This \top-down" approach is contrary to the development of much of modern math-ematics, which attempts to tackle each problem with a system which has the minimumnumber of axioms. Additional structure is then handled by the addition of further axioms.For example, employing geometric algebra for problems in topology is often criticised onthe grounds that geometric algebra contains redundant structure for the problem (in thiscase a metric derived from the inner product). But there is considerable merit to seeingmathematics the other way round. This way, the relationships between �elds becomeclearer, and generalisations are suggested which could not be seen form the perspectiveof a more restricted system. For the case of topology, the subject would be seen in themanner that it was originally envisaged | as the study of properties of manifolds that areunchanged under deformations. It is often suggested that the geniuses of mathematics arethose who can see beyond the symbols on the page to their deeper signi�cance. Atiyah,for example, said that a good mathematician sees analogies between proofs, but a greatmathematician sees analogies between analogies1. Hestenes takes this as evidence thatthese people understood the issues of design and saw mathematics \top-down", even if it1I am grateful to Margaret James for this quote.6



was not formulated as such. By adopting good design principles in the development ofmathematics, the bene�ts of these insights would be available to all. Some issues of whatconstitutes good design are debated at various points in this introduction, though thissubject is only in its infancy.In conclusion, the subject of geometric algebra is in a curious state. On the onehand, the algebraic structures keeps reappearing in central ideas in physics, geometryand topology, and most mathematicians are now aware of the importance of Cli�ordalgebras. On the other, there is far less support for Hestenes' contention that geometricalgebra, built on the framework of Cli�ord algebra, provides a uni�ed language for muchof modern mathematics. The work in this thesis is intended to o�er support for Hestenes'ideas.1.2 Axioms and De�nitionsThe remaining sections of this chapter form an introduction to geometric algebra and tothe conventions adopted in this thesis. Further details can be found in \Cli�ord algebrato geometric calculus" [24], which is the most detailed and comprehensive text on geo-metric algebra. More pedagogical introductions are provided by Hestenes [25, 26] andVold [44, 45], and [30] contains useful additional material. The conference report on thesecond workshop on \Cli�ord algebras and their applications in mathematical physics"[46] contains a review of the subject and ends with a list of recommended texts, thoughnot all of these are relevant to the material in this thesis.In deciding how best to de�ne geometric algebra we arrive at our �rst issue of math-ematical design. Modern mathematics texts (see \Spin Geometry" by H.B Lawson andM.-L. Michelsohn [15], for example) favour the following de�nition of a Cli�ord algebra.One starts with a vector space V over a commutative �eld k, and supposes that q is aquadratic form on V . The tensor algebra of V is de�ned asT (V ) = 1Xr=0
rV; (1:5)where 
 is the tensor product. One next de�nes an ideal Iq(V ) in T (V ) generated by allelements of the form v 
 v + q(v)1 for v 2 V . The Cli�ord algebra is then de�ned as thequotient Cl(V; q) � T (V )=Iq(V ): (1:6)This de�nition is mathematically correct, but has a number of drawbacks:1. The de�nition involves the tensor product, 
, which has to be de�ned initially.2. The de�nition uses two concepts, tensor algebras and ideals, which are irrelevant tothe properties of the resultant geometric algebra.3. Deriving the essential properties of the Cli�ord algebra from (1.6) requires furtherwork, and none of these properties are intuitively obvious from the axioms.7



4. The de�nition is completely useless for introducing geometric algebra to a physi-cist or an engineer. It contains too many concepts that are the preserve of puremathematics.Clearly, it is desirable to �nd an alternative axiomatic basis for geometric algebra whichdoes not share these de�ciencies. The axioms should be consistent with our ideas of whatconstitutes good design. The above considerations lead us propose the following principle:The axioms of an algebraic system should deal directly with the objects ofinterest.That is to say, the axioms should o�er some intuitive feel of the properties of the systemthey are de�ning.The central properties of a geometric algebra are the grading, which separates objectsinto di�erent types, and the associative product between the elements of the algebra. Withthese in mind, we adopt the following de�nition. A geometric algebra G is a graded linearspace, the elements of which are called multivectors. The grade-0 elements are calledscalars and are identi�ed with the �eld of real numbers (we will have no cause to considera geometric algebra over the complex �eld). The grade-1 elements are called vectors, andcan be thought of as directed line segments. The elements of G are de�ned to have anaddition, and each graded subspace is closed under this. A product is also de�ned whichis associative and distributive, though non-commutative (except for multiplication by ascalar). The �nal axiom (which distinguishes a geometric algebra from other associativealgebras) is that the square of any vector is a scalar.Given two vectors, a and b, we �nd that(a+ b)2 = (a+ b)(a+ b)= a2 + (ab+ ba) + b2: (1.7)It follows that ab+ ba = (a+ b)2 � a2 � b2 (1:8)and hence that (ab + ba) is also a scalar. The geometric product of 2 vectors a; b cantherefore be decomposed as ab = a�b+ a^b; (1:9)where a�b � 12(ab+ ba) (1:10)is the standard scalar, or inner, product (a real scalar), anda^b � 12(ab� ba) (1:11)is the antisymmetric outer product of two vectors, originally introduced by Grassmann.The outer product of a and b anticommutes with both a and b,a(a^b) = 12(a2b� aba)= 12(ba2 � aba)= �12(ab� ba)a= �(a^b)a; (1.12)8



so a^b cannot contain a scalar component. The axioms are also su�cient to show thata^b cannot contain a vector part. If we supposed that a^b contained a vector part c,then the symmetrised product of a^ b with c would necessarily contain a scalar part. Butc(a ^ b) + (a ^ b)c anticommutes with any vector d satisfying d�a = d�b = d�c = 0, andso cannot contain a scalar component. The result of the outer product of two vectorsis therefore a new object, which is de�ned to be grade-2 and is called a bivector. It canbe thought of as representing a directed plane segment containing the vectors a and b.The bivectors form a linear space, though not all bivectors can be written as the exteriorproduct of two vectors.The de�nition of the outer product is extended to give an inductive de�nition of thegrading for the entire algebra. The procedure is illustrated as follows. Introduce a thirdvector c and write c(a^b) = 12c(ab� ba)= (a�c)b� (b�c)a� 12(acb� bca)= 2(a�c)b� 2(b�c)a+ 12(ab� ba)c; (1.13)so that c(a^b)� (a^b)c = 2(a�c)b� 2(b�c)a: (1:14)The right-hand side of (1.14) is a vector, so one decomposes c(a^b) intoc(a^b) = c�(a^b) + c^(a^b) (1:15)where c�(a^b) � 12 [c(a^b)� (a^b)c] (1:16)and c^(a^b) � 12 [c(a^b) + (a^b)c] : (1:17)The de�nitions (1.16) and (1.17) extend the de�nitions of the inner and outer productsto the case where a vector is multiplying a bivector. Again, (1.17) results in a new object,which is assigned grade-3 and is called a trivector. The axioms are su�cient to prove thatthe outer product of a vector with a bivector is associative:c^(a^b) = 12 [c(a^b) + (a^b)c]= 14 [cab� cba+ abc� bac]= 14 [2(c^a)b+ acb+ abc+ 2b(c^a)� bca� cba]= 12 [(c^a)b+ b(c^a) + a(b�c)� (b�c)a]= (c^a)^b: (1.18)The de�nitions of the inner and outer products are extended to the geometric productof a vector with a grade-r multivector Ar as,aAr = a�Ar + a^Ar (1:19)where the inner product a�Ar � haArir�1 = 12(aAr � (�1)rAra) (1:20)9



lowers the grade of Ar by one and the outer (exterior) producta^Ar � haArir+1 = 12(aAr + (�1)rAra) (1:21)raises the grade by one. We have used the notation hAir to denote the result of theoperation of taking the grade-r part of A (this is a projection operation). As a furtherabbreviation we write the scalar (grade 0) part of A simply as hAi.The entire multivector algebra can be built up by repeated multiplication of vectors.Multivectors which contain elements of only one grade are termed homogeneous, and willusually be written as Ar to show that A contains only a grade-r component. Homogeneousmultivectors which can be expressed purely as the outer product of a set of (independent)vectors are termed blades.The geometric product of two multivectors is (by de�nition) associative, and for twohomogeneous multivectors of grade r and s this product can be decomposed as follows:ArBs = hABir+s + hABir+s�2 : : :+ hABijr�sj: (1:22)The \�" and \^" symbols are retained for the lowest-grade and highest-grade terms ofthis series, so that Ar �Bs � hABijs�rj (1.23)Ar^Bs � hABis+r; (1.24)which we call the interior and exterior products respectively. The exterior product isassociative, and satis�es the symmetry propertyAr^Bs = (�1)rsBs^Ar: (1:25)An important operation which can be performed on multivectors is reversion, whichreverses the order of vectors in any multivector. The result of reversing the multivectorA is written ~A, and is called the reverse of A. The reverse of a vector is the vector itself,and for a product of multivectors we have that(AB)~= ~B ~A: (1:26)It can be checked that for homogeneous multivectors~Ar = (�1)r(r�1)=2Ar: (1:27)It is useful to de�ne two further products from the geometric product. The �rst is thescalar product A�B � hABi: (1:28)This is commutative, and satis�es the useful cyclic-reordering propertyhA : : :BCi = hCA : : :Bi: (1:29)In positive de�nite spaces the scalar product de�nes the modulus functionjAj � (A�A)1=2: (1:30)10



The second new product is the commutator product, de�ned byA�B � 12(AB �BA): (1:31)The associativity of the geometric product ensures that the commutator product satis�esthe Jacobi identity A�(B�C) +B�(C�A) + C�(A�B) = 0: (1:32)Finally, we introduce an operator ordering convention. In the absence of brackets,inner, outer and scalar products take precedence over geometric products. Thus a � bcmeans (a � b)c and not a � (bc). This convention helps to eliminate unruly numbers ofbrackets. Summation convention is also used throughout this thesis.One can now derive a vast number of properties of multivectors, as is done in Chapter 1of [24]. But before proceeding, it is worthwhile stepping back and looking at the systemwe have de�ned. In particular, we need to see that the axioms have produced a systemwith sensible properties that match our intuitions about physical space and geometry ingeneral.1.2.1 The Geometric ProductOur axioms have led us to an associative product for vectors, ab = a�b + a^b. We callthis the geometric product. It has the following two properties:� Parallel vectors (e.g. a and �a) commute, and the the geometric product of parallelvectors is a scalar. Such a product is used, for example, when �nding the length ofa vector.� Perpendicular vectors (a, b where a�b = 0) anticommute, and the geometric productof perpendicular vectors is a bivector. This is a directed plane segment, or directedarea, containing the vectors a and b.Independently, these two features of the algebra are quite sensible. It is therefore reason-able to suppose that the product of vectors that are neither parallel nor perpendicularshould contain both scalar and bivector parts.But what does it mean to add a scalar to a bivector?This is the point which regularly causes the most confusion (see [47], for example).Adding together a scalar and a bivector doesn't seem right | they are di�erent types ofquantities. But this is exactly what you do want addition to do. The result of adding ascalar to a bivector is an object that has both scalar and bivector parts, in exactly thesame way that the addition of real and imaginary numbers yields an object with bothreal and imaginary parts. We call this latter object a \complex number" and, in the sameway, we refer to a (scalar+bivector) as a \multivector", accepting throughout that weare combining objects of di�erent types. The addition of scalar and bivector does notresult in a single new quantity in the same way as 2 + 3 = 5; we are simply keepingtrack of separate components in the symbol ab = a �b + a^b or z = x + iy. This type11



of addition, of objects from separate linear spaces, could be given the symbol �, but itshould be evident from our experience of complex numbers that it is harmless, and moreconvenient, to extend the de�nition of addition and use the ordinary + sign.Further insights are gained by the construction of explicit algebras for �nite dimen-sional spaces. This is achieved most simply through the introduction of an orthonormalframe of vectors f�ig satisfying �i ��j = �ij (1:33)or �i�j + �j�i = 2�ij: (1:34)This is the conventional starting point for the matrix representation theory of �nite Clif-ford algebras [13, 48]. It is also the usual route by which Cli�ord algebras enter particlephysics, though there the f�ig are thought of as operators, and not as orthonormal vec-tors. The geometric algebra we have de�ned is associative and any associative algebracan be represented as a matrix algebra, so why not de�ne a geometric algebra as a matrixalgebra? There are a number of 
aws with this approach, which Hestenes has frequentlydrawn attention to [26]. The approach fails, in particular, when geometric algebra is usedto study projectively and conformally related geometries [31]. There, one needs to be ableto move freely between di�erent dimensional spaces. Matrix representations are too rigidto achieve this satisfactorily. An example of this will be encountered shortly.There is a further reason for preferring not to introduce Cli�ord algebras via theirmatrix representations. It is related to our second principle of good design, which is thatthe axioms af an algebraic system should not introduce redundant structure.The introduction of matrices is redundant because all geometrically meaningful resultsexist independently of any matrix representations. Quite simply, matrices are irrelevantfor the development of geometric algebra.The introduction of a basis set of n independent, orthonormal vectors f�ig de�nes abasis for the entire algebra generated by these vectors:1; f�ig; f�i^�jg; f�i^�j^�kg; : : : ; �1^�2 : : :^�n � I: (1:35)Any multivector can now be expanded in this basis, though one of the strengths of geo-metric algebra is that it possible to carry out many calculations in a basis-free way. Manyexamples of this will be presented in this thesis,The highest-grade blade in the algebra (1.35) is given the name \pseudoscalar" (ordirected volume element) and is of special signi�cance in geometric algebra. Its unit isgiven the special symbol I (or i in three or four dimensions). It is a pure blade, and aknowledge of I is su�cient to specify the vector space over which the algebra is de�ned(see [24, Chapter 1]). The pseudoscalar also de�nes the duality operation for the algebra,since multiplication of a grade-r multivector by I results in a grade-(n � r) multivector.1.2.2 The Geometric Algebra of the PlaneA 1-dimensional space has insu�cient geometric structure to be interesting, so we startin two dimensions, taking two orthonormal basis vectors �1 and �2. These satisfy the12



relations (�1)2 = 1 (1.36)(�2)2 = 1 (1.37)and �1��2 = 0: (1:38)The outer product �1^�2 represents the directed area element of the plane and we assumethat �1, �2 are chosen such that this has the conventional right-handed orientation. Thiscompletes the geometrically meaningful quantities that we can make from these basisvectors: 1;scalar f�1; �2g;vectors �1^�2:bivector (1:39)Any multivector can be expanded in terms of these four basis elements. Addition ofmultivectors simply adds the coe�cients of each component. The interesting expressionsare those involving products of the bivector �1^�2 = �1�2. We �nd that(�1�2)�1 = ��2�1�1 = ��2;(�1�2)�2 = �1 (1:40)and �1(�1�2) = �2�2(�1�2) = ��1: (1:41)The only other product to consider is the square of �1^�2,(�1^�2)2 = �1�2�1�2 = ��1�1�2�2 = �1: (1:42)These results complete the list of the products in the algebra. In order to be completelyexplicit, consider how two arbitrary multivectors are multiplied. LetA = a0 + a1�1 + a2�2 + a3�1^�2 (1.43)B = b0 + b1�1 + b2�2 + b3�1^�2; (1.44)then we �nd that AB = p0 + p1�1 + p2�2 + p3�1^�2; (1:45)where p0 = a0b0 + a1b1 + a2b2 � a3b3;p1 = a0b1 + a1b0 + a3b2 � a2b3;p2 = a0b2 + a2b0 + a1b3 � a3b1;p3 = a0b3 + a3b0 + a1b2 � a2b1: (1:46)Calculations rarely have to be performed in this detail, but this exercise does serve toillustrate how geometric algebras can be made intrinsic to a computer language. One caneven think of (1.46) as generalising Hamilton's concept of complex numbers as orderedpairs of real numbers. 13



The square of the bivector �1^�2 is �1, so the even-grade elements z = x+y�1�2 forma natural subalgebra, equivalent to the complex numbers. Furthermore, �1 ^ �2 has thegeometric e�ect of rotating the vectors f�1; �2g in their own plane by 90� clockwise whenmultiplying them on their left. It rotates vectors by 90� anticlockwise when multiplyingon their right. (This can be used to de�ne the orientation of �1 and �2).The equivalence between the even subalgebra and complex numbers reveals a newinterpretation of the structure of the Argand diagram. From any vector r = x�1+y�2 wecan form an even multivector z by z � �1r = x+ Iy; (1:47)where I � �1�2: (1:48)There is therefore a one-to-one correspondence between points in the Argand diagramand vectors in two dimensions, r = �1z; (1:49)where the vector �1 de�nes the real axis. Complex conjugation,z� � ~z = r�1 = x� Iy; (1:50)now appears as the natural operation of reversion for the even multivector z. Taking thecomplex conjugate of z results in a new vector r� given byr� = �1~z= (z�1)~= (�1r�1)~= �1r�1= ��2r�2: (1.51)We will shortly see that equation (1.51) is the geometric algebra representation of are
ection in the �1 axis. This is precisely what one expects for complex conjugation.This identi�cation of points on the Argand diagram with (Cli�ord) vectors gives ad-ditional operational signi�cance to complex numbers of the form exp(i�). The even mul-tivector equivalent of this is exp(I�), and applied to z giveseI�z = eI��1r= �1e�I�r: (1.52)But we can now remove the �1, and work entirely in the (real) Euclidean plane. Thusr0 = e�I�r (1:53)rotates the vector r anticlockwise through an angle �. This can be veri�ed from the factthat e�I��1 = (cos � � sin �I)�1 = cos � �1 + sin ��2 (1:54)14



and e�I��2 = cos � �2 � sin ��1: (1:55)Viewed as even elements in the 2-dimensional geometric algebra, exponentials of \imag-inaries" generate rotations of real vectors. Thinking of the unit imaginary as being adirected plane segment removes much of the mystery behind the usage of complex num-bers. Furthermore, exponentials of bivectors provide a very general method for handlingrotations in geometric algebra, as is shown in Chapter 3.1.2.3 The Geometric Algebra of SpaceIf we now add a third orthonormal vector �3 to our basis set, we generate the followinggeometric objects:1;scalar f�1; �2; �3g;3 vectors f�1�2; �2�3; �3�1g;3 bivectorsarea elements �1�2�3:trivectorvolume element (1:56)From these objects we form a linear space of (1 + 3 + 3 + 1) = 8 = 23 dimensions. Manyof the properties of this algebra are shared with the 2-dimensional case since the subsetsf�1; �2g, f�2; �3g and f�3; �1g generate 2-dimensional subalgebras. The new geometricproducts to consider are (�1�2)�3 = �1�2�3;(�1�2�3)�k = �k(�1�2�3) (1.57)and (�1�2�3)2 = �1�2�3�1�2�3 = �1�2�1�2�23 = �1: (1:58)These relations lead to new geometric insights:� A simple bivector rotates vectors in its own plane by 90�, but forms trivectors(volumes) with vectors perpendicular to it.� The trivector �1^�2^�3 commutes with all vectors, and hence with all multivectors.The trivector (pseudoscalar) �1�2�3 also has the algebraic property of squaring to �1. Infact, of the eight geometrical objects, four have negative square, f�1�2, �2�3, �3�1g and�1�2�3. Of these, the pseudoscalar �1�2�3 is distinguished by its commutation propertiesand in view of these properties we give it the special symbol i,i � �1�2�3: (1:59)It should be quite clear, however, that the symbol i is used to stand for a pseudoscalarand therefore cannot be used for the commutative scalar imaginary used, for example,in quantum mechanics. Instead, the symbol j is used for this uninterpreted imaginary,consistent with existing usage in engineering. The de�nition (1.59) will be consistent withour later extension to 4-dimensional spacetime.15



The algebra of 3-dimensional space is the Pauli algebra familiar from quantum me-chanics. This can be seen by multiplying the pseudoscalar in turn by �3, �1 and �2 to�nd (�1�2�3)�3 = �1�2 = i�3;�2�3 = i�1;�3�1 = i�2; (1:60)which is immediately identi�able as the algebra of Pauli spin matrices. But we havearrived at this algebra from a totally di�erent route, and the various elements in it havevery di�erent meanings to those assigned in quantum mechanics. Since 3-dimensionalspace is closest to our perception of the world, it is worth emphasising the geometry ofthis algebra in greater detail. A general multivectorM consists of the componentsM = �scalar + avector + ibbivector + i�pseudoscalar (1:61)where a � ak�k and b � bk�k. The reason for writing spatial vectors in bold type isto maintain a visible di�erence between spatial vectors and spacetime 4-vectors. Thisdistinction will become clearer when we consider relativistic physics. The meaning of thef�kg is always unambiguous, so these are not written in bold type.Each of the terms in (1.61) has a separate geometric signi�cance:1. scalars are physical quantities with magnitude but no spatial extent. Examples aremass, charge and the number of words in this thesis.2. vectors have both a magnitude and a direction. Examples include relative positions,displacements and velocities.3. bivectors have a magnitude and an orientation. They do not have a shape. In Fig-ure 1.1 the bivector a^b is represented as a parallelogram, but any other shape couldhave been chosen. In many ways a circle is more appropriate, since it suggests theidea of sweeping round from the a direction to the b direction. Examples of bivec-tors include angular momentum and any other object that is usually represented asan \axial" vector.4. trivectors have simply a handedness and a magnitude. The handedness tells whetherthe vectors in the product a^b^c form a left-handed or right-handed set. Examplesinclude the scalar triple product and, more generally, alternating tensors.These four objects are represented pictorially in Figure 1.1. Further details and discussionsare contained in [25] and [44].The space of even-grade elements of the Pauli algebra, = � + ib; (1:62)is closed under multiplication and forms a representation of the quarternion algebra.Explicitly, identifying i, j, k with i�1, �i�2, i�3 respectively, the usual quarternionrelations are recovered, including the famous formulai2 = j2 = k2 = ijk = �1: (1:63)16
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α aFigure 1.1: Pictorial representation of the elements of the Pauli algebra.The quaternion algebra sits neatly inside the geometric algebra of space and, seen inthis way, the i, j and k do indeed generate 90� rotations in three orthogonal directions.Unsurprisingly, this algebra proves to be ideal for representing arbitrary rotations in threedimensions.Finally, for this section, we recover Gibbs' cross product. Since the � and ^ symbolshave already been assigned meanings, we will use the ? symbol for the Gibbs' prod-uct. This notation will not be needed anywhere else in this thesis. The Gibbs' productis given by an outer product together with a duality operation (multiplication by thepseudoscalar), a ? b � �ia^b: (1:64)The duality operation in three dimensions interchanges a plane with a vector orthogonalto it (in a right-handed sense). In the mathematical literature this operation goes underthe name of the Hodge dual. Quantities like a or b would conventionally be called \polarvectors", while the \axial vectors" which result from cross-products can now be seen to bedisguised versions of bivectors. The vector triple product a ? (b ? c) becomes �a�(b^c),which is the 3-dimensional form of an expression which is now legitimate in arbitrarydimensions. We therefore drop the restriction of being in 3-dimensional space and writea�(b^c) = 12(ab^c� b^ca) (1.65)= a�bc� a�cb (1.66)where we have recalled equation (1.14).1.2.4 Re
ections and RotationsOne of the clearest illustrations of the power of geometric algebra is the way in which itdeals with re
ections and rotations. The key to this approach is that, given any unit vectorn (n2 = 1), an arbitrary vector a can be resolved into parts parallel and perpendicular ton, a = n2a= n(n�a+ n^a)= ak + a?; (1.67)17



where ak = a�nn (1.68)a? = nn^a: (1.69)The result of re
ecting a in the hyperplane orthogonal to n is the vector a? � ak, whichcan be written as a? � ak = nn^a� a�nn= �n�an� n^an= �nan: (1.70)This formula for a re
ection extends to arbitrary multivectors. For example, if the vectorsa and b are both re
ected in the hyperplane orthogonal to n, then the bivector a^b isre
ected to (�nan)^(�nbn) = 12(nannbn� nbnnan)= na^bn: (1.71)In three dimensions, the sign di�erence between the formulae for vectors and bivectorsaccounts for the di�erent behaviour of \polar" and \axial" vectors under re
ections.Rotations are built from pairs of re
ections. Taking a re
ection �rst in the hyperplaneorthogonal to n, and then in the hyperplane orthogonal to m, leads to the new vector�m(�nan)m = mnanm= Ra ~R (1.72)where R � mn: (1:73)The multivector R is called a rotor. It contains only even-grade elements and satis�es theidentity R ~R = ~RR = 1: (1:74)Equation (1.74) ensures that the scalar product of two vectors is invariant under rotations,(Ra ~R)�(Rb ~R) = hRa ~RRb ~Ri= ha ~RRb ~RRi= habi= a�b: (1.75)As an example, consider rotating the unit vector a into another unit vector b, leavingall vectors perpendicular to a and b unchanged. This is accomplished by a re
ectionperpendicular to the unit vector half-way between a and b (see Figure 1.2)n � (a+ b)=ja+ bj: (1:76)18
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aFigure 1.2: A rotation composed of two re
ections.This re
ects a into �b. A second re
ection is needed to then bring this to b, which musttake place in the hyperplane perpendicular to b. Together, these give the rotorR = bn = 1 + baja+ bj = 1 + baq2(1 + b�a); (1:77)which represents a simple rotation in the a^b plane. The rotation is writtenb = Ra ~R; (1:78)and the inverse transformation is given bya = ~RbR: (1:79)The transformation a 7! Ra ~R is a very general way of handling rotations. In derivingthis transformation the dimensionality of the space of vectors was at no point speci�ed. Asa result, the transformation law works for all spaces, whatever dimension. Furthermore,it works for all types of geometric object, whatever grade. We can see this by consideringthe image of the product ab when the vectors a and b are both rotated. In this case, abis rotated to Ra ~RRb ~R = Rab ~R: (1:80)In dimensions higher than 5, an arbitrary even element satisfying (1.74) does notnecessarily map vectors to vectors and will not always represent a rotation. The name\rotor" is then retained only for the even elements that do give rise to rotations. It canbe shown that all (simply connected) rotors can be written in the formR = �eB=2; (1:81)where B is a bivector representing the plane in which the rotation is taking place. (Thisrepresentation for a rotor is discussed more fully in Chapter 3.) The quantityb = e�B=2ae��B=2 (1:82)19



is seen to be a pure vector by Taylor expanding in �,b = a+ �B �a+ �22!B �(B �a) + � � � : (1:83)The right-hand side of (1.83) is a vector since the inner product of a vector with a bivectoris always a vector (1.14). This method of representing rotations directly in terms of theplane in which they take place is very powerful. Equations (1.54) and (1.55) illustrated thisin two dimensions, where the quantity exp(�I�) was seen to rotate vectors anticlockwisethrough an angle �. This works because in two dimensions we can always writee�I�=2reI�=2 = e�I�r: (1:84)In higher dimensions the double-sided (bilinear) transformation law (1.78) is required.This is much easier to use than a one-sided rotation matrix, because the latter becomesmore complicated as the number of dimensions increases. This becomes clearer in threedimensions. The rotorR � exp(�ia=2) = cos(jaj=2) � i ajaj sin(jaj=2) (1:85)represents a rotation of jaj = (a2)1=2 radians about the axis along the direction of a.This is already simpler to work with than 3 � 3 matrices. In fact, the representation ofa rotation by (1.85) is precisely how rotations are represented in the quaternion algebra,which is well-known to be advantageous in three dimensions. In higher dimensions theimprovements are even more dramatic.Having seen how individual rotors are used to represent rotations, we must look attheir composition law. Let the rotor R transform the unit vector a into a vector b,b = Ra ~R: (1:86)Now rotate b into another vector b0, using a rotor R0. This requiresb0 = R0b ~R0 = (R0R)a(R0R)~ (1:87)so that the transformation is characterised byR 7! R0R; (1:88)which is the (left-sided) group combination rule for rotors. It is immediately clear thatthe product of two rotors is a third rotor,R0R(R0R)~= R0R ~R ~R0 = R0 ~R0 = 1; (1:89)so that the rotors do indeed form a (Lie) group.The usefulness of rotors provides ample justi�cation for adding up terms of di�erentgrades. The rotor R on its own has no geometric signi�cance, which is to say that nomeaning should be attached to the individual scalar, bivector, 4-vector : : :parts of R.When R is written in the form R = �eB=2, however, the bivector B has clear geometricsigni�cance, as does the vector formed from Ra ~R. This illustrates a central feature ofgeometric algebra, which is that both geometrically meaningful objects (vectors, planes: : : ) and the elements that act on them (rotors, spinors : : : ) are represented in the samealgebra. 20



1.2.5 The Geometric Algebra of SpacetimeAs a �nal example, we consider the geometric algebra of spacetime. This algebra issu�ciently important to deserve its own name | spacetime algebra | which we willusually abbreviate to STA. The square of a vector is no longer positive de�nite, and wesay that a vector x is timelike, lightlike or spacelike according to whether x2 > 0, x2 = 0or x2 < 0 respectively. Spacetime consists of a single independent timelike direction, andthree independent spacelike directions. The spacetime algebra is then generated by a setof orthonormal vectors f
�g, � = 0 : : : 3, satisfying
� �
� = ��� = diag(+ � � �): (1:90)(The signi�cance of the choice of metric signature will be discussed in Chapter 4.) Thefull STA is 16-dimensional, and is spanned by the basis1; f
�g f�k; i�kg; fi
�g; i: (1:91)The spacetime bivectors f�kg, k = 1 : : : 3 are de�ned by�k � 
k
0: (1:92)They form an orthonormal frame of vectors in the space relative to the 
0 direction. Thespacetime pseudoscalar i is de�ned byi � 
0
1
2
3 (1:93)and, since we are in a space of even dimension, i anticommutes with all odd-grade elementsand commutes with all even-grade elements. It follows from (1.92) that�1�2�3 = 
1
0
2
0
3
0 = 
0
1
2
3 = i: (1:94)The following geometric signi�cance is attached to these relations. An inertial systemis completely characterised by a future-pointing timelike (unit) vector. We take this tobe the 
0 direction. This vector/observer determines a map between spacetime vectorsa = a�
� and the even subalgebra of the full STA viaa
0 = a0 + a (1:95)where a0 = a�
0 (1.96)a = a^
0: (1.97)The even subalgebra of the STA is isomorphic to the Pauli algebra of space de�ned inSection 1.2.3. This is seen from the fact that the �k = 
k
0 all square to +1,�k2 = 
k
0
k
0 = �
k
k
0
0 = +1; (1:98)and anticommute,�j�k = 
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k
0 = 
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j
0
0 = �
k
0
j
0 = ��k�j (j 6= k): (1:99)21



There is more to this equivalence than simply a mathematical isomorphism. The way wethink of a vector is as a line segment existing for a period of time. It is therefore sensiblethat what we perceive as a vector should be represented by a spacetime bivector. In thisway the algebraic properties of space are determined by those of spacetime.As an example, if x is the spacetime (four)-vector specifying the position of some pointor event, then the \spacetime split" into the 
0-frame givesx
0 = t+ x; (1:100)which de�nes an observer time t = x�
0 (1:101)and a relative position vector x = x^
0: (1:102)One useful feature of this approach is the way in which it handles Lorentz-scalar quantities.The scalar x2 can be decomposed intox2 = x
0
0x= (t+ x)(t� x)= t2 � x2; (1.103)which must also be a scalar. The quantity t2 � x2 is now seen to be automaticallyLorentz-invariant, without needing to consider a Lorentz transformation.The split of the six spacetime bivectors into relative vectors and relative bivectors isa frame/observer-dependent operation. This can be illustrated with the Faraday bivectorF = 12F ��
�^
�, which is a full, 6-component spacetime bivector. The spacetime splitof F into the 
0-system is achieved by separating F into parts which anticommute andcommute with 
0. Thus F = E + iB; (1:104)where E = 12(F � 
0F
0) (1.105)iB = 12(F + 
0F
0): (1.106)Here, both E and B are spatial vectors, and iB is a spatial bivector. This decomposes Finto separate electric and magnetic �elds, and the explicit appearance of 
0 in the formulaefor E and B shows that this split is observer-dependent. In fact, the identi�cationof spatial vectors with spacetime bivectors has always been implicit in the physics ofelectromagnetism through formulae like Ek = Fk0.The decomposition (1.104) is useful for constructing relativistic invariants from the Eand B �elds. Since F 2 contains only scalar and pseudoscalar parts, the quantityF 2 = (E + iB)(E + iB)= E2 �B2 + 2iE �B (1.107)is Lorentz-invariant. It follows that both E2 � B2 and E �B are observer-invariantquantities. 22



Equation (1.94) is an important geometric identity, which shows that relative spaceand spacetime share the same pseudoscalar i. It also exposes the weakness of the matrix-based approach to Cli�ord algebras. The relation�1�2�3 = i = 
0
1
2
3 (1:108)cannot be formulated in conventional matrix terms, since it would need to relate the2 � 2 Pauli matrices to 4 � 4 Dirac matrices. Whilst we borrow the symbols for theDirac and Pauli matrices, it must be kept in mind that the symbols are being used ina quite di�erent context | they represent a frame of orthonormal vectors rather thanrepresenting individual components of a single isospace vector.The identi�cation of relative space with the even subalgebra of the STA necessitatesdeveloping a set of conventions which articulate smoothly between the two algebras. Thisproblem will be dealt with in more detail in Chapter 4, though one convention has alreadybeen introduced. Relative (or spatial) vectors in the 
0-system are written in bold type torecord the fact that in the STA they are actually bivectors. This distinguishes them fromspacetime vectors, which are left in normal type. No problems can arise for the f�kg,which are unambiguously spacetime bivectors, so these are also left in normal type. TheSTA will be returned to in Chapter 4 and will then be used throughout the remainder ofthis thesis. We will encounter many further examples of its utility and power.1.3 Linear AlgebraWe have illustrated a number of the properties of geometric algebra, and have given ex-plicit constructions in two, three and four dimensions. This introduction to the propertiesof geometric algebra is now concluded by developing an approach to the study of linearfunctions and non-orthonormal frames.1.3.1 Linear Functions and the OutermorphismGeometric algebra o�ers many advantages when used for developing the theory of linearfunctions. This subject is discussed in some detail in Chapter 3 of \Cli�ord algebra togeometric calculus" [24], and also in [2] and [30]. The approach is illustrated by takinga linear function f(a) mapping vectors to vectors in the same space. This function inextended via outermorphism to act linearly on multivectors as follows,f (a^b^: : :^c) � f(a)^f(b) : : :^f(c): (1:109)The underbar on f shows that f has been constructed from the linear function f . The def-inition (1.109) ensures that f is a grade-preserving linear function mapping multivectorsto multivectors.An example of an outermorphism was encountered in Section 1.2.4, where we consid-ered how multivectors behave under rotations. The action of a rotation on a vector a waswritten as R(a) = eB=2ae�B=2; (1:110)23



where B is the plane(s) of rotation. The outermorphism extension of this is simplyR(A) = eB=2Ae�B=2: (1:111)An important property of the outermorphism is that the outermorphism of the productof two functions in the product of the outermorphisms,f [g(a)]^f [g(b)] : : :^f [g(c)] = f [g(a)^g(b) : : :^g(c)]= f [g(a^b^: : :^c)]: (1.112)To ease notation, the product of two functions will be written simply as f g(A), so that(1.112) becomes fg(a)^fg(b) : : :^fg(c) = f g(a^b^: : :^c): (1:113)The pseudoscalar of an algebra is unique up to a scale factor, and this is used to de�nethe determinant of a linear function viadet(f) � f(I)I�1; (1:114)so that f (I) = det(f)I: (1:115)This de�nition clearly illustrates the role of the determinant as the volume scale factor.The de�nition also serves to give a very quick proof of one of the most important propertiesof determinants. It follows from (1.113) thatf g(I) = f (det(g)I)= det(g)f(I)= det(f) det(g)I (1.116)and hence that det(fg) = det(f) det(g): (1:117)This proof of the product rule for determinants illustrates our third (and �nal) principleof good design:De�nitions should be chosen so that the most important theorems can be provenmost economically.The de�nition of the determinant clearly satis�es this criteria. Indeed, it is not hard tosee that all of the main properties of determinants follow quickly from (1.115).The adjoint to f , written as f , is de�ned byf (a) � eihf(ei)ai (1:118)where feig is an arbitrary frame of vectors, with reciprocal frame feig. A frame-invariantde�nition of the adjoint can be given using the vector derivative, but we have chosen notto introduce multivector calculus until Chapter 5. The de�nition (1.118) ensures thatb�f(a) = a�(b�eif (ei))= a�f(b): (1.119)24



A symmetric function is one for which f = f .The adjoint also extends via outermorphism and we �nd that, for example,f(a^b) = f (a)^f(b)= ei^eja�f(ei)b�f(ej)= 12ei^ej �a�f(ei)b�f(ej)� a�f(ej)b�f(ei)�= 12ei^ej(a^b)�f(ej^ei): (1.120)By using the same argument as in equation (1.119), it follows thathf(A)Bi = hAf (B)i (1:121)for all multivectors A and B. An immediate consequence is thatdet f = hI�1f(I)i= hf(I�1)Ii= det f: (1.122)Equation (1.121) turns out to be a special case of the more general formulae,Ar �f(Bs) = f [f(Ar)�Bs] r � sf(Ar)�Bs = f [Ar �f(Bs)] r � s; (1:123)which are derived in [24, Chapter 3].As an example of the use of (1.123) we �nd thatf(f (AI)I�1) = AIf(I�1) = Adet f; (1:124)which is used to construct the inverse functions,f�1(A) = det(f)�1f(AI)I�1f�1(A) = det(f)�1I�1f (IA): (1:125)These equations show how the inverse function is constructed from a double-duality op-eration. They are also considerably more compact and e�cient than any matrix-basedformula for the inverse.Finally, the concept of an eigenvector is generalized to that of an eigenblade Ar, whichis an r-grade blade satisfying f(Ar) = �Ar; (1:126)where � is a real eigenvalue. Complex eigenvalues are in general not considered, sincethese usually loose some important aspect of the geometry of the function f . As anexample, consider a function f satisfyingf(a) = bf(b) = �a; (1:127)25



for some pair of vectors a and b. Conventionally, one might writef(a+ jb) = �j(a+ jb) (1:128)and say that a + bj is an eigenvector with eigenvalue �j. But in geometric algebra onecan instead write f(a^b) = b^(�a) = a^b; (1:129)which shows that a^b is an eigenblade with eigenvalue +1. This is a geometrically moreuseful result, since it shows that the a^b plane is an invariant plane of f . The unit bladein this plane generates its own complex structure, which is the more appropriate objectfor considering the properties of f .1.3.2 Non-Orthonormal FramesAt various points in this thesis we will make use of non-orthonormal frames, so a numberof their properties are summarised here. From a set of n vectors feig, we de�ne thepseudoscalar En = e1^e2^: : :^en: (1:130)The set feig constitute a (non-orthonormal) frame provided En 6= 0. The reciprocal framefeig satis�es ei �ej = �ij; (1:131)and is constructed via [24, Chapter 1]ei = (�1)i�1e1^: : : �ei : : :^enEn; (1:132)where the check symbol on �ei signi�es that this vector is missing from the product. En isthe pseudoscalar for the reciprocal frame, and is de�ned byEn = en^en�1^: : :^e1: (1:133)The two pseudoscalars En and En satisfyEnEn = 1; (1:134)and hence En = En=(En)2: (1:135)The components of the vector a in the ei frame are given by a�ei, so thata = (a�ei)ei; (1:136)from which we �nd that 2a = 2a�eiei= eiaei + aeiei= eiaei + na: (1.137)26



The fact that eiei = n follows from (1.131) and (1.132). From (1.137) we �nd thateiaei = (2� n)a; (1:138)which extends for a multivector of grade r to give the useful results:eiArei = (�1)r(n� 2r)Ar;ei(ei�Ar) = rAr; (1.139)ei(ei^Ar) = (n� r)Ar:For convenience, we now specialise to positive de�nite spaces. The results below areeasily extended to arbitrary spaces through the introduction of a metric indicator function[28]. A symmetric metric tensor g can be de�ned byg(ei) = ei; (1:140)so that, as a matrix, it has componentsgij = ei�ej: (1:141)Since g(En) = ~En; (1:142)it follows from (1.115) that det(g) = En ~En = jEnj2: (1:143)It is often convenient to work with the �ducial frame f�kg, which is the orthonormalframe determined by the feig via ek = h(�k) (1:144)where h is the unique, symmetric �ducial tensor. The requirement that h be symmetricmeans that the f�kg frame must satisfy�k �ej = �j �ek; (1:145)which, together with orthonormality, de�nes a set of n2 equations that determine the �k(and hence h) uniquely, up to permutation. These permutations only alter the labels forthe frame vectors, and do not re-de�ne the frame itself. From (1.144) it follows thatej �ek = h(ej)��k = �jk (1:146)so that h(ej) = �j = �j: (1:147)(We are working in a positive de�nite space, so �j = �j for the orthonormal frame f�jg.)It can now be seen that h is the \square-root" of g,g(ej) = ej = h(�j) = h2(ej): (1:148)It follows that det(h) = jEnj: (1:149)27



The �ducial tensor, together with other non-symmetric square-roots of the metric tensor,�nd many applications in the geometric calculus approach to di�erential geometry [28].We will also encounter a similar object in Chapter 7.We have now seen that geometric algebra does indeed o�er a natural language forencoding many of our geometric perceptions. Furthermore, the formulae for re
ectionsand rotations have given ample justi�cation to the view that the Cli�ord product is afundamental aspect of geometry. Explicit construction in two, three and four dimensionshas shown how geometric algebra naturally encompasses the more restricted algebraicsystems of complex and quaternionic numbers. It should also be clear from the precedingsection that geometric algebra encompasses both matrix and tensor algebra. The followingthree chapters are investigations into how geometric algebra encompasses a number offurther algebraic systems.
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Chapter 2Grassmann Algebra and BerezinCalculusThis chapter outlines the basis of a translation between Grassmann calculus and geo-metric algebra. It is shown that geometric algebra is su�cient to formulate all of therequired concepts, thus integrating them into a single unifying framework. The transla-tion is illustrated with two examples, the \Grauss integral" and the \Grassmann Fouriertransform". The latter demonstrates the full potential of the geometric algebra approach.The chapter concludes with a discussion of some further developments and applications.Some of the results presented in this chapter �rst appeared in the paper \Grassmanncalculus, pseudoclassical mechanics and geometric algebra" [1].2.1 Grassmann Algebra versus Cli�ord AlgebraThe modern development of mathematics has led to the popularly held view that Grass-mann algebra is more fundamental than Cli�ord algebra. This view is based on the idea(recall Section 1.2) that a Cli�ord algebra is the algebra of a quadratic form. But, whilstit is true that every (symmetric) quadratic form de�nes a Cli�ord algebra, it is certainlynot true that the usefulness of geometric algebra is restricted to metric spaces. Like allmathematical systems, geometric algebra is subject to many di�erent interpretations, andthe inner product need not be related to the concepts of metric geometry. This is bestillustrated by a brief summary of how geometric algebra is used in the study of projectivegeometry.In projective geometry [31], points are labeled by vectors, a, the magnitude of which isunimportant. That is, points in a projective space of dimension n� 1 are identi�ed withrays in a space of dimension n which are solutions of the equation x ^ a = 0. Similarly,lines are represented by bivector blades, planes by trivectors, and so on. Two products(originally de�ned by Grassmann) are needed to algebraically encode the principle con-cepts of projective geometry. These are the progressive and regressive products, whichencode the concepts of the join and the meet respectively. The progressive product of twoblades is simply the outer product. Thus, for two points a and b, the line joining themtogether is represented projectively by the bivector a^b. If the grades of Ar and Bs sumto more than n and the vectors comprising Ar and Bs span n-dimensional space, then29



the join is the pseudoscalar of the space. The regressive product, denoted _, is built fromthe progressive product and duality. Duality is de�ned as (right)-multiplication by thepseudoscalar, and is denoted A�r. For two blades Ar and Bs, the meet is then de�ned by(Ar _Bs)� = A�r^B�s (2:1)) Ar _Bs = A�r �Bs: (2:2)It is implicit here that the dual is taken with respect to the join of Ar and Bs. As anexample, in two-dimensional projective geometry (performed in the geometric algebra ofspace) the point of intersection of the lines given by A and B, whereA = ai (2.3)B = bi; (2.4)is given by the point A _B = �a�B = �ia^b: (2:5)The de�nition of the meet shows clearly that it is most simply formulated in termsof the inner product, yet no metric geometry is involved. It is probably unsurprising tolearn that geometric algebra is ideally suited to the study of projective geometry [31].It is also well suited to the study of determinants and invariant theory [24], which arealso usually thought to be the preserve of Grassmann algebra [49, 50]. For these reasonsthere seems little point in maintaining a rigid division between Grassmann and geometricalgebra. The more fruitful approach is to formulate the known theorems from Grassmannalgebra in the wider language of geometric algebra. There they can be compared with, andenriched by, developments from other subjects. This program has been largely completedby Hestenes, Sobczyk and Ziegler [24, 31]. This chapter addresses one of the remainingsubjects | the \calculus" of Grassmann variables introduced by Berezin [35].Before reaching the main content of this chapter, it is necessary to make a few com-ments about the use of complex numbers in applications of Grassmann variables (particu-larly in particle physics). We saw in Sections 1.2.2 and 1.2.3 that within the 2-dimensionaland 3-dimensional real Cli�ord algebras there exist multivectors that naturally play therôle of a unit imaginary. Similarly, functions of several complex variables can be studied ina real 2n-dimensional algebra. Furthermore, in Chapter 4 we will see how the Schr�odinger,Pauli and Dirac equations can all be given real formulations in the algebras of space andspacetime. This leads to the speculation that a scalar unit imaginary may be unneces-sary for fundamental physics. Often, the use of a scalar imaginary disguises some moreinteresting geometry, as is the case for imaginary eigenvalues of linear transformations.However, there are cases in modern mathematics where the use of a scalar imaginary isentirely super
uous to calculations. Grassmann calculus is one of these. Accordingly, theunit imaginary is dropped in what follows, and an entirely real formulation is given.2.2 The Geometrisation of Berezin CalculusThe basis of Grassmann/Berezin calculus is described in many sources. Berezin's \Themethod of second quantisation" [35] is one of the earliest and most cited texts, and a30



useful summary of the main results from this is contained in the Appendices to [39]. Morerecently, Grassmann calculus has been extended to the �eld of superanalysis [51, 52], aswell as in other directions [53, 54].The basis of the approach adopted here is to utilise the natural embedding of Grass-mann algebra within geometric algebra, thus reversing the usual progression from Grass-mann to Cli�ord algebra via quantization. We start with a set of n Grassmann variablesf�ig, satisfying the anticommutation relationsf�i; �jg = 0: (2:6)The Grassmann variables f�ig are mapped into geometric algebra by introducing a set ofn independent Euclidean vectors feig, and replacing the product of Grassmann variablesby the exterior product, �i�j $ ei ^ ej: (2:7)Equation (2.6) is now satis�ed by virtue of the antisymmetry of the exterior product,ei^ej + ej^ei = 0: (2:8)In this way any combination of Grassmann variables can be replaced by a multivector.Nothing is said about the interior product of the ei vectors, so the feig frame is completelyarbitrary.In order for the above scheme to have computational power, we need a translation forfor the calculus introduced by Berezin [35]. In this calculus, di�erentiation is de�ned bythe rules @�j@�i = �ij; (2.9)�j �@@�i = �ij; (2.10)together with the \graded Leibnitz rule",@@�i (f1f2) = @f1@�i f2 + (�1)[f1]f1@f2@�i ; (2:11)where [f1] is the parity of f1. The parity of a Grassmann variable is determined bywhether it contains an even or odd number of vectors. Berezin di�erentiation is handledwithin the algebra generated by the feig frame by introducing the reciprocal frame feig,and replacing @@�i ( $ ei�( (2:12)so that @�j@�i $ ei�ej = �ij: (2:13)It should be remembered that upper and lower indices are used to distinguish a frame fromits reciprocal frame, whereas Grassmann algebra only uses these indices to distinguishmetric signature. 31



The graded Leibnitz rule follows simply from the axioms of geometric algebra. Forexample, if f1 and f2 are grade-1 and so translate to vectors a and b, then the rule (2.11)becomes ei�(a^b) = ei �ab� aei�b; (2:14)which is simply equation (1.14) again.Right di�erentiation translates in a similar manner,) �@@�i $ )�ei; (2:15)and the standard results for Berezin second derivatives [35] can also be veri�ed simply.For example, given that F is the multivector equivalent of the Grassmann variable f(�),@@�i @@�j f(�) $ ei�(ej �F ) = (ei^ej)�F= �ej �(ei�F ) (2.16)shows that second derivatives anticommute, and @f@�i!  �@@�j $ (ei�F )�ej = ei�(F �ej) (2:17)shows that left and right derivatives commute.The �nal concept needed is that of integration over a Grassmann algebra. In Berezincalculus, this is de�ned to be the same as right di�erentiation (apart perhaps from someunimportant extra factors of j and 2� [52]), so thatZ f(�)d�nd�n�1 : : : d�1 � f(�)  �@@�n  �@@�n�1 : : :  �@@�1 : (2:18)These translate in exactly the same way as the right derivative (2.12). The only importantformula is that for the total integralZ f(�)d�nd�n�1 : : : d�1 $ (: : : ((F �en)�en�1) : : :)�e1 = hFEni; (2:19)where again F is the multivector equivalent of f(�), as de�ned by (2.6). Equation (2.19)picks out the coe�cient of the pseudoscalar part of F since, if hF in is given by �En, thenhFEni = �: (2:20)Thus the Grassman integral simply returns the coe�cient �.A change of variables is performed by a linear transformation f , say, withe0i = f(ei) (2:21)) E 0n = f(En) = det(f)En: (2:22)32



But the feig must transform under f�1 to preserve orthonormality, soei0 = f�1(ei) (2:23)) En 0 = det(f)�1En; (2:24)which recovers the usual result for a change of variables in a Grassmann multiple integral.That E 0nEn 0 = 1 follows from the de�nitions above.In the above manner all the basic formulae of Grassmann calculus can be derived ingeometric algebra, and often these derivations are simpler. Moreover, they allow for theresults of Grassmann algebra to be incorporated into a wider scheme, where they may�nd applications in other �elds. As a further comment, this translation also makes it clearwhy no measure is associated with Grassmann integrals: nothing is being added up!2.2.1 Example I. The \Grauss" IntegralThe Grassmann analogue of the Gaussian integral [35],Z expf12ajk�j�kg d�n : : : d�1 = det(a)1=2; (2:25)where ajk is an antisymmetric matrix, is one of the most important results in applicationsof Grassmann algebra. This result is used repeatedly in fermionic path integration, forexample. It is instructive to see how (2.25) is formulated and proved in geometric algebra.First, we translate 12ajk�j�k $ 12ajkej^ek = A; say, (2:26)where A is a general bivector. The integral now becomesZ expf12ajk�j�kg d�n : : : d�1 $ h(1 +A+ A^A2! + : : :)Eni: (2:27)It is immediately clear that (2.27) is only non-zero for even n (= 2m say), in which case(2.27) becomes h(1 +A+ A^A2! + : : :)Eni = 1m!h(A)mEni: (2:28)This type of expression is considered in Chapter 3 of [24] in the context of the eigen-value problem for antisymmetric functions. This provides a good illustration of how thesystematic use of a uni�ed language leads to analogies between previously separate results.In order to prove that (2.28) equals det(a)1=2 we need the result that, in spaces withEuclidean or Lorentzian signature, any bivector can be written, not necessarily uniquely,as a sum of orthogonal commuting blades. This is proved in [24, Chapter 3]. Using thisresult, we can write A as A = �1A1 + �2A2 + : : : �mAm; (2:29)where Ai�Aj = ��ij (2.30)[Ai; Aj] = 0 (2.31)A1A2 : : : Am = I: (2.32)33



Equation (2.28) now becomes,h(�1�2 : : : �m)IEni = det(g)�1=2�1�2 : : : �m; (2:33)where g is the metric tensor associated with the feig frame (1.140).If we now introduce the function f(a) = a�A; (2:34)we �nd that [24, Chapter 3]f(a^b) = (a�A)^(b�A)= 12(a^b)�(A^A)� (a^b)�AA: (2.35)It follows that the Ai blades are the eigenblades of f , withf(Ai) = �2iAi; (2:36)and hence f(I) = f(A1^A2^: : :Am) = (�1�2 : : : �m)2I (2:37)) det(f) = (�1�2 : : : �m)2: (2:38)In terms of components, however, fkj = ej �f(ek)= gjlalk; (2.39)) det(f) = det(g) det(a): (2:40)Inserting (2.40) into (2.33), we have1m!h(A)mEni = det(a)1=2; (2:41)as required.This result can be derived more succinctly using the �ducial frame �i = h�1(ei) towrite (2.27) as 1m!h(A0)mIi; (2:42)where A0 = 12ajk�j�k. This automatically takes care of the factors of det(g)1=2, though itis instructive to note how these appear naturally otherwise.2.2.2 Example II. The Grassmann Fourier TransformWhilst the previous example did not add much new algebraically, it did serve to demon-strate that notions of Grassmann calculus were completely unnecessary for the problem.In many other applications, however, the geometric algebra formulation does provide forimportant algebraic simpli�cations, as is demonstrated by considering the GrassmannFourier transform. 34



In Grassmann algebra one de�nes Fourier integral transformations between anticom-muting spaces f�kg and f�kg by [39]G(�) = R expfjP �k�kgH(�)d�n : : : d�1H(�) = �n R expf�jP �k�kgG(�)d�n : : : d�1; (2:43)where �n = 1 for n even and j for n odd. The factors of j are irrelevant and can bedropped, so that (2.43) becomesG(�) = R expfP �k�kgH(�)d�n : : : d�1H(�) = (�1)n R expf�P �k�kgG(�)d�n : : : d�1: (2:44)These expressions are translated into geometric algebra by introducing a pair of anticom-muting copies of the same frame, fekg, ffkg, which satisfyej �ek = fj �fk (2.45)ej �fk = 0: (2.46)The full set fek; fkg generate a 2n-dimensional Cli�ord algebra. The translation nowproceeds by replacing �k $ ek;�k $ fk; (2:47)where the f�kg have been replaced by elements of the reciprocal frame ffkg. From (2.45),the reciprocal frames must also satisfyej �ek = f j �fk: (2:48)We next de�ne the bivector (summation convention implied)J = ej^f j = ej^fj : (2:49)The equality of the two expressions for J follows from (2.45),ej^f j = (ej �ek)ek^f j= (fj �fk)ek^f j= ek^fk: (2.50)The bivector J satis�es ej �J = fj fj �J = �ej;ej �J = f j f j �J = �ej; (2:51)and it follows that (a�J)�J = �a; (2:52)for any vector a in the 2n-dimensional algebra. Thus J generates a complex structure,which on its own is su�cient reason for ignoring the scalar j. Equation (2.52) can beextended to give e�J�=2aeJ�=2 = cos � a+ sin � a�J; (2:53)35



from which it follows that expfJ�=2g anticommutes with all vectors. Consequently, thisquantity can only be a multiple of the pseudoscalar and, since expfJ�=2g has unit mag-nitude, we can de�ne the orientation such thateJ�=2 = I: (2:54)This de�nition ensures that EnF n = EnFn = I: (2:55)Finally, we introduce the notationCk = 1k!hJki2k: (2:56)The formulae (2.44) now translate toG(e) = nXj=0(Cj^H(f))�FnH(f) = (�1)n nXj=0( ~Cj^G(e))�En; (2.57)where the convention is adopted that terms where Cj^H or ~Cj^G have grade less thann do not contribute. Since G and H only contain terms purely constructed from the fekgand ffkg respectively, (2.57) can be written asG(e) = nXj=0(Cn�j^hH(f)ij )�FnH(f) = nXj=0(�1)j(hG(e)ij^Cn�j)�En: (2.58)So far we have only derived a formula analogous to (2.44), but we can now go muchfurther. By using eJ� = cosn � + cosn�1 � sin � C1 + : : :+ sinn � I (2:59)to decompose eJ(�+�=2) = eJ�I in two ways, it can be seen thatCn�r = (�1)rCrI = (�1)rICr; (2:60)and hence (using some simple duality relations) (2.58) becomeG(e) = nXj=0Cj �HjEnH(f) = (�1)n nXj=0Gj �CjF n: (2.61)Finally, since G and H are pure in the fekg and ffkg respectively, the e�ect of dottingwith Ck is simply to interchange each ek for an �fk and each fk for an ek. For vectors36



this is achieved by dotting with J . But, from (2.53), the same result is achieved by arotation through �=2 in the planes of J . Rotations extend simply via outermorphism, sowe can now write Cj �Hj = eJ�=4Hje�J�=4Gj �Cj = e�J�=4GjeJ�=4: (2.62)We thus arrive at the following equivalent expressions for (2.57):G(e) = eJ�=4H(f)e�J�=4EnH(f) = (�1)ne�J�=4G(e)eJ�=4F n: (2.63)The Grassmann Fourier transformation has now been reduced to a rotation through �=2in the planes speci�ed by J , followed by a duality transformation. Proving the \inversion"theorem (i.e. that the above expressions are consistent) amounts to no more than carryingout a rotation, followed by its inverse,G(e) = eJ�=4 �(�1)ne�J�=4G(e)eJ�=4F n� e�J�=4En= G(e)EnEn = G(e): (2.64)This proof is considerably simpler than any that can be carried out in the more restrictivesystem of Grassmann algebra.2.3 Some Further DevelopmentsWe conclude this chapter with some further observations. We have seen how most aspectsof Grassmann algebra and Berezin calculus can be formulated in terms of geometric al-gebra. It is natural to expect that other �elds involving Grassmann variables can also bereformulated (and improved) in this manner. For example, many of the structures stud-ied by de Witt [52] (super-Lie algebras, super-Hilbert spaces) have natural multivectorexpressions, and the cyclic cohomology groups of Grassmann algebras described by Co-quereaux, Jadczyk and Kastler [53] can be formulated in terms of the multilinear functiontheory developed by Hestenes & Sobczyk [24, Chapter 3]. In Chapter 5 the formulation ofthis chapter is applied Grassmann mechanics and the geometric algebra approach is againseen to o�er considerable bene�ts. Further applications of Grassmann algebra are consid-ered in Chapter 3, in which a novel approach to the theory of linear functions is discussed.A clear goal for future research in this subject is to �nd a satisfactory geometric algebraformulation of supersymmetric quantum mechanics and �eld theory. Some preliminaryobservations on how such a formulation might be achieved are made in Chapter 5, but amore complete picture requires further research.As a �nal comment, it is instructive to see how a Cli�ord algebra is traditionally builtfrom the elements of Berezin calculus. It is well known [35] that the operatorsQ̂k = �k + @@�k ; (2:65)37



satisfy the Cli�ord algebra generating relationsfQ̂j; Q̂kg = 2�jk; (2:66)and this has been used by Sherry to provide an alternative approach to quantizing aGrassmann system [55, 56]. The geometric algebra formalism o�ers a novel insight intothese relations. By utilising the �ducial tensor, we can writeQ̂ka(�) $ ek^A+ ek �A = h(�k)^A+ h�1(�k)�A= h(�k^h�1(A)) + h(sk �h�1(A))= h[�kh�1(A)]; (2.67)where A is the multivector equivalent of a(�) and we have used (1.123). The operator Q̂kthus becomes an orthogonal Cli�ord vector (now Cli�ord multiplied), sandwiched betweena symmetric distortion and its inverse. It is now simple to see thatfQ̂j; Q̂kga(�) $ h(2�j ��kh�1(A)) = 2�jkA: (2:68)The above is an example of the ubiquity of the �ducial tensor in applications involvingnon-orthonormal frames. In this regard it is quite surprising that the �ducial tensor isnot more prominent in standard expositions of linear algebra.Berezin [35] de�nes dual operators to the Q̂k byP̂k = �j(�k � @@�k ); (2:69)though a more useful structure is derived by dropping the j, and de�ningP̂k = �k � @@�k : (2:70)These satisfy fP̂j; P̂kg = �2�jk (2:71)and fP̂j ; Q̂kg = 0; (2:72)so that the P̂k; Q̂k span a 2n-dimensional balanced algebra (signature n; n). The P̂k can betranslated in the same manner as the Q̂k, this time giving (for a homogeneous multivector)P̂ka(�) $ ek^Ar � ek �Ar = (�1)rh[h�1(Ar)�k]: (2:73)The f�kg frame now sits to the right of the multivector on which it operates. The factorof (�1)r accounts for the minus sign in (2.71) and for the fact that the left and rightmultiples anticommute in (2.72). The Q̂k and P̂k can both be given right analoguesif desired, though this does not add anything new. The fQ̂kg and fP̂kg operators arediscussed more fully in Chapter 4, where they are related to the theory of the generallinear group. 38



Chapter 3Lie Groups and Spin GroupsThis chapter demonstrates how geometric algebra provides a natural arena for the study ofLie algebras and Lie groups. In particular, it is shown that every matrix Lie group can berealised as a spin group. Spin groups consist of even products of unit magnitude vectors,and arise naturally from the geometric algebra treatment of re
ections and rotations(introduced in Section 1.2.4). The generators of a spin group are bivectors, and it isshown that every Lie algebra can be represented by a bivector algebra. This brings thecomputational power of geometric algebra to applications involving Lie groups and Liealgebras. An advantage of this approach is that, since the rotors and bivectors are allelements of the same algebra, the discussion can move freely between the group and itsalgebra. The spin version of the general linear group is studied in detail, revealing somenovel links with the structures of Grassmann algebra studied in Chapter 2. An interestingresult that emerges from this work is that every linear transformation can be representedas a (geometric) product of vectors. Some applications of this result are discussed. Anumber of the ideas developed in this chapter appeared in the paper \Lie groups as spingroups" [2].Throughout this chapter, the geometric algebra generated by p independent vectorsof positive norm and q of negative norm is denoted as <p;q. The grade-k subspace ofthis algebra is written as <kp;q and the space of vectors, <1p;q, is abbreviated to <p;q. TheEuclidean algebra <n;0 is abbreviated to <n, and the vector space <1n is written as <n.Lie groups and their algebras are labeled according to the conventions of J.F. Cornwell's\Group Theory in Physics", Vol. 2 [57]. (A useful table of these conventions is found onpage 392).3.1 Spin Groups and their GeneratorsIn this chapter we are interested in spin groups. These arise from the geometric algebrarepresentation of orthogonal transformations | linear functions on <p;q which preserveinner products. We start by considering the case of the Euclidean algebra <n. Thesimplest orthogonal transformation of <n is a re
ection in the hyperplane perpendicularto some unit vector n, n(a) = �nan; (3:1)39



where we have recalled equation (1.70). (A convenient feature of the underbar/overbarnotation for linear functions is that a function can be written in terms of the multivectorthat determines it.) The function n satis�esn(a)�n(b) = hnannbni = a�b; (3:2)and so preserves the inner product. On combining n with a second re
ection m, wherem(a) = �mam; (3:3)the function mn(a) = mnanm (3:4)is obtained. This function also preserves inner products, and in Section 1.2.4 was identi�edas a rotation in the m^n plane. The group of even products of unit vectors is denotedspin(n). It consists of all even multivectors (rotors) satisfyingR ~R = 1 (3:5)and such that the quantity Ra ~R is a vector for all vectors a. The double-sided action ofa rotor R on a vector a is written as R(a) = Ra ~R (3:6)and the R form the group of rotations on <n, denoted SO(n). The rotors a�ord a spin-1/2description of rotations, hence rotor groups are referred to as spin groups.In spaces with mixed signature the situation is slightly more complicated. In order totake care of the fact that a unit vector can now have n2 = �1, equation (3.1) must bemodi�ed to n(a) = �nan�1: (3:7)Taking even combinations of re
ections now leads to functions of the typeM(a) =MaM�1; (3:8)as opposed to Ma ~M . Again, the spin group spin(p; q) is de�ned as the group of evenproducts of unit vectors, but its elements now satisfy M ~M = �1. The term \rotor"is retained for elements of spin(p; q) satisfying R ~R = 1. The subgroup of spin(p; q)containing just the rotors is called the rotor group (this is sometimes written as spin+(p; q)in the literature). The action of a rotor on a vector a is always de�ned by (3.6). Spingroups and rotor groups are both Lie groups and, in a space with mixed signature, the spingroup di�ers from the rotor group only by a direct product with an additional subgroupof discrete transformations.The generators of a spin group are found by adapting the techniques found in any ofthe standard texts of Lie group theory (see [57], for example). We are only interestedin the subgroup of elements connected to the identity, so only need to consider the rotorgroup. We introduce a one-parameter set of rotors R(t), so thatR(t)a ~R(t) = hR(t)a ~R(t)i1 (3:9)40



for all vectors a and for all values of the parameter t. On di�erentiating with respect tot, we �nd that the quantityR0a ~R+Ra ~R0 = R0 ~R(Ra ~R) + (Ra ~R)R ~R0= R0 ~R(Ra ~R)� (Ra ~R)R0 ~R (3.10)must be a vector, where we have used R ~R = 1 to deduce thatR0 ~R = �R ~R0: (3:11)The commutator of R0 ~R with an arbitrary vector therefore results in a vector, so R0 ~R canonly contain a bivector part. (R0 ~R cannot contain a scalar part, since (R0 ~R)~ = �R0 ~R.)The generators of a rotor group are therefore a set of bivectors in the algebra containingthe rotors.A simple application of the Jacobi identity gives, for vectors a, b, c, and d,(a^b)�(c^d) = [(a^b)�c]^d� [(a^b)�d]^c; (3:12)so the commutator product of two bivector blades results in a third bivector. It followsthat the space of bivectors is closed under the commutator product, and hence that thebivectors (together with the commutator product) form the Lie algebra of a spin group.It should be noted that the commutator product, �, in equation (3.12) di�ers from thecommutator bracket by a factor of 1=2. The commutator product is simpler to use, sinceit is the bivector part of the full geometric product of two bivectors A and B:AB = A�B +A�B +A^B (3:13)where A�B +A^B = 12(AB +BA); (3.14)A�B = 12(AB �BA): (3.15)For this reason the commutator product will be used throughout this chapter.Since the Lie algebra of a spin group is generated by the bivectors, it follows that allrotors simply connected to the identity can be written in the formR = eB=2; (3:16)which ensures that ~R = e�B=2 = R�1: (3:17)The form of a rotor given by equation (3.16) was found in Section 1.2.4, where rotationsin a single Euclidean plane were considered. The factor of 1=2 is included because rotorsprovide a half-angle description of rotations. In terms of the Lie algebra, the factor of1=2 is absorbed into our use of the commutator product, as opposed to the commutatorbracket. 41



It can be shown that, in positive de�nite spaces, all rotors can be written in the formof (3.16). The bivector B is not necessarily unique, however, as can be seen by consideringthe power series de�nition of the logarithm,lnX = 2[H + H33 + H55 + � � �] (3:18)where H = X � 1X + 1 : (3:19)It is implicit in this formula that 1 +X is invertible, and the logarithm will not be well-de�ned if this is not the case. For example, the pseudoscalar I in <4;0 is a rotor (I ~I = 1),the geometric e�ect of which is to reverse the sign of all vectors. But 1+I is not invertible,since (1 + I)2 = 2(1 + I). This manifests itself as a non-uniqueness in the logarithm of I| given any bivector blade B satisfying B2 = �1, I can be written asI = expfB(1� I)�2g: (3:20)Further problems can arise in spaces with mixed signature. In the spacetime algebra, forexample, whilst the rotorR = (
0 + 
1 � 
2)
2 = 1 + (
0 + 
1)
2 (3:21)can be written as R = expf(
0 + 
1)
2g; (3:22)the rotor �R = expf
1
2�2gR = �1 � (
0 + 
1)
2 (3:23)cannot be written as the exponential of a bivector. The problem here is that the seriesfor ln(�X) is found by replacing H by H�1 in equation (3.18) and, whilst 1 + R =2 + (
0 + 
1)
2 is invertible, 1 �R = �(
0 + 
1)
2 is null and therefore not invertible.Further examples of rotors with no logarithm can be constructed in spaces with othersignatures. Near the identity, however, the Baker-Campbell-Hausdor� formula ensuresthat, for suitably small bivectors, one can always writeeA=2eB=2 = eC=2: (3:24)So, as is usual in Lie group theory, the bulk of the properties of the rotor (and spin)groups are transferred to the properties of their bivector generators.In the study of Lie groups and their algebras, the adjoint representation plays a partic-ularly important role. The adjoint representation of a spin group is formed from functionsmapping the Lie algebra to itself,AdM(B) �MBM�1 =M(B): (3:25)The adjoint representation is therefore formed by the outermorphism action of the linearfunctions M(a) =MaM�1. For the rotor subgroup, we haveAdR(B) = R(B) = RB ~R: (3:26)42



It is immediately seen that the adjoint representation satis�esAdM1[AdM2(B)] = AdM1M2(B): (3:27)The adjoint representation of the Lie group induces a representation of the Lie algebra asadA=2(B) = A�B; (3:28)or adA(B) = 2A�B: (3:29)The Jacobi identity ensures that12(adAadB � adBadA)(C) = 2[A�(B�C)�B�(A�C)]= 2(A�B)�C= adA�B(C): (3.30)The Killing form is constructed by considering adA as a linear operator on the space ofbivectors, and de�ning K(A;B) = Tr(adAadB): (3:31)For the case where the Lie algebra is the set of all bivectors, we can de�ne a basis set ofbivectors as BK = ei^ej (i < j) with reciprocal basis BK = ej^ei. Here, the index Kis a simplicial index running from 1 to n(n � 1)=2 over all combinations of i and j withi < j. A matrix form of the adjoint representation is now given by(adA)KJ = 2(A�BJ)�BK (3:32)so that the Killing form becomesK(A;B) = 4 n(n�1)=2XJ;K=1 (A�BJ)�BK(B�BK)�BJ= 2[A�(B�(ei^ej))]�(ej^ei)= hABei^ejej^ei �Aei^ejBej^eii (3.33)Now, ei^ejej^ei = eiejej^ei= n(n � 1) (3.34)and ei^ejBej^ei = eiejBej^ei= eiejBejei � eiejei �ejB= [(n� 4)2 � n]B (3.35)where we have used equations (1.139). On recombining (3.34) and (3.35), the Killing formon a bivector algebra becomes K(A;B) = 8(n � 2)hABi (3:36)43



Eij = ei^ej (i < j i; j = 1 : : : p)Fij = fi^fj (i < j i; j = 1 : : : q)Gij = ei^fj (i = 1 : : : p, j = 1 : : : q):Table 3.1: Bivector Basis for so(p,q)and so is given by the scalar part of the geometric product of two bivectors. The constantis irrelevant, and will be ignored. The same form will be inherited by all sub-algebras ofthe bivector algebra, so we can writeK(A;B) � A�B (3:37)as the Killing form for any bivector (Lie) algebra. This product is clearly symmetric, andis invariant under the adjoint action of any of the group elements. The fact that boththe scalar and bivector parts of the geometric product of bivectors now have roles in thestudy of Lie algebras is a useful uni�cation | rather than calculate separate commutatorsand inner products, one simply calculates a geometric product and reads o� the parts ofinterest.As an example, the simplest of the spin groups is the full rotor group spin(p; q) insome <p;q. The Lie algebra of spin(p; q) is the set of bivectors <2p;q. By introducing abasis set of p positive norm vectors feig and q negative norm vectors ffig, a basis setfor the full Lie algebra is given by the generators in Table 3.1. These generators providea bivector realisation of the Lie algebra so(p,q). When the feig and ffig are chosen tobe orthonormal, it is immediately seen that the Killing form has (p(p � 1) + q(q � 1))=2bivectors of negative norm and pq of positive norm. The sum of these is n(n�1)=2, wheren = p+q. The algebra is una�ected by interchanging the signature of the space from <p;qto <q;p. Compact Killing metrics arise from bivectors in positive (or negative) de�nitevector spaces.We now turn to a systematic study of the remaining spin groups and their bivectorgenerators. These are classi�ed according to their invariants which, for the classicalgroups, are non-degenerate bilinear forms. In the geometric algebra treatment, bilinearforms are determined by certain multivectors, and the groups are studied in terms of theseinvariant multivectors.3.2 The Unitary Group as a Spin GroupIt has already been stressed that the use of a unit scalar imaginary frequently hides usefulgeometric information. This remains true for the study of the unitary groups. The basicidea needed to discuss the unitary groups was introduced in Section 2.2.2. One starts inan n-dimensional space of arbitrary signature, and introduces a second (anticommuting)copy of this space. Thus, if the set feig form a frame for the �rst space, the second spaceis generated by a frame ffig satisfying equations (2.45) and (2.46). The spaces are relatedby the \doubling" bivector J , de�ned as (2.49)J = ej^f j = ej^fj : (3:38)44



We recall from Section 2.2.2 that J satis�es(a�J)�J = �a (3:39)for all vectors a in the 2n-dimensional space. From J the linear function J is de�ned asJ(a) � a�J = e�J�=4aeJ�=4: (3:40)The function J satis�es J2(a) = �a (3:41)and provides the required complex structure | the action of J being equivalent to mul-tiplication of a complex vector by j.An important property of J is that it is independent of the frame from which it wasconstructed. To see this, consider a transformation h taking the feig to a new framee0i = h(ei) (3.42)) ei0 = h�1(ei) (3.43)so that the transformed J is J 0 = h(ej)^h�1(f j)= (ekek �h(ej))^h�1(f j): (3.44)But h(ej) remains in the space spanned by the feig, soek �h(ej) = fk �h(fj)= fj �h(fk); (3.45)and now J 0 = ek^�fj �h(fk)h�1(f j)�= ek^h�1h(fk)= J: (3.46)We now turn to a study of the properties of the outermorphism of J . A simpleapplication of the Jacobi identity yields(a^b)�J = (a�J)^b+ a^(b�J)= J(a)^b+ a^J(b) (3.47)and, using this result again, we derive[(a^b)�J ]�J = J2(a)^b+ J(a)^J(b) + J(a)^J(b) + a^J2(b)= 2(J(a^b)� a^b): (3.48)It follows that J(B) = B + 12(B�J)�J; (3:49)45



for all bivectors B. If the bivector B commutes with J , then we see thatJ(B) = B; (3:50)so that B is an eigenbivector of J with eigenvalue +1. The converse is also true | alleigenbivectors of J with eigenvalue +1 commute with J . This result follows by usingJ(B) = B (3:51)to write the eigenbivector B as B = 12(B + J(B)): (3:52)But, for a blade a^b,[a^b+ J(a^b)]�J = J(a)^b+ a^J(b) + J2(a)^J(b) + J(a)^J2(b)= 0; (3.53)and the same must be true for all sums of blades. All bivectors of the form B + J(B)therefore commute with J , from which it follows that all eigenbivectors of J also commutewith J . In fact, since the action of J on bivectors satis�esJ2(a^b) = J2(a)^J2(b) = (�a)^(�b) = a^b; (3:54)any bivector of the form B + J(B) is an eigenbivector of J.The next step in the study of the unitary group is to �nd a representation of theHermitian inner product. If we consider a pair of complex vectors u and v with componentsfukg and fvkg, where uk = xk + jykvk = rk + jsk; (3:55)then �(u; v) = uykvk = xkrk + yksk + j(xksk � ykrk): (3:56)Viewed as a pair of real products, (3.56) contains a symmetric and a skew-symmetricterm. The symmetric part is the inner product in our 2n-dimensional vector space. Anyskew-symmetric inner product can be written in the form (a^b) �B, where B is somebivector. For the Hermitian inner product this bivector is J , which follows immediatelyfrom considering the real part of the inner product of �(ja; b). The form of the Hermitianinner product in our 2n-dimensional vector space is therefore�(a; b) = a�b+ (a^b)�Jj: (3:57)This satis�es �(b; a) = a�b� (a^b)�Jj = �(a; b)�; (3:58)as required. The introduction of the j disguises the fact that the Hermitian productcontains two separate bilinear forms, both of which are invariant under the action of the46



unitary group. All orthogonal transformations leave a�b invariant, but only a subset willleave (a^b)�J invariant as well. These transformations must satisfy�f(a)^f(b)��J = (a^b)�f(J) = (a^b)�J (3:59)for all vectors a and b. The invariance group therefore consists of all orthogonal transfor-mations whose outermorphism satis�es f (J) = J: (3:60)This requirement excludes all discrete transformations, since a vector n will only generatea symmetry if n(J) = nJn�1 = J) n�J = 0; (3.61)and no such vector n exists. It follows that the symmetry group is constructed entirelyfrom the double sided action of the elements of the spin group which satisfyMJ = JM: (3:62)These elements a�ord a spin group representation of the unitary group.Equation (3.62) requires that, for a rotor R simply connected to the identity, thebivector generator of R commutes with J . The Lie algebra of a unitary group is thereforerealised by the set of bivectors commuting with J , which we have seen are also eigen-bivectors of J . Given an arbitrary bivector B, therefore, the bivectorBJ = B + J(B) (3:63)is contained in the bivector algebra of u(p,q). This provides a quick method for writingdown a basis set of generators. It is convenient at this point to introduce an orthonormalframe of vectors fei; fig satisfying ei �ej = fi �fj = �ij (3.64)ei�fj = 0; (3.65)where �ij = �i�jk (no sum) and �i is the metric indicator (= 1 or �1). This frame is usedto write down a basis set of generators which are orthogonal with respect to the Killingform. Such a basis for u(p,q) is contained in Table 3.2. This basis has dimension12n(n � 1) + 12n(n� 1) + n = n2: (3:66)Of these, p2 + q2 bivectors have negative norm, and 2pq have positive norm.The algebra of Table 3.2 contains the bivector J , which commutes with all otherelements of the algebra and generates a U(1) subgroup. This is factored out to give thebasis for su(p,q) contained in Table 3.3. The Hi are written in the form given to take careof the metric signature of the vector space. When working in <2n one can simply writeHi = Ji � Ji+1: (3:67)47



Eij = eiej + fifj (i < j = 1 : : : n)Fij = eifj � fiej 00Ji = eifi (i = 1 : : : n):Table 3.2: Bivector Basis for u(p,q)Eij = eiej + fifj (i < j = 1 : : : n)Fij = eifj � fiej 00Hi = eif i � ei+1f i+1 (i = 1 : : : n� 1):Table 3.3: Bivector Basis for su(p,q)The use of Hermitian forms hides the properties of J in the imaginary j, which makesit di�cult to relate the unitary groups to other groups. In particular, the group of lineartransformations on <2n whose outermorphism leaves J invariant form the symplecticgroup Sp(n,R). Since U(n) leaves a�b invariant as well as J , we obtain the group relationU(n) �= O(2n) \ Sp(n,R): (3:68)More generally, we �nd thatU(p; q) �= O(2p; 2q) \ Sp(p; q,R); (3:69)where Sp(p; q,R) is group of linear transformations leaving J invariant in the mixed-signature space <2p;2q. The geometric algebra approach to Lie group theory makes rela-tions such as (3.69) quite transparent. Furthermore, the doubling bivector J appears inmany other applications of geometric algebra | we saw one occurrence in Section 2.2.2 inthe discussion of the Grassmann-Fourier transform. Other applications include multipar-ticle quantum mechanics and Hamiltonian mechanics [32]. Consistent use of geometricalgebra can reveal these (often hidden) similarities between otherwise disparate �elds.3.3 The General Linear Group as a Spin GroupThe development of the general linear group as a spin group parallels that of the unitarygroups. Again, the dimension of the space is doubled by introducing a second space, butthis time the second space has opposite signature. This leads to the development of aGrassmann structure, as opposed to a complex structure. Vectors in <p;q are then replacedby null vectors in <n;n, where n = p + q. Since a (positive) dilation of a null vector canalso be given a rotor description, it becomes possible to build up a rotor description of theentire general linear group from combinations of dilations and orthogonal transformations.The required construction is obtained by starting with a basis set of vectors feig in<p;q, and introducing a second space of opposite signature. The second space is generated48



by a set of vectors ffig satisfying ei�ej = �fi �fj (3.70)ei�fj = 0; (3.71)and the full set fei; fig form a basis set for <n;n. The vector space <n;n is split into twonull spaces by introducing the bivector K de�ned byK = ej^fj = �ej^f j : (3:72)Again,K is independent of the initial choice of the feig frame. The bivectorK determinesthe linear function K by K(a) � a�K: (3:73)The function K satis�esK(ei) = fi K(fi) = eiK(ei) = �f i K(f i) = �ei; (3:74)and K2(a) = (a�K)�K = a; (3:75)for all vectors a.Proceeding as for the complexi�cation bivector J we �nd that, for an arbitrary bivectorB, K(B) = �B + 12(B�K)�K: (3:76)Any bivector commuting with K is therefore an eigenbivector of K, but now with eigen-value �1.An arbitrary vector a in <n;n can be decomposed into a pair of null vectors,a = a+ + a�; (3:77)where a+ = 12(a+K(a)); (3.78)a� = 12(a�K(a)): (3.79)That a+ is null follows from(a+)2 = 14 �a2 + 2a�(a�K) + (a�K)�(a�K)�= 14(a2 � [(a�K)�K]�a)= 14(a2 � a2)= 0; (3.80)and the same holds for a�. The scalar product between a+ and a� is, of course, non-zero:a+ �a� = 14(a2 � (a�K)2) = 12a2: (3:81)49



This construction decomposes <n;n into two separate null spaces, Vn and Vn�, de�ned byK(a) = a 8a 2 VnK(a) = �a 8a 2 Vn�; (3:82)so that <n;n = Vn �Vn�: (3:83)A basis is de�ned for each of Vn and Vn� bywi = 12(ei +K(ei)) (3.84)w�i = 12(ei �K(ei)); (3.85)respectively. These basis vectors satisfywi �wj = w�i �w�j = 0 (3:86)and w�i �wj = 12�ij: (3:87)In conventional accounts, the space Vn would be recognised as a Grassmann algebra (allvector generators anticommute), with Vn� identi�ed as the dual space of functions actingon Vn. In Chapter 2 we saw how both Vn and Vn� can be represented in terms of functionsin a single n-dimensional algebra. Here, a di�erent construction is adopted in which the Vnand Vn� spaces are kept maximally distinct, so that they generate a 2n-dimensional vectorspace. This is the more useful approach for the study of the Lie algebra of the generallinear group. We shall shortly see how these two separate approaches are reconciled bysetting up an isomorphism between operations in the two algebras.We are interested in the group of orthogonal transformations which keep the Vn andVn� spaces separate. For a vector a in Vn, the orthogonal transformation f must thensatisfy f (a) = f(a)�K: (3:88)But, since a = a�K and f�1 = f , equation (3.88) leads toa�K = f [f(a)�K]= a�f(K); (3.89)which must hold for all a. It follows thatf(K) = K (3:90)and we will show that the f satisfying this requirement form the general linear groupGL(n,R). The orthogonal transformations satisfying (3.90) can each be given a spin de-scription, which enables the general linear group to be represented by a spin group. Theelements of this spin group must satisfyMK = KM: (3:91)50



Eij = eiej � êiêj (i < j = 1 : : : n)Fij = eiêj � êiej 00Ji = eiêi (i = 1 : : : n):Table 3.4: Bivector Basis for gl(n,R)Eij = eiej � êiêj (i < j = 1 : : : n)Fij = eiêj � êiej 00Hi = eiêi � ei+1êi+1 (i = 1 : : : n� 1):Table 3.5: Bivector Basis for sl(n,R)The generators of the rotor part of the spin group are therefore the set of bivectors whichcommute with K, which are eigenbivectors of K with eigenvalue �1.Before writing down an orthogonal basis for the Lie algebra, it is useful to introducesome further notation. We now take feig to be an orthonormal basis for the Euclideanalgebra <n, and fêig to be the corresponding basis for the anti-Euclidean algebra <0;n.These basis vectors satisfy ei�ej = �ij = �êi�êjei �êj = 0: (3:92)The hat also serves as a convenient abbreviation for the action of K on a vector a,â � K(a): (3:93)Since all bivectors in the Lie algebra of GL(n,R) are of the form B�K(B), an orthogonalbasis for the Lie algebra can now be written down easily. Such a basis is contained inTable 3.4. The algebra in Table 3.4 includes K, which generates an abelian subgroup.This is factored out to leave the Lie algebra sl(n,R) contained in Table 3.5.The form of the Lie algebra for the group GL(n,R) is clearly very close to that forU(n) contained in Table 3.2. The reason can be seen by considering the bilinear formgenerated by the bivector K, �(a; b) = a�K(b): (3:94)If we decompose a and b in the orthonormal basis of (3.92),a = xiei + yiêi (3.95)b = riei + siêi; (3.96)we �nd that �(a; b) = xisi � yiri; (3:97)which is the component form of the symplectic norm in <2n. We thus have the grouprelation GL(n,R) �= O(n,n) \ Sp(n,R); (3:98)51



which is to be compared with (3.68) and (3.69). The di�erences between the Lie algebrasof GL(n,R) and U(n) are due solely to the metric signature of the underlying vectorspace which generates the bivector algebra. It follows that both Lie algebras have thesame complexi�cation, since complexi�cation removes all dependence on signature. Inthe theory of the classi�cation of the semi-simple Lie algebras, the complexi�cation of thesu(n) and sl(n,R) algebras is denoted An�1.An alternative basis for sl(n,R) can be given in terms of the fwig and fw�i g null frames,which are now de�ned as wi = 12(ei + êi)w�i = 12(ei � êi): (3:99)The fwig and fw�i g frames satisfy wi �wj = w�i �w�j = 0 (3:100)and wiw�j + w�jwi = �ij; (3:101)which are identi�able as the relations of the algebra of fermionic creation and annihilationoperators. The pseudoscalars for the the Vn and Vn� spaces are de�ned byWn = w1w2 : : :wnW �n = w�1w�2 : : : w�n (3:102)respectively. If we now de�ne I+ij = 12(Eij + Fij)= 12(ei � êi)(ej + êj)= 2w�iwj (3.103)and I�ij = 12(Eij � Fij)= 12(ei + êi)(ej � êj)= �2w�jwi; (3.104)we see that a complete basis for sl(n,R) is de�ned by the set fI+ij ; I�ij ;Hig. This correspondsto the Chevalley basis for An�1. Furthermore, a complete basis set of generators forGL(n,R) is given by the set fw�i ^wjg, de�ned over all i, j. This is perhaps the simplestof the possible basis sets for the Lie algebra, though it has the disadvantage that it is notorthogonal with respect to the Killing form.We now turn to a proof that the subgroup of the spin group which leaves K invariantdoes indeed form a representation of GL(n,R). With a vector a in <n represented by thenull vector a+ = (a+ â) in <n;n, we must prove that an arbitrary linear transformationof a, a 7! f(a), can be written in <n;n asa+ 7!Ma+M�1; (3:105)52



where M is a member of the spin group spin(n; n) which commutes with K. We start byconsidering the polar decomposition of an arbitrary matrixM . Assuming that detM 6= 0,the matrixM �M can be written (not necessarliy uniquely) asM �M = S��S (3:106)where S is an orthogonal transformation (which can be arranged to be a rotation matrix),and � is a diagonal matrix with positive entries. One can now writeM = S�1=2R (3:107)where �1=2 is the diagonal matrix of positive square roots of the entries of � and R is amatrix de�ned by R = ��1=2 �SM : (3:108)The matrix R satis�es R �R = ��1=2 �SM �MS��1=2= ��1=2���1=2= I (3.109)and so is also orthogonal. It follows from (3.107) that an arbitrary non-singular matrixcan be written as a diagonal matrix with positive entries sandwiched between a pair oforthogonal matrices. As a check, this gives n2 degrees of freedom. To prove the desiredresult, we need only show that orthogonal transformations and positive dilations can bewritten in the form of equation (3.105).We �rst consider rotations. The Eij generators in Table 3.4 produce rotors of the formR = expf(E � Ê)=2g; (3:110)where E = �ijEij (3:111)and the �ij are a set of scalar coe�cients. The e�ect of the rotor R on a+ generatesR(a+) = R(a+ â) ~R= Ra ~R+ (Ra ~R)�K= eE=2ae�E=2 + (eE=2ae�E=2)�K (3.112)and so accounts for all rotations of the vector a in <n. To complete the set of orthogonaltransformations, a representation for re
ections must be found as well. A re
ection inthe hyperplane orthogonal to the vector n in <n is represented by the element nn̂ in <n;n.Since nn̂n̂n = �1, nn̂ is not a rotor and belongs to the disconnected part of spin(n; n).That nn̂ commutes with K, and so is contained in spin(n; n), is veri�ed as follows,nn̂K = 2nn̂�K + nKn̂= 2n2 + 2n�Kn̂+Knn̂= 2(n2 + n̂2) +Knn̂= Knn̂: (3.113)53



The action of nn̂ on a vector is determined by (3.8), and givesnn̂a+nn̂ = �nn̂an̂n � (nn̂an̂n)�K= �nan� (nan)�K; (3.114)as required.Finally, we need to see how positive dilations are given a rotor description. A dilationin the n direction by an amount e� is generated by the rotorR = e��nn̂=2; (3:115)where the generator ��nn̂=2 is built from the Ki in Table 3.4. Acting on the null vectorn+ = n+ n̂, the rotor (3.115) givesRn+ ~R = e��nn̂=2n+e+�nn̂=2= e��nn̂(n+ n̂)= (cosh� � nn̂ sinh�)(n + n̂)= (cosh� + sinh�)(n + n̂)= e�n+: (3.116)In addition, for vectors perpendicular to n in <n, the action of R on their null vectorequivalents has no e�ect. These are precisely the required properties for a dilation inthe n direction. This concludes the proof that the general linear group is represented bythe subgroup of spin(n; n) consisting of elements commuting with K. As an aside, thisconstruction has led us to the Eij and Ki generators in Table (3.4). Commutators of theEij and Ki give the remaining Fij generators, which are su�cient to close the algebra.The determinant of a linear function on <n is easily represented in <n;n sincef(e1)^f(e2)^: : :^f(en) = det f En (3:117)becomes MWnM�1 = det fWn; (3:118)in the null space of Vn. HereM is the spin group element representing the linear functionf . From the de�nitions of Wn and W �n (3.102), we can writedet f = 2nh ~W �nMWnM�1i; (3:119)from which many of the standard properties of determinants can be derived.3.3.1 Endomorphisms of <nWe now turn to a second feature of <n;n, which is its e�ectiveness in discussing endomor-phisms of <n. These are maps of <n onto itself, and the set of all such maps is denotedend(<n). Since the algebra <n is 2n-dimensional, the endomorphism algebra is isomorphicto the algebra of real 2n � 2n matrices,end(<n) �= R(2n): (3:120)54



But the Cli�ord algebra <n;n is also isomorphic to the algebra of 2n � 2n matrices, soevery endomorphism of <n can be represented by a multivector in <n;n1. Our �rst task istherefore to �nd how to construct each multivector equivalent of a given endomorphism.Within <n, endomorphisms are built up from the the primitive operations of the innerand outer products with the feig. It is more useful, however, to adopt the following basisset of functions, ei(A) � ei�A+ ei^A = eiA (3.121)êi(A) � �ei�A+ ei^A = Âei; (3.122)where the hat (parity) operation in <n is de�ned byÂr � (�1)rAr (3:123)and serves to distinguish even-grade and odd-grade multivectors. The reason for the useof the hat in both <n and <n;n will become apparent shortly. The feig and fêig operationsare precisely those found in Section 2.3 in the context of Berezin calculus, though withthe �ducial tensor h now set to the identity. They satisfy the relationseiej + ejei = 2�ijêiêj + êj êi = �2�ij (3.124)eiêj + êjei = 0; (3.125)which are the de�ning relations for a vector basis in <n;n. This establishes the isomorphismbetween elements of end(<n) and multivectors in <n;n. Any element of end(<n) can bedecomposed into sums and products of the feig and fêig functions, and so immediatelyspeci�es a multivector in <n;n built from the same combinations of the feig and fêig basisvectors.To complete the construction, we must �nd a 2n-dimensional subspace of <n;n onwhich endomorphisms of <n are faithfully represented by (left) multiplication by elementsof <n;n. The required subspace is a minimal left ideal of <n;n and is denoted In. It isconstructed as follows. We de�ne a set of bivector blades byKi � eiêi: (3:126)Here, and in the remainder of this section, we have dropped the summation convention.The Ki satisfy Ki �Kj = �ij (3.127)Ki�Kj = 0 (3.128)and the bivector K is can be written asK =Xi Ki: (3:129)1I am grateful to Frank Sommen and Nadine Van Acker for pointing out the potential usefulness ofthis result. 55



A family of commuting idempotents are now de�ned byIi � 12(1 +Ki) = w�iwi; (3:130)and have the following properties: I2i = Ii (3.131)IiIj = IjIi (3.132)eiIi = wi = êiIi (3.133)Iiei = w�i = �Iiêi (3.134)KiIi = Ii: (3.135)From the Ii the idempotent I is de�ned byI � nYi=1 Ii = I1I2 : : : In = w�1w1w�2w2 : : : w�nwn = W �n ~Wn: (3:136)I has the following properties: I2 = I (3.137)eiI = êiI (3.138)and EnI = ÊnI = WnI = Wn; (3:139)where En is the pseudoscalar for the Euclidean algebra <n and Ên is the pseudoscalarfor the anti-Euclidean algebra <0;n. The relationships in (3.139) establish an equivalencebetween the <n, <0;n and Vn vector spaces.Whilst the construction of I has made use of an orthonormal frame, the form of I isactually independent of this choice. This can be seen by writing I in the formI = 12n �1 +K + K^K2! + : : :+ K^K^: : :^Kn! � (3:140)and recalling thatK is frame-independent. It is interesting to note that the bracketed termin (3.140) is of the same form as the Grassmann exponential considered in Section 2.2.1.The full 2n-dimensional space In is generated by left multiplication of I by the entirealgebra <n;n, In = <n;nI: (3:141)Since multiplication of I by ei and êi are equivalent, every occurrence of an êi in a multi-vector in <n;n can be replaced by an ei, so that there is a simple 1$ 1 equivalence betweenelements of <n and In. The action of an element of end(<n) can now be represented in<n;n by left multiplication of In by the appropriate multivector. For a multivector Ar in<n the equivalence between the basic operators (3.122) is seen fromeiArI $ eiAr (3:142)56



and êiArI $ Ârei: (3:143)The parity operation on the right-hand side of (3.143) arises because the êi vector mustbe anticommuted through each of the vectors making up the Ar multivector. This isthe reason for the di�erent uses of the overhat notation for the <n and <n;n algebras.Symbolically, we can now write eiIn $ ei<n (3.144)êiIn $ <̂nei: (3.145)Also, from the de�nitions of wi and w�i (3.99), we �nd the equivalenceswiIn $ ei^<n (3.146)w�iIn $ ei�<n; (3.147)which establishes contact with the formalism of Grassmann/Berezin calculus given inChapter 2. We can now move easily between the formalism with dot and wedge productsused in Chapter 2 and the null-vector formalism adopted here. The chosen applicationshould dictate which is the more useful.We next consider the quantity nn̂, where n is a unit vector. The action of this on Ingives nn̂In $ n<̂nn: (3:148)The operation on the right-hand side is the outermorphism action of a re
ection in thehyperplane perpendicular to n. In the previous section we used a double-sided applicationof nn̂ on null vectors to represent re
ections in <n. We now see that the same object canbe applied single-sidedly in conjunction with the idempotent I to also produce re
ections.The same is true of products of re
ections. For example, the rotor (3.110) givese(E�Ê)=2MI = eE=2Me�Ê=2I $ eE=2Me�E=2; (3:149)demonstrating how the two-bladed structure of the Eij generators is used to representconcurrent left and right multiplication in <n.The operation <n 7! <̂n is performed by successive re
ections in each of the ei direc-tions. We therefore �nd the equivalencee1ê1e2ê2 : : : enênIn $ <̂n: (3:150)But e1ê1e2ê2 : : : enên = en : : : e2e1ê1ê2 : : : ên = ~EnÊn = En;n (3:151)is the unit pseudoscalar in <n;n, so multiplication of an element of In by En;n correspondsto the parity operation in <n. As a check, (En;n)2 is always +1, so the result of two parityoperations is always the identity.The correspondence between the single-sided and double-sided forms for a dilation arenot quite so simple. If we consider the rotor expf��nn̂=2g again, we �nd that, for thevector n, e��nn̂=2nI = e�=2nI $ e�=2n (3:152)57



For vectors perpendicular to n, however, we �nd thate��nn̂=2n?I = n?e��=2nn̂I $ e��=2n?; (3:153)so the single-sided formulation gives a stretch along the n direction of expf�g, but nowcombined with an overall dilation of expf��=2g. This overall factor can be removed byan additional boost with the exponential of a suitable multiple of K. It is clear, however,that both single-sided and double-sided application of elements of the spin group whichcommute with K can be used to give representations of the general linear group.Finally, we consider even products of the null vectors wi and w�i . These generate theoperations wiw�i In $ ei �(ei^<n)w�iwiIn $ ei^(ei�<n) (3.154)which are rejection and projection operations in <n respectively. For a vector a in <n,the operation of projecting a onto the ei direction is performed byPi(a) = eiei�a; (3:155)and for a general multivector, Pi(A) = ei^(ei�A): (3:156)This projects out the components of A which contain a vector in the ei direction. Theprojection onto the orthogonal complement of ei (the rejection) is given byP?i (A) = ei�(ei^A): (3:157)Projection operations correspond to singular transformations, and we now see that theseare represented by products of null multivectors in <n;n. This is su�cient to ensure thatsingular transformations can also be represented by an even product of vectors, some ofwhich may now be null.Two results follow from these considerations. Firstly, every matrix Lie group can berepresented by a spin group | every matrix Lie group can be de�ned as a subgroupof GL(n,R) and we have shown how GL(n,R) can be represented as a spin group. Itfollows that every Lie algebra can be represented by a bivector algebra, since all Liealgebras have a matrix representation via the adjoint representation. The discussion ofthe unitary group has shown, however, that subgroups of GL(n,R) are not, in general,the best way to construct spin-group representations. Other, more useful, constructionsare given in the following Sections. Secondly, every linear transformation on <n can berepresented in <n;n as an even product of vectors, the result of which commutes withK. It is well known that quaternions are better suited to rotations in three dimensionsthan 3 � 3 matrices. It should now be possible to extend these advantages to arbitrarylinear functions. A number of other applications for these results can be envisaged. Forexample, consider the equation u0(s) =M (s)u(s); (3:158)58



where u(s) and M (s) are vector and matrix functions of the parameter s and the primedenotes the derivative with respect to s. By replacing the vector u by the null vector uin <n;n, equation (3.158) can be written in the formu0 = B(s)�u; (3:159)where B(s) is a bivector. If we now write u = Ru0 ~R, where u0 is a constant vector, thenequation (3.158) reduces to the rotor equationR0 = 12BR; (3:160)which may well be easier to analyse (a similar rotor reformulation of the Lorentz forcelaw is discussed in [20]).3.4 The Remaining Classical GroupsWe now turn attention to some of the remaining matrix Lie groups. Again, all groupsare realised as subgroups of the orthogonal group and so inherit a spin-group represen-tation. The various multivectors and linear functions which remain invariant under thegroup action are discussed, and simple methods are given for writing down the Bivectorgenerators which form the Lie algebra. The results from this chapter are summarised inSection 3.5.3.4.1 Complexi�cation | so(n,C)Complexi�cation of the Orthogonal groups O(p; q) leads to a single, non-compact, Liegroup in which all reference to the underlying metric is lost. With the uk and vk de�nedas in Equation (3.55), the invariant bilinear form is�(u; v) = ukvk = xkrk � yksk + j(xksk + ykrk): (3:161)This is symmetric, and the real part contains equal numbers of positive and negative normterms. The Lie group O(n,C) will therefore be realised in the \balanced" algebra <n;n. Toconstruct the imaginary part of (3.161), however, we need to �nd a symmetric functionwhich squares to give minus the identity. This is in contrast to the K function, which isantisymmetric, and squares to +1. The solution is to introduce the \star" functiona� � (�1)n+1EnaE�1n ; (3:162)so that e�i = eiê�i = �êi: (3:163)The use of the � notation is consistent with the de�nitions of fwig and fw�i g bases (3.99).The star operator is used to de�ne projections into the Euclidean and anti-Euclideansubspaces of <n;n: En(a) = 12(a+ a�) = a�EnE�1nÊn(a) = 12(a� a�) = a^EnE�1n : (3:164)59



Eij = eiej � êiêj (i < j = 1 : : : n)Fij = eiêj + êiej: 00Table 3.6: Bivector Basis for so(n,C)The Euclidean pseudoscalar En anticommutes with K, so the star operator anticommuteswith the K function. It follows that the combined functionK�(a) � K(a�) (3:165)satis�es K�2(a) = K[K(a�)�]= �K[K(a��)]= �a (3.166)and K�(a) = �[K(a)]�= K�(a); (3.167)and so has the required properties. The complex symmetric norm can now be written on<n;n as �(a; b) = a�b+ ja�K�(b); (3:168)which can veri�ed by expanding in the fei; êig basis of (3.92).An orthogonal transformation f will leave �(a; b) invariant provided thatK�f(a) = f K�(a); (3:169)which de�nes the group O(n,C). Each function f in O(n,C) can be constructed from thecorresponding elements of spin(n; n), which de�nes the spin-group representation. Thebivector generators must satisfyK�[e�B=2ae��B=2] = e�B=2K�(a)e��B=2; (3:170)which reduces to the requirement K�(B �a) = B �K�(a) (3.171)) B �a = �K�[B �K�(a)] = �K�(B)�a (3.172)) K�(B) = �B: (3.173)Since K�2(B) = B for all bivectors B, the generators which form the Lie algebra so(n,C)are all of the form B�K�(B). This is used to write down the bivector basis in Table 3.6.Under the commutator product, the Eij form a closed sub-algebra which is isomorphicto so(n). The Fij ful�l the role of \jEij". The Killing metric has n(n � 1)=2 entries ofpositive and signature and the same number of negative signature.60



3.4.2 Quaternionic Structures | sp(n) and so�(2n)The quaternionic unitary group (usually denoted Sp(n) or HU(n)) is the invariance groupof the Hermitian-symmetric inner product of quaternion-valued vectors. By analogy withthe unitary group, the quaternionic structure is introduced by now quadrupling the realspace <n or <p;q to <4n or <4p;4q. We deal with the Euclidean case �rst and take feig tobe an orthonormal basis set for <n. Three further copies of <n are introduced, so thatfei; e1i ; e2i ; e3ig form an orthonormal basis for <4n. Three \doubling" bivectors are nowde�ned as J1 = eie1i + e2i e3iJ2 = eie2i + e3i e1iJ3 = eie3i + e1i e2i ; (3:174)which de�ne the three functions J i(a) = a�Ji: (3:175)(The introduction of an orthonormal frame is not essential since each of the Ji are inde-pendent of the intial choice of frame. Orthonormal frames do ease the discussion of theproperties of the Ji, however, so will be used frequently in this and the following sections).The combined e�ect of J1 and J2 on a vector a producesJ1J2(a) = J1(a�eie2i � a�e2iei + a�e3ie1i � a�e1ie3i )= a�eie3i � a�e2ie1i � a�e3i ei + a�e1i e2i= J3(a): (3.176)The J i functions therefore generate the quaternionic structureJ21 = J22 = J23 = J1J2J3 = �1: (3:177)The Hermitian-symmetric quaternion inner product can be realised in <4n by�(a; b) = a�b+ a�J1(b)i+ a�J2(b)j + a�J3(b)j; (3:178)where fi; j;kg are a basis set of quaterions (see Section 1.2.3). The inner product (3.178)contains four separate terms, each of which must be preserved by the invariance group.This group therefore consists of orthogonal transformations satisfyingf(Ji) = Ji i = 1 : : : 3 (3:179)and the spin group representation consists of the elements of spin(4n) which commutewith all of the Ji. The bivector generators of the invariance group therefore also commutewith the Ji. The results established in Section 3.2 apply for each of the Ji in turn, so anarbitrary bivector in the Lie algebra of Sp(n) must be of the formBHU = B + J1(B) + J2(B) + J3(B): (3:180)This result is used to write down the orthogonal basis set in Table 3.7. The algebra hasdimension 2n2 + n and rank n. 61



Eij = eiej + e1i e1j + e2i e2j + e3i e3j (i < j = 1 : : : n)Fij = eie1j � e1i ej � e2i e3j + e3i e2j 00Gij = eie2j � e2i ej � e3i e1j + e1i e3j 00Hij = eie3j � e3i ej � e1i e2j + e2i e1j 00Fi = eie1i � e2i e3i (i = 1 : : : n)Gi = eie2i � e3i e1i 00Hi = eie3i � e1i e2i 00Table 3.7: Bivector Basis for sp(n)The above extends easily to the case of sp(p; q) by working in the algebra <4p;4q. Withfeig now a basis for <p;q, the doubling bivectors are de�ned byJ1 = eie1i + e2i e3i etc (3:181)and the quaternion relations (3.177) are still satis�ed. The Lie algebra is then generatedin exactly the same may. The resultant algebra has a Killing metric with 2(p2+q2)+p+qnegative entries and 4pq positive entries.The properties of the K� function found in Section 3.4.1 suggests that an alternativequaternionic structure could be found in <2n;2n by introducing anticommuting K� and Jfunctions. This is indeed the case. With feig and ffig a pair of anticommuting orthonor-mal bases for <n, a basis for <2n;2n is de�ned by fei; fi; êi; f̂ig. The hat operation is nowde�ned by â = K(a) = a�K (3:182)with K = eiêi + fif̂i: (3:183)A complexi�cation bivector is de�ned byJ = eif i + êif̂ i = eifi � êif̂i (3:184)and additional doubling bivectors are de�ned byK1 = eiêi � fif̂iK1 = eif̂i + fiêi: (3:185)The set fJ;K1;K2g form a set of three bivectors, no two of which commute.With pseudoscalars En and Fn de�ned byEn = e1e2 : : : enFn = f1f2 : : : fn; (3:186)the star operation is de�ned by a� = �EnFna ~Fn ~En: (3:187)62



Eij = eiej + fifj � êiêj � f̂if̂j (i < j = 1 : : : n)Fij = eifj � fiej + êif̂j � f̂iêj 00Gij = eiêj + êiej + fif̂j + f̂ifj 00Hij = eif̂j + f̂iej � fiêj � êifj 00Hi = eifi + êif̂i (i = 1 : : : n)Table 3.8: Bivector Basis for so�(n)K�i operations are now de�ned byK�i (a) = K i(a�) = a��Ki: (3:188)These satisfy K�i 2(a) = �a (3:189)and K�1K�2(a) = K1[K2(a�)�]= �K1K2(a)= J(a): (3.190)The J and K�i therefore form a quaternionic set of linear functions satisfyingK�12 = K�22 = J2 = K�1K�2J = �1: (3:191)Orthogonal functions commuting with each of the J and K�i functions will therefore leavea quaternionic inner product invariant. This inner product can be written as�(a; b) = a�J(b) + ia�b+ ja�K�1(b) + ka�K�2(b); (3:192)which expansion in the fei; fi; êi; f̂ig frame shows to be equivalent to the skew-Hermitianquaternionic inner product �(u; v) = uykivk: (3:193)The invariance group of (3.193) is denoted SO�(2n) (or Sk(n,H)). The bivector generatorsof the invariance group must satisfy J(B) = B and K�i (B) = �B and so are of the formBH� = B + J(B)�K�1(B)�K�2(B): (3:194)This leads to the orthogonal set of basis generators in Table 3.8.The bivector algebra so�(n) has dimension n(2n � 1) and a Killing metric with n2negative entries and n2 � n positive entries. This algebra is one of the possible realforms of the complexi�ed algebra Dn. Some of the properties of so�(2n), including itsrepresentation theory, have been discussed by Barut & Bracken [58].63



Eij = eiej + fifj � êiêj � f̂if̂j (i < j = 1 : : : n)Fij = eifj � fiej � êif̂j + f̂iêj 00Gij = eiêj � êiej + fif̂j � f̂ifj 00Hij = eif̂j + f̂iej � fiêj � êifj 00Ji = eifi � êif̂i (i = 1 : : : n)Ki = eiêi + fif̂i 00Table 3.9: Bivector Basis for gl(n,C)3.4.3 The Complex and Quaternionic General Linear GroupsThe general linear group over the complex �eld, GL(n,C), is constructed from linearfunctions in the 2n-dimensional space <2n which leave the complex structure intact,h(a)�J = h(a�J): (3:195)These linear functions can be represented by orthogonal functions in <2n;2n using thetechniques introduced in Section 3.3. Thus, using the conventions of Section 3.4.2, avector a in <2n is represented in <2n;2n by the null vector a+ = a + â, and the complexstructure is de�ned by the bivector J of equation (3.184). These de�nitions ensure thatthe J function keeps null vectors in the same null space,K J(a) = J K(a) (3:196)) (a�J)�K � (a�K)�J = a�(J�K) = 0; (3:197)which is satis�ed since J�K = 0. The spin group representation of GL(n,C) consists ofall elements of spin(2n; 2n) which commute with both J and K and hence preserve boththe null and complex structures. The bivector generators of the Lie algebra gl(n,C) aretherefore of the form BC = B + J(B)�K(B)�K J(B) (3:198)which yields the set of generators in Table 3.9. This algebra has 2n2 generators, as is tobe expected. The two abelian subgroups are removed in the usual manner to yield theLie algebra for sl(n,C) given in Table 3.10. The Killing metric gives n2 � 1 terms of bothpositive and negative norm.The general linear group with quaternionic entries (denoted U�(2n) or GL(n,H)) isconstructed in the same manner as the above, except that now the group is containedin the algebra <4n;4n. Thus we start in the algebra <4n and introduce a quaternionicstructure through the Ji bivectors of equations (3.174). The <4n algebra is then doubledto a <4n;4n algebra with the introduction of a suitable K bivector, and the Ji are extendedto new bivectors J 0i = Ji � Ĵi: (3:199)The spin-group representation of U�(2n) then consists of elements of spin(4n; 4n) whichcommute with all of the J 0i and with K. The bivectors generators are all of the formBH = B + J 01(B) + J 02(B) + J 03(B)�K[B + J 01(B) + J 02(B) + J 03(B)]: (3:200)64



Eij = eiej + fifj � êiêj � f̂if̂j (i < j = 1 : : : n)Fij = eifj � fiej � êif̂j + f̂iêj 00Gij = eiêj � êiej + fif̂j � f̂ifj 00Hij = eif̂j + f̂iej � fiêj � êifj 00Gi = Ji � Ji+1 (i = 1 : : : n� 1)Hi = Ki �Ki+1 00Table 3.10: Bivector Basis for sl(n,C)The result is a (4n2)-dimensional algebra containing the single abelian factor K. This isfactored out in the usual way to yield the bivector Lie algebra su�(2n).3.4.4 The symplectic Groups Sp(n,R) and Sp(n,C)The symplectic group Sp(n,R) consists of all linear functions h acting on <2n satisfyingh(J) = J , where J is the doubling bivector from the <n algebra to the <2n algebra. Aspin-group representation is achieved by doubling to <2n;2n and constructing Sp(n,R) asa subgroup of GL(2n,R). In <2n, the symplectic inner product is given by (a ^ b)�J . In<2n;2n, with K de�ned as in Equation (3.183), the vectors a and b are replaced by thenull vectors a+ and b+. Their symplectic inner product is given by(a+^b+)�JS = [K(a+)^K(b+)]�JS = (a+^b+)�K(JS): (3:201)The symplectic bivector in <2n;2n satis�esK(JS) = JS (3:202)and so is de�ned by JS = J + Ĵ = eifi + êif̂i: (3:203)(This di�ers from the J de�ned in equation (3.184), so generates an alternative complexstructure). The group Sp(n,R) is the subgroup of orthogonal transformations on <2n;2nwhich leave both JS and K invariant. The spin-group representation consists of all ele-ments which commute with both JS and K. The bivector generators of Sp(n,R) are allof the form BSp = B + JS(B)�K(B)�K JS(B): (3:204)An orthogonal basis for the algebra sp(n,R) is contained in Table 3.11. This has dimensionn(2n + 1) and a Killing metric with n2 negative entries and n2 + n positive entries. Thesame construction can be used to obtain the algebras for sp(p; q,R) by starting from <p;qand doubling this to <2p;2q.The group Sp(n,C) consists of functions on <4n satisfying h(J1) = J1 and which alsopreserve the complex structure, h(a�J3) = h(a)�J3: (3:205)65



Eij = eiej + fifj � êiêj � f̂if̂j (i < j = 1 : : : n)Fij = eifj � fiej � êif̂j + f̂iêj 00Gij = eiêj � êiej � fif̂j + f̂ifj 00Hij = eif̂j � f̂iej + fiêj � êifj 00Fi = eifi � êif̂i (i = 1 : : : n)Gi = eiêi � fif̂i 00Hi = eif̂i + fiêi 00Table 3.11: Bivector Basis for sp(n,R)The complex and symplectic structures satisfy J3(J1) = �J1, so J3 and J1 do not com-mute. Instead they are two-thirds of the quaternionic set of bivectors introduced inSection 3.4.2. The C-skew inner product on <4n is written�(a; b) = a�J1(b)� ja�J1J3(b) = a�J1(b) + ja�J2(b): (3:206)By analogy with Sp(n,R), a spin-group representation of Sp(n,C) is constructed as asubgroup of GL(2n,C)in <4n;4n. With the null structure de�ned by K, the symplecticstructure is now determined by JS = J1 +K(J1) (3:207)and the complex structure by J = J2 �K(J): (3:208)The Lie algebra sp(n,C) is formed from the set of bivectors in <24n;4n which commute withall of the K, J and JS bivectors. With this information, it is a simple matter to writedown a basis set of generators.3.5 SummaryIn the preceding sections we have seen how many matrix Lie groups can be representedas spin groups, and how all (�nite dimensional) Lie algebras can be realised as bivectoralgebras. These results are summarised in Tables 3.12 and 3.13. Table 3.12 lists theclassical bilinear forms, their invariance groups, the base space in which the spin grouprepresentation is constructed and the general form of the bivector generators. The re-maining general linear groups are listed in Table 3.13. Again, their invariant bivectorsand the general form of the generators are listed. For both tables, the conventions forthe various functions and bivectors used are those of the section where the group wasdiscussed.A number of extensions to this work can be considered. It is well known, for example,that the Lie group G2 can be constructed in <0;7 as the invariance group of a particulartrivector (which is given in [46]). This suggests that the techniques explored in this chaptercan be applied to the exceptional groups. A geometric algebra is a graded space and inChapter 5 we will see how this can be used to de�ne a multivector bracket which satis�es66



Base Form of BivectorType Form of �(a; b) Group Space GeneratorsR-symmetric a�b SO(p; q) <p;q BR-skew a�J(b) Sp(n,R) <2n;2n B + JS(B)�K(B + JS(B))C-symmetric a�b+ ja�K�(b) SO(n,C) <n;n B �K�(B)C-skew a�J1(b) + ja�J2(b) Sp(n,C) <4n;4n B + J(B) + JS(B) + J JS(B)�K( 00 )C-Hermitian a�b+ ja�J(b) U(p; q) <2p;2q B + J(B)H-Hermitian a�b+ a�J1(b)i + Sp(n) <4n B + J1(B) + J2(B) + J3(B)a�J2(b)j + a�J3(b)jH-Skew a�J(b) + a�K�1(b)+ SO�(2n) <2n;2n B + J(B)�K�1(B)�K�2(B)a�bi+ a�K�2(b)kTable 3.12: The Classical Bilinear Forms and their Invariance Groupsthe super-Jacobi identities. This opens up the possibility of further extending the work ofthis chapter to include super-Lie algebras. Furthermore, we shall see in Chapter 4 that thetechniques developed for doubling spaces are ideally suited to the study of multiparticlequantum theory. Whether some practical bene�ts await the idea that all general lineartransformations can be represented as even products of vectors remains to be seen.Base Form of BivectorGroup Space Invariants GeneratorsGL(n,R) <n;n K B �K(B)GL(n,C) <2n;2n K;J B + J(B)�K(B + J(B))GL(n,H) / SU�(n) <4n;4n K;J 01; J 02; J 03 B + J 01(B) + J 02(B) + J 03(B)�K( 00 )Table 3.13: The General Linear Groups
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Chapter 4Spinor AlgebraThis chapter describes a translation between conventional matrix-based spinor algebrain three and four dimensions [59, 60], and an approach based entirely in the (real) geo-metric algebra of spacetime. The geometric algebra of Minkowski spacetime is called thespacetime algebra or, more simply, the STA. The STA was introduced in Section 1.2.5 asthe geometric algebra generated by a set of four orthonormal vectors f
�g, � = 0 : : : 3,satisfying 
� �
� = ��� = diag(+ � � �): (4:1)Whilst the f
�g satisfy the Dirac algebra generating relations, they are to be thoughtof as an orthonormal frame of independent vectors and not as components of a single\isospace" vector. The full STA is spanned by the basis1; f
�g f�k; i�kg; fi
�g; i; (4:2)where i � 
0
1
2
3 (4:3)and �k � 
k
0: (4:4)The meaning of these equation was discussed in Section 1.2.5.The aim of this chapter is to express both spinors and matrix operators within thereal STA. This results in a very powerful language in which all algebraic manipulationscan be performed without ever introducing a matrix representation. The Pauli matrixalgebra is studied �rst, and an extension to multiparticle systems is introduced. The Diracalgebra and Dirac spinors are then considered. The translation into the STA quickly yieldsthe Dirac equation in the form �rst found by Hestenes [17, 19, 21, 27]. The concept ofthe multiparticle STA is introduced, and is used to formulate a number of two-particlerelativistic wave equations. Some problems with these are discussed and a new equation,which has no spinorial counterpart, is proposed. The chapter concludes with a discussionof the 2-spinor calculus of Penrose & Rindler [36]. Again, it is shown how a scalar unitimaginary is eliminated by the use of the real multiparticle STA. Some sections of thischapter appeared in the papers \States and operators in the spacetime algebra" [6] and\2-Spinors, twistors and supersymmetry in the spacetime algebra [4].68



4.1 Pauli SpinorsThis section establishes a framework for the study of the Pauli operator algebra and Paulispinors within the geometric algebra of 3-dimensional space. The geometric algebra ofspace was introduced in Section 1.2.3 and is spanned by1; f�kg; fi�kg; i: (4:5)Here the f�kg are a set of three relative vectors (spacetime bivectors) in the 
0-system.Vectors in this system are written in bold type to distinguish them from spacetime vectors.There is no possible confusion with the f�kg symbols, so these are left in normal type.When working non-relativistically within the even subalgebra of the full STA some nota-tional modi�cations are necessary. Relative vectors f�kg and relative bivectors fi�kg areboth bivectors in the full STA, so spatial reversion and spacetime reversion have di�erente�ects. To distinguish these, we de�ne the operationAy = 
0 ~A
0; (4:6)which de�nes reversion in the Pauli algebra. The presence of the 
0 vector in the de�nitionof Pauli reversion shows that this operation is dependent on the choice of spacetime frame.The dot and wedge symbols also carry di�erent meanings dependent on whether theirarguments are treated as spatial vectors or spacetime bivectors. The convention adoptedhere is that the meaning is determined by whether their arguments are written in boldtype or not. Bold-type objects are treated as three-dimensional multivectors, whereasnormal-type objects are treated as belonging to the full STA. This is the one potentiallyconfusing aspect of our conventions, though in practice the meaning of all the symbolsused is quite unambiguous.The Pauli operator algebra [59] is generated by the 2� 2 matrices�̂1 =  0 11 0 ! ; �̂2 =  0 �jj 0 ! ; �̂3 =  1 00 �1 ! : (4:7)These operators act on 2-component complex spinorsj i =   1 2 ! ; (4:8)where  1 and  2 are complex numbers. We have adopted a convention by which standardquantum operators appear with carets, and quantum states are written as kets and bras.We continue to write the unit scalar imaginary of conventional quantum mechanics as j,which distinguishes it from the geometric pseudoscalar i.To realise the Pauli operator algebra within the algebra of space, the column Paulispinor j i is placed in one-to-one correspondence with the even multivector  (whichsatis�es  = 
0 
0) through the identi�cation1j i =  a0 + ja3�a2 + ja1 ! $  = a0 + aki�k: (4:9)1This mapping was �rst found by Anthony Lasenby.69



In particular, the basis spin-up and spin-down states become 10 ! $ 1 (4:10)and  01 ! $ �i�2: (4:11)The action of the four quantum operators f�̂k; jg can now be replaced by the operations�̂k j i $ �k �3 (k = 1; 2; 3) (4:12)and j j i $  i�3: (4:13)Verifying these relations is a matter of routine computation, for example�̂1 j i =  �a2 + ja1a0 + ja3 ! $ �a2 + a1i�3�a0i�2 + a3i�1 = �1 �a0 + aki�k��3: (4:14)With these de�nitions, the action of complex conjugation of a Pauli spinor translates toj i� $ �2 �2: (4:15)The presence of a �xed spatial vector on the left-hand side of  shows that complexconjugation is a frame-dependent concept.As an illustration, the Pauli equation (in natural units),j@t j i = 12m �(�jr� eA)2 � e�̂kBk� j i+ eV j i ; (4:16)can be written (in the Coulomb gauge) as [22]@t i�3 = 12m(�r2 + 2eA�r i�3 + e2A2 )� e2mB �3 + eV  ; (4:17)where B is the magnetic �eld vector Bk�k. This translation achieves two importantgoals. The scalar unit imaginary is eliminated in favour of right-multiplication by i�3,and all terms (both operators and states) are now real-space multivectors. Removal ofthe distinction between states and operators is an important conceptual simpli�cation.We next need to �nd a geometric algebra equivalent of the spinor inner product h j�i.In order to see how to handle this, we need only consider its real part. This is given by<h j�i $ h y�i; (4:18)so that, for example,h j i $ h y i = h(a0 � iaj�j)(a0 + iak�k)i= (a0)2 + akak: (4.19)70



Since h j�i = <h j�i � j<h jj�i; (4:20)the full inner product becomesh j�i $ ( ; �)S � h y�i � h y�i�3ii�3: (4:21)The right hand side projects out the f1; i�3g components from the geometric product y�. The result of this projection on a multivector A is written hAiS. For Pauli-evenmultivectors this projection has the simple formhAiS = 12(A� i�3Ai�3): (4:22)As an example of (4.21), consider the expectation valueh j�̂k j i $ h y�k �3i � h y�k iii�3 = �k �h �3 yi1; (4:23)which gives the mean value of spin measurements in the k direction. The STA formindicates that this is the component of the spin vector s =  �3 y in the �k direction,so that s is the coordinate-free form of this vector. Since  �3 y is both Pauli-odd andHermitian-symmetric (reverse-symmetric in the Pauli algebra), s contains only a vectorpart. (In fact, both spin and angular momentum are better viewed as bivector quantities,so it is usually more convenient to work with is instead of s.)Under an active rotation, the spinor  transforms as 7!  0 = R0 ; (4:24)where R0 is a constant rotor. The quantity  0 is even, and so is a second spinor. (Theterm \spinor" is used in this chapter to denote any member of a linear space which isclosed under left-multiplication by a rotor R0.) The corresponding transformation law fors is s 7! s0 = R0sRy0; (4:25)which is the standard double-sided rotor description for a rotation, introduced in Sec-tion 1.2.4.The de�nitions (4.9), (4.12) and (4.13) have established a simple translation from thelanguage of Pauli operators and spinors into the geometric algebra of space. But the STAformulation can be taken further to a�ord new insights into the role of spinors in thePauli theory. By de�ning � =   y (4:26)the spinor  can be written  = �1=2R; (4:27)where R is de�ned as R = ��1=2 : (4:28)R satis�es RRy = 1 (4:29)71



and is therefore a spatial rotor. The spin vector can now be writtens = �R�3Ry; (4:30)which demonstrates that the double-sided construction of the expectation value (4.23)contains an instruction to rotate and dilate the �xed �3 axis into the spin direction. Theoriginal states of quantum mechanics have now become operators in the STA, acting onvectors. The decomposition of the spinor  into a density term � and a rotor R suggeststhat a deeper substructure underlies the Pauli theory. This is a subject which has beenfrequently discussed by David Hestenes [19, 22, 23, 27]. As an example of the insightsa�orded by this decomposition, it is now clear \why" spinors transform single-sidedlyunder active rotations of �elds in space. If the vector s is to be rotated to a new vectorR0sRy0 then, according to the rotor group combination law, R must transform to R0R.This produces the spinor transformation law (4.24).We should now consider the status of the �xed f�kg frame. The form of the Pauliequation (4.17) illustrates the fact that, when forming covariant expressions, the f�kgonly appear explicitly on the right-hand side of  . In an expression likeAk�̂kj i $ A �3; (4:31)for example, the quantity A is a spatial vector and transforms asA 7! A0 = R0ARy0: (4:32)The entire quantity therefore transforms asA �3 7! R0ARy0R0 �3 = R0A �3; (4:33)so that A �3 is another spinor, as required. Throughout this derivation, the �3 sits onthe right-hand side of  and does not transform | it is part of a �xed frame in space.A useful analogy is provided by rigid-body dynamics, in which a rotating frame fekg,aligned with the principal axes of the body, can be related to a �xed laboratory framef�kg by ek = R�kRy: (4:34)The dynamics is now completely contained in the rotor R. The rotating frame fekg isuna�ected by the choice of laboratory frame. A di�erent �xed laboratory frame,�0k = R1�kRy1; (4:35)simply requires the new rotor R0 = RRy1 (4:36)to produce the same rotating frame. Under an active rotation, the rigid body is rotatedabout its centre of mass, whilst the laboratory frame is �xed. Such a rotation takesek 7! e0k = R0ekRy0 (4:37)which is enforced by the rotor transformation R 7! R0R. The �xed frame is shielded fromthis rotation, and so is una�ected by the active transformation. This is precisely what72



happens in the Pauli theory. The spinor  contains a rotor, which shields vectors on theright-hand side of the spinor from active rotations of spatial vectors.Since multiplication of a column spinor by j is performed in the STA by right-sidedmultiplication by i�3, a U(1) gauge transformation is performed by 7!  0 =  e�i�3: (4:38)This right-sided multiplication by the rotor R = expf�i�3g is equivalent to a rotationof the initial (�xed) frame to the new frame fR�kRyg. Gauge invariance can thereforenow be interpreted as the requirement that physics is una�ected by the position of the �1and �2 axes in the i�3 plane. In terms of rigid-body dynamics, this means that the bodybehaves as a symmetric top. These analogies between rigid-body dynamics and the STAform of the Pauli theory are quite suggestive. We shall shortly see how these analogiesextend to the Dirac theory.4.1.1 Pauli OperatorsIn our geometric algebra formalism, an arbitrary operator M̂ j i is replaced by a linearfunction M( ) acting on even multivectors in the algebra of space. The function M( )is an example of the natural extension of linear algebra to encompass linear operatorsacting on multivectors. The study of such functions is termed \multilinear function the-ory" and some preliminary results in this �eld, including a new approach to the Petrovclassi�cation of the Riemann tensor, have been given by Hestenes & Sobczyk [24]. Since is a 4-component multivector, the space of functions M( ) is 16-dimensional, whichis the dimension of the group GL(4,R). This is twice as large as the 8-dimensional Paulioperator algebra (which forms the group GL(2,C)). The subset of multilinear functionswhich represent Pauli operators is de�ned by the requirement that M( ) respects thecomplex structure, jM̂ (j j i) = �M̂ j i)M( i�3)i�3 = �M( ): (4.39)The set of M( ) satisfying (4.39) is 8-dimensional, as required.The Hermitian operator adjoint is de�ned byh ���M̂�E = hM̂y j�i : (4:40)In terms of the function M( ), this separates into two equationsh yM(�)i = hMyHA( )�i (4:41)and h yM(�)i�3i = hMyHA( )�i�3i (4:42)where the subscript on MHA labels the STA representation of the Pauli operator adjoint.The imaginary equation (4.42) is automatically satis�ed by virtue of (4.41) and (4.39).73



The adjoint of a multilinear function is de�ned in the same way as that of a linear function(Section 1.3), so that h �M ( )�i = h M(�)i: (4:43)The Pauli operator adjoint is therefore given by the combination of a reversion, thegeometric adjoint, and a second reversion,MHA( ) = �My( y): (4:44)For example, if M( ) = A B, then �M( ) = B A (4:45)and MHA( ) = (B yA)y= Ay By (4.46)Since the STA action of the �̂k operators takes  into �k �3, it follows that these operatorsare, properly, Hermitian. Through this approach, the Pauli operator algebra can now befully integrated into the wider subject of multilinear function theory.4.2 Multiparticle Pauli StatesIn quantum theory, 2-particle states are assembled from direct products of single-particlestates. For example, a basis for the outer-product space of two spin-1=2 states is givenby the set 10 !
  10 ! ;  01 !
  10 ! ;  10 !
  01 ! ;  01 !
  01 ! : (4:47)To represent these states in the STA, we must consider forming copies of the STA itself.We shall see shortly that, for relativistic states, multiparticle systems are constructed byworking in a 4n-dimensional con�guration space. Thus, to form two-particle relativis-tic states, we work in the geometric algebra generated by the basis set f
1�; 
2�g, wherethe basis vectors from di�erent particle spacetimes anticommute. (The superscripts la-bel the particle space.) If we wanted to adopt the same procedure when working non-relativistically, we would set up a space spanned by f�1i ; �2i g, where the basis vectors fromdi�erent particle spaces also anticommute. This construction would indeed su�ce for anentirely non-relativistic discussion. The view adopted throughout this thesis, however,is that the algebra of space is derived from the more fundamental relativistic algebra ofspacetime. The construction of multiparticle Pauli states should therefore be consistentwith the construction of relativistic multiparticle states. It follows that the spatial vectorsfrom two separate copies of spacetime are given by�1i = 
1i 
10 (4.48)�2i = 
2i 
20 (4.49)74



and so satisfy �1i �2j = 
1i 
10
2j 
20 = 
1i 
2j 
20
10 = 
2j 
20
1i 
10 = �2j�1i : (4:50)In constructing multiparticle Pauli states, we must therefore take the basis vectors fromdi�erent particle spaces as commuting. In fact, for the non-relativistic discussion of thissection, it does not matter whether these vectors are taken as commuting or anticommut-ing. It is only when we come to consider relativistic states, and in particular the 2-spinorcalculus, that the di�erence becomes important.Since multiparticle states are ultimately constructed in a subalgebra of the geometricalgebra of relativistic con�guration space, the elements used all inherit a well-de�nedCli�ord multiplication. There is therefore no need for the tensor product symbol 
,which is replaced by simply juxtaposing the elements. Superscripts are used to labelthe single-particle algebra from which any particular element is derived. As a furtherabbreviation i1�11 is written, wherever possible, as i�11 etc. This helps to remove some ofthe superscripts. The unit element of either space is written simply as 1.The full 2-particle algebra generated by commuting basis vectors is 8� 8 = 64 dimen-sional. The spinor subalgebra is 4� 4 = 16 dimensional, which is twice the dimension ofthe direct product of two 2-component complex spinors. The dimensionality has doubledbecause we have not yet taken the complex structure of the spinors into account. Whilethe role of j is played in the two single-particle spaces by right multiplication by i�13 andi�23 respectively, standard quantum mechanics does not distinguish between these opera-tions. A projection operator must therefore be included to ensure that right multiplicationby i�13 or i�23 reduces to the same operation. If a two-particle spin state is represented bythe multivector  , then  must satisfy i�13 =  i�23 (4:51)from which we �nd that  = � i�13i�23 (4.52))  =  12(1 � i�13i�23): (4.53)On de�ning E = 12(1 � i�13i�23); (4:54)it is seen that E2 = E (4:55)so right multiplication by E is a projection operation. It follows that the two-particlestate  must contain a factor of E on its right-hand side. We can further de�neJ = Ei�13 = Ei�23 = 12(i�13 + i�23) (4:56)so that J2 = �E: (4:57)Right-sided multiplication by J takes over the role of j for multiparticle states.75



The STA representation of a 2-particle Pauli spinor is now given by  1�2E, where  1and �2 are spinors (even multivectors) in their own spaces. A complete basis for 2-particlespin states is provided by  10 !
  10 ! $ E 01 !
  10 ! $ �i�12E 10 !
  01 ! $ �i�22E 01 !
  01 ! $ i�12i�22E: (4:58)This procedure extends simply to higher multiplicities. All that is required is to �ndthe \quantum correlator" En satisfyingEni�j3 = Eni�k3 = Jn for all j, k: (4:59)En can be constructed by picking out the j = 1 space, say, and correlating all the otherspaces to this, so that En = nYj=2 12(1 � i�13i�j3): (4:60)The form of En is independent of which of the n spaces is singled out and correlated to.The complex structure is de�ned by Jn = Eni�j3; (4:61)where i�j3 can be chosen from any of the n spaces. To illustrate this consider the case ofn = 3, where E3 = 14(1� i�13i�23)(1� i�13i�33) (4.62)= 14(1� i�13i�23 � i�13i�33 � i�23i�33) (4.63)and J3 = 14(i�13 + i�23 + i�33 � i�13i�23i�33): (4:64)Both E3 and J3 are symmetric under permutations of their indices.A signi�cant feature of this approach is that all the operations de�ned for the single-particle STA extend naturally to the multiparticle algebra. The reversion operation, forexample, still has precisely the same de�nition | it simply reverses the order of vectorsin any given multivector. The spinor inner product (4.21) also generalises immediately,to ( ; �)S = hEni�1[h y�EniEn � h y�JniJn]: (4:65)The factor of hEni�1 is included so that the operationP (M) = hEni�1[hMEniEn � hMJniJn] (4:66)76



is a projection operation (i.e. P (M) satis�es P 2(M) = P (M)). The fact that P (M) is aprojection operation follows from the resultsP (En) = hEni�1[hEnEniEn � hEnJniJn]= hEni�1[hEniEn � hEni�j3iJn]= En (4.67)and P (Jn) = hEni�1[hJnEniEn � hJnJniJn]= Jn: (4.68)4.2.1 The Non-Relativistic Singlet StateAs an application of the formalism outlined above, consider the 2-particle singlet statej�i, de�ned by j�i = 1p2 ( 10 !
  01 !�  01 !
  10 !) : (4:69)This is represented in the two-particle STA by the multivector� = 1p2(i�12 � i�22)12(1 � i�13i�23): (4:70)The properties of � are more easily seen by writing� = 12(1 + i�12i�22)12(1 + i�13i�23)p2i�12; (4:71)which shows how � contains the commuting idempotents 12(1 + i�12i�22) and 12(1 + i�13i�23).The normalisation ensures that(�; �)S = 2h�y�iE2= 4h12(1 + i�12i�22)12(1 + i�13i�23)iE2= E2: (4.72)The identi�cation of the idempotents in � leads immediately to the results thati�12� = 12(i�12 � i�22)12(1 + i�13i�23)p2i�12 = �i�22� (4:73)and i�13� = �i�23�; (4:74)and hence that i�11� = i�13i�12� = �i�22i�13� = i�22i�23� = �i�21�: (4:75)IfM1 is an arbitrary even element in the Pauli algebra (M =M0+Mki�1k), then it followsthat � satis�es M1� =M2y�: (4:76)This provides a novel demonstration of the rotational invariance of �. Under a jointrotation in 2-particle space, a spinor  transforms to R1R2 , where R1 and R2 are copies77



of the same rotor but acting in the two di�erent spaces. The combined quantity R1R2 is arotor acting in 6-dimensional space, and its generator is of the form of the Eij generatorsfor SU(n) (Table 3.3). From equation (4.76) it follows that, under such a rotation, �transforms as � 7! R1R2� = R1R1y� = �; (4:77)so that � is a genuine 2-particle scalar.4.2.2 Non-Relativistic Multiparticle ObservablesMultiparticle observables are formed in the same way as for single-particle states. Somecombination of elements from the �xed f�jkg frames is sandwiched between a multiparticlewavefunction  and its spatial reverse  y. An important example of this construction isprovided by the multiparticle spin current. The relevant operator isSk( ) = �1k �13 + �2k �23 + � � �+ �nk �n3= �[i�1k i�13 + i�2k i�23 + � � �+ i�nk i�n3 ] (4.78)and the corresponding observable is( ; Sk( ))S = �hEni�1h y(i�1k i�13 + � � � + i�nk i�n3 )EniEn+hEni�1h y(i�1k i�13 + � � �+ i�nk i�n3 )JniJn= �2n�1[h(i�1k + � � �+ i�nk ) J yiEn + h(i�1k + � � �+ i�nk )  yiJn]= �2n�1(i�1k + � � �+ i�nk )�( J y)En: (4.79)The multiparticle spin current is therefore de�ned by the bivectorS = 2n�1h J yi2 (4:80)where the right-hand side projects out from the full multivector  J y the componentswhich are pure bivectors in each of the particle spaces. The result of projecting out fromthe multivector M the components contained entirely in the ith-particle space will bedenoted hMii, so we can write Si = 2n�1h J yii2: (4:81)Under a joint rotation in n-particle space,  transforms to R1 : : :Rn and S thereforetransforms to R1 : : : RnSRny : : :R1y = R1S1R1y + � � �+RnSnRny: (4:82)Each of the single-particle spin currents is therefore rotated by the same amount in itsown space. That the de�nition (4.80) is sensible can be checked with the four basisstates (4.58). The form of S for each of these is contained in Table 4.1.Other observables can be formed using di�erent �xed multivectors. For example, atwo-particle invariant is generated by sandwiching a constant multivector � between thesinglet state �, M = ���y: (4:83)78



Pauli Multivector SpinState Form Currentj ""i E2 i�13 + i�23j "#i �i�22E2 i�13 � i�23j #"i �i�12E2 �i�13 + i�23j ##i i�12i�22E2 �i�13 � i�23Table 4.1: Spin Currents for 2-Particle Pauli StatesTaking � = 1 yieldsM = ��y = 212(1 + i�12i�22)12(1 + i�13i�23) = 12(1 + i�11i�21 + i�12i�22 + i�13i�23) (4:84)and � = i1i2 gives M = �i1i2�y = 12(i1i2 + �11�21 + �12�22 + �13�23): (4:85)This shows that both i�1ki�2k and �1k�2k are invariants under two-particle rotations. Instandard quantum mechanics these invariants would be thought of as arising from the\inner product" of the spin vectors �̂1i and �̂2i . Here, we have seen that the invariantsarise in a completely di�erent way by looking at the full multivector ��y. It is interesting tonote that the quantities i�1ki�2k and �1k�2k are similar in form to the symplectic (doubling)bivector J introduced in Section 3.2.The contents of this section should have demonstrated that the multiparticle STAapproach is capable of reproducing most (if not all) of standard multiparticle quantummechanics. One important result that follows is that the unit scalar imaginary j can becompletely eliminated from quantummechanics and replaced by geometricallymeaningfulquantities. This should have signi�cant implications for the interpretation of quantummechanics. The main motivation for this work comes, however, from the extension torelativistic quantum mechanics. There we will part company with operator techniquesaltogether, and the multiparticle STA will suggest an entirely new approach to relativisticquantum theory.4.3 Dirac SpinorsWe now extend the procedures developed for Pauli spinors to show how Dirac spinors canbe understood in terms of the geometry of real spacetime. This reveals a geometrical rolefor spinors in the Dirac theory (a role which was �rst identi�ed by Hestenes [19, 21]).Furthermore, this formulation is representation-free, highlighting the intrinsic content ofthe Dirac theory.We begin with the 
-matrices in the standard Dirac-Pauli representation [59],
̂0 =  I 00 �I ! and 
̂k =  0 ��̂k�̂k 0 ! : (4:86)79



A Dirac column spinor j i is placed in one-to-one correspondence with an 8-componenteven element of the STA via [4, 61]j i = 0BBB@ a0 + ja3�a2 + ja1�b3 + jb0�b1 � jb2 1CCCA $  = a0 + aki�k + i(b0 + bki�k): (4:87)With the spinor j i now replaced by an even multivector, the action of the operatorsf
̂�; 
̂5; jg (where 
̂5 = 
̂5 = �j
̂0
̂1
̂2
̂3) becomes
̂� j i $ 
� 
0 (� = 0; : : : ; 3)j j i $  i�3
̂5 j i $  �3; (4:88)which are veri�ed by simple computation; for example
̂5 j i = 0BBB@ �b3 + jb0�b1 � jb2a0 + ja3�a2 + ja1 1CCCA $ �b3 + b0�3 + b1i�2 � b2i�1+a0�3 + a3i� a2�1 + a1�2 =  �3: (4:89)Complex conjugation in this representation becomesj i� $ �
2 
2; (4:90)which picks out a preferred direction on the left-hand side of  and so is not a Lorentz-invariant operation.As a simple application of (4.87) and (4.88), the Dirac equation
̂�(j@� � eA�) j i = m j i (4:91)becomes, upon postmultiplying by 
0,r i�3� eA = m 
0 (4:92)which is the form �rst discovered by Hestenes [17]. Herer = 
�@� is the vector derivativein spacetime. The properties of r will be discussed more fully in Chapter 6. Thistranslation is direct and unambiguous, leading to an equation which is not only coordinate-free (since the vectors r = 
�@� and A = 
�A� no longer refer to any frame) but isalso representation-free. In manipulating (4.92) one needs only the algebraic rules formultiplying spacetime multivectors, and the equation can be solved completely withoutever having to introduce a matrix representation. Stripped of the dependence on a matrixrepresentation, equation (4.92) expresses the intrinsic geometric content of the Diracequation.To discuss the spinor inner product, it is necessary to distinguish between the Hermi-tian and Dirac adjoint. These are written ash � j � Dirac adjointh j � Hermitian adjoint; (4:93)80



which translate as follows, h � j $ ~ h j $  y = 
0 ~ 
0: (4:94)This makes it clear that the Dirac adjoint is the natural frame-invariant choice. The innerproduct is handled in the same manner as in equation (4.21), so thath � j�i $ h ~ �i � h ~ �i�3ii�3 = h ~ �iS; (4:95)which is also easily veri�ed by direct calculation. In Chapters 6 and 7 we will be interestedin the STA form of the Lagrangian for the Dirac equation so, as an illustration of (4.95),this is given here:L = h � j(
̂�(j@� � eA�)�m)j i $ hr i
3 ~ � eA 
0 ~ �m ~ i: (4:96)By utilising (4.95) the STA forms of the Dirac spinor bilinear covariants [60] are readilyfound. For example,h � j
̂� j i $ h ~ 
� 
0i � h ~ 
� i
3ii�3 = 
� �h 
0 ~ i1 (4:97)identi�es the vector  
0 ~ as the coordinate-free representation of the Dirac current. Since ~ is even and reverses to give itself, it contains only scalar and pseudoscalar terms. Wecan therefore de�ne �ei� �  ~ : (4:98)Assuming � 6= 0,  can now be written as = �1=2ei�=2R (4:99)where R = (�ei�)�1=2 : (4:100)The even multivector R satis�es R ~R = 1 and is therefore a spacetime rotor. Double-sidedapplication of R on a vector a produces a Lorentz transformation. The STA equivalentsof the full set of bilinear covariants [33] can now be written asScalar h � j i $ h ~ i = � cos �Vector h � j
̂� j i $  
0 ~ = �vBivector h � jj
̂�� j i $  i�3 ~ = �ei�SPseudovector h � j
̂�
̂5 j i $  
3 ~ = �sPseudoscalar h � jj
̂5 j i $ h ~ ii = �� sin�; (4:101)where v = R
0 ~Rs = R
3 ~R (4:102)and S = isv: (4:103)81



These are summarised neatly by the equation (1 + 
0)(1 + i
3) ~ = � cos� + �v + �ei�S + i�s+ i� sin�: (4:104)The full Dirac spinor  contains (in the rotor R) an instruction to carry out a rotationof the �xed f
�g frame into the frame of observables. The analogy with rigid-bodydynamics discussed in Section 4.1 therefore extends immediately to the relativistic theory.The single-sided transformation law for the spinor  is also \understood" in the same waythat it was for Pauli spinors.Once the spinor bilinear covariants are written in STA form (4.101) they can be manip-ulated far more easily than in conventional treatments. For example the Fierz identities,which relate the various observables (4.101), are simple to derive [33]. Furthermore, recon-stituting  from the observables (up to a gauge transformation) is now a routine exercise,carried out by writingh iS = 14 ( + 
0 
0 � i�3( + 
0 
0)i�3)= 14( + 
0 
0 + �3 �3 + 
3 
3); (4.105)so that  h ~ iS = 14�(ei� + v
0 � ei�Si�3 + s
3): (4:106)The right-hand side of (4.106) can be found directly from the observables, and the left-hand side gives  to within a complex multiple. On de�ningZ = 14�(ei� + v
0 � ei�Si�3 + s
3) (4:107)we �nd that, up to an arbitrary phase factor, = (�ei�)1=2Z(Z ~Z)�1=2: (4:108)An arbitrary Dirac operator M̂ j i is replaced in the STA by a multilinear functionM( ), which acts linearly on the entire even subalgebra of the STA. The 64 real dimen-sions of this space of linear operators are reduced to 32 by the constraint (4.39)M( i�3) =M( )i�3: (4:109)Proceeding as at (4.44), the formula for the Dirac adjoint isMDA( ) = ~�M ( ~ ): (4:110)Self-adjoint Dirac operators satisfy ~M( ) = �M ( ~ ) and include the 
̂�. The Hermitianadjoint, MHA, is derived in the same way:MHA( ) = �My( y); (4:111)in agreement with the non-relativistic equation (4.44).Two important operator classes of linear operators on  are projection and symmetryoperators. The particle/antiparticle projection operators are replaced by12m(m� 
̂�p�)j i $ 12m(m � p 
0); (4:112)82



and the spin-projection operators become12(1 � 
̂�s�
̂5)j i $ 12( � s 
3): (4:113)Provided that p�s = 0, the spin and particle projection operators commute.The three discrete symmetries C, P and T translate equally simply (following theconvention of Bjorken & Drell [59]):P̂ j i $ 
0 (�x)
0Ĉ j i $  �1T̂ j i $ i
0 (��x)
1; (4:114)where �x = 
0x
0 is (minus) a re
ection of x in the time-like 
0 axis.The STA representation of the Dirac matrix algebra will be used frequently throughoutthe remainder of this thesis. In particular, it underlies much of the gauge-theory treatmentof gravity discussed in Chapter 7.4.3.1 Changes of Representation | Weyl SpinorsIn the matrix theory, a change of representation is performed with a 4�4 complex matrixŜ. This de�nes new matrices 
̂ 0� = Ŝ
̂�Ŝ�1; (4:115)with a corresponding spinor transformation j i 7! Ŝ j i. For the Dirac equation, it isalso required that the transformed Hamiltonian be Hermitian, which restricts (4.115) toa unitary transformation 
̂0� = Ŝ
̂�Ŝy; ŜŜy = 1: (4:116)The STA approach to handling alternative matrix representations is to �nd a suitableanalogue of the Dirac-Pauli map (4.87) which ensures that the e�ect of the matrix oper-ators is still given by (4.88). The relevant map is easy to construct once the Ŝ is knownwhich relates the new representation to the Dirac-Pauli representation. One starts with acolumn spinor j i0 in the new representation, constructs the equivalent Dirac-Pauli spinorŜyj i0, then maps this into its STA equivalent using (4.87). This technique ensures thatthe action of j and the f
̂�; 
̂5g matrices is still given by (4.88), and the Ĉ, P̂ and T̂operators are still represented by (4.114). The STA form of the Dirac equation is alwaysgiven by (4.92) and so is a truly representation-free expression.The STA from of the Dirac and Hermitian adjoints is always given by the formu-lae (4.110) and (4.111) respectively. But the separate transpose and complex conjugationoperations retain some dependence on representation. For example, complex conjugationin the Dirac-Pauli representation is given by (4.90)j i� $ �
2 
2: (4:117)In the Majorana representation, however, we �nd that the action of complex conjugationon the Majorana spinor produces a di�erent e�ect on its STA counterpart,j i�Maj $  �2: (4:118)83



In the operator/matrix theory complex conjugation is a representation-dependent con-cept. This limits its usefulness for our representation-free approach. Instead, we thinkof  7! �
2 
2 and  7!  �2 as distinct operations that can be performed on themultivector  . (Incidentally, equation 4.118 shows that complex conjugation in the Ma-jorana representation does indeed coincide with our STA form of the charge conjugationoperator (4.114), up to a conventional phase factor.)To illustrate these techniques consider the Weyl representation, which is de�ned bythe matrices [60] 
̂ 00 =  0 �I�I 0 ! and 
̂ 0k =  0 ��̂k�̂k 0 ! : (4:119)The Weyl representation is obtained from the Dirac-Pauli representation by the unitarymatrix û = 1p2  I I�I I ! : (4:120)A spinor in the Weyl representation is written asj i0 =  j�ij��i ! ; (4:121)where j�i and j��i are 2-component spinors. Acting on j i0 with ûy givesûyj i0 = 1p2  j�i � j��ij�i+ j��i: ! (4:122)Using equation (4.87), this is mapped onto the even elementûyj i0 = 1p2  j�i � j��ij�i+ j��i ! $  = � 1p2(1 + �3)� �� 1p2(1 � �3); (4:123)where � and �� are the Pauli-even equivalents of the 2-component complex spinors j�i andj��i, as de�ned by equation (4.9). The even multivector = � 1p2(1 + �3)� �� 1p2(1 � �3) (4:124)is therefore our STA version of the column spinorj i0 =  j�ij��i ! ; (4:125)where j i0 is acted on by matrices in the Weyl representation. As a check, we observethat 
̂00j i0 =  �j��i�j�i ! $ ��� 1p2(1 + �3) + � 1p2(1� �3) = 
0 
0 (4:126)and̂
k j i =  ��̂kj��i�̂kj�i ! $ ��k���3 1p2(1 + �3)� �k��3 1p2(1 � �3) = 
k 
0: (4:127)(We have used equation (4.12) and the fact that 
0 commutes with all Pauli-even ele-ments.) The map (4.123) does indeed have the required properties.84



4.4 The Multiparticle Spacetime AlgebraWe now turn to the construction of the relativistic multiparticle STA. The principle issimple. We introduce a set of four (anticommuting) basis vectors f
i�g, � = 0 : : : 3,i = 1 : : : n where n is the number of particles. These vectors satisfy
i� �
j� = �ij��� (4:128)and so span a 4n-dimensional space. We interpret this as n-particle con�guration space.The construction of such a space is a standard concept in classical mechanics and non-relativistic quantum theory, but the construction is rarely extended to relativistic systems.This is due largely to the complications introduced by a construction involving multipletimes. In particular, Hamiltonian techniques appear to break down completely if a strictsingle-time ordering of events is lost. But we shall see that the multiparticle STA is ideallysuited to the construction of relativistic states. Furthermore, the two-particle current nolonger has a positive-de�nite timelike component, so can describe antiparticles withoutthe formal requirement for �eld quantisation.We will deal mainly with the two-particle STA. A two-particle quantum state is rep-resented in this algebra by the multivector  = 	E, where E = E2 is the two-particlecorrelator (4.54) and 	 is an element of the 64-dimensional direct product space of thetwo even sub-algebras of the one-dimensional algebras. This construction ensures that  is 32-dimensional, as is required for a real equivalent of a 16-component complex columnvector. Even elements from separate algebras automatically commute (recall (4.50)) so adirect product state has  =  1 2E =  2 1E. The STA equivalent of the action of thetwo-particle Dirac matrices 
̂i� is de�ned by the operators�i�( ) = 
i� 
i0: (4:129)These operators satisfy�1��2�( ) = 
1�
2� 
20
10 = 
2�
1� 
10
20 = �2��1�( ) (4:130)and so, despite introducing a set of anticommuting vectors, the �i� from di�erent particlespaces commute. In terms of the matrix theory, we have the equivalences
̂� 
 Ij i $ �1�( ); (4.131)I 
 
̂�j i $ �2�( ): (4.132)Conventional treatments (e.g. Corson [62]) usually de�ne the operators��( ) = 12 [�1�( ) + �2�( )]; (4:133)which generate the well-known Du�n-Kemmer ring������ + ������ = ����� + �����: (4:134)This relation is veri�ed by �rst writing����( ) = 14 [(
�
�)1 + (
�
�)2 + 
1�
2� 
20
10 + 
2�
1� 
10
20 ] (4.135)) ������( ) = 18 [
1��� 
10 + 
2��� 
20 + 
1��
2� 
20 + 
2��
1� 
10 +
1��
2� 
20 + 
2��
1� 
10 + 
1��
2� 
20 + 
2��
1� 
10 ] (4.136)85



where 
�� = 
�
� etc. In forming ������+������ we are adding a quantity to its reverse,which simply picks up the vector part of the products of vectors sitting on the left-handside of  in (4.136). We therefore �nd that(������ + ������) = 14 [h
1��� + 
2��
1� + 
2��
1� + 
2��
1� i1 
10 +h
2��� + 
1��
2� + 
1��
2� + 
1��
2� i1 
20]= 12 [���
1� + ���
1�] 
10 + 12 [���
2� + ���
2�] 
20= �����( ) + �����( ): (4.137)The realisation of the Du�n-Kemmer algebra demonstrates that the multiparticle STAcontains the necessary ingredients to formulate the relativistic two-particle equations thathave been studied in the literature.The simplest relativistic two-particle wave equation is the Du�n-Kemmer equation(see Chapter 6 of [62]), which takes the form@���( )J = m : (4:138)Here,  is a function of a single set of spacetime coordinates x�, and @� = @x�. Equa-tion (4.138) describes a non-interacting �eld of spin 0 � 1. Since the wavefunction isa function of one spacetime position only, (4.138) is not a genuine two-body equation.Indeed, equation (4.138) has a simple one-body reduction, which is achieved by replacing by a 4� 4 complex matrix [62, 63].The �rst two-particle equation to consider in which  is a genuine function of positionin con�guration space is the famous Bethe-Salpeter equation [64](jr̂1 �m1)(jr̂2 �m2)j (x1; x2)i = jIj (x1; x2)i (4:139)where r̂1 = 
̂1�@x�1 etc. and I is an integral operator describing the inter-particle in-teraction (Bethe & Salpeter [64] considered a relativistic generalisation of the Yukawapotential). The STA version of (4.139) isr1r2 
20
10 + [m1r2 
20 +m2r1 
10 � I( )]J = m1m2 ; (4:140)wherer1 and r2 are vector derivatives in the particle 1 and particle 2 spaces respectively.An alternative approach to relativistic two-body wave equations was initiated byBreit [65] in 1929. Breit wrote down an approximate two-body equation based on anequal-time approximation and applied this approximation to the �ne structure of ortho-helium. Breit's approach was developed by Kemmer [66] and Fermi & Yang [67], whointroduced more complicated interactions to give phenomenological descriptions of thedeuteron and pions respectively. More recently, this work has been extended by a numberof authors (see Koide [68] and Gale~oa & Leal Ferriara [63] and references therein). Theseapproaches all make use of an equation of the type (in STA form)E + (
10^r1 + 
20^r2) J �m1
0 
10 �m2
20 
20 � I( ) = 0; (4:141)where  =  (x1; x2) is a function of position in con�guration space and I( ) againdescribes the inter-particle interaction. Equation (4.141) can be seen to arise from anequal-time approximation to the STA equation
10(r1 J +m1 
10) + 
20(r2 J +m1 
20)� I( ) = 0: (4:142)86



In the case where the interaction is turned o� and  is a direct-product state, =  1(x1) 2(x2)E; (4:143)equation (4.142) recovers the single-particle Dirac equations for the two separate particles.(This is also the case for the Bethe-Salpeter equation (4.139).) The presence of the 
10 and
20 on the left-hand side mean that equation (4.142) is not Lorentz covariant, however,so can at best only be an approximate equation. From the STA form (4.139), one canimmediately see how to proceed to a fully covariant equation. One simply removes the
0's from the left. The resultant equation is(r1 
10 +r2 
20)J � I( ) = (m1 +m2) ; (4:144)and indeed such an equation has recently been proposed by Krolikowski [69, 70] (who didnot use the STA).These considerations should make it clear that the multiparticle STA is entirely su�-cient for the study of relativistic multiparticle wave equations. Furthermore, it removesthe need for either matrices or an (uninterpreted) scalar imaginary. But, in writingdown (4.144), we have lost the ability to recover the single-particle equations. If we setI( ) to zero and use (4.143) for  , we �nd that� 2(r i
3)1 +  1(r i
3)2 � (m1 +m2) 1 2�E = 0: (4:145)On dividing through by  1 2 we arrive at the equation( 1)�1(r i
3)1 + ( 2)�1(r i
3)2 �m1 �m2 = 0; (4:146)and there is now no way to ensure that the correct mass is assigned to the appropriateparticle.There is a further problem with the equations discussed above. A multiparticle actionintegral will involve integration over the entire 4n-dimensional con�guration space. Inorder that boundary terms can be dealt with properly (see Chapter 6) such an integralshould make use of the con�guration space vector derivativer = r1+r2. This is not thecase for the above equations, in which the r1 and r2 operators act separately. We requirea relativistic two-particle wave equation for particles of di�erent masses which is derivablefrom an action integral and recovers the individual one-particle equations in the absence ofinteractions. In searching for such an equation we are led to an interesting proposal | onethat necessitates parting company with conventional approaches to relativistic quantumtheory. To construct a space on which the full r can act, the 32-dimensional spinorspace considered so far is insu�cient. We will therefore extend our spinor space to thethe entire 128-dimensional even subalgebra of the two-particle STA. Right multiplicationby the correlator E then reduces this to a 64-dimensional space, which is now su�cientfor our purposes. With  now a member of this 64-dimensional space, a suitable waveequation is (r1m1 + r2m2 ) J �  (
10 + 
20)� I( ) = 0: (4:147)The operator (r1=m1 + r2=m2) is formed from a dilation of r, so can be easily in-corporated into an action integral (this is demonstrated in Chapter 6). Furthermore,87



equation (4.147) is manifestly Lorentz covariant. In the absence of interactions, and with taking the form of (4.143), equation (4.147) successfully recovers the two single-particleDirac equations. This is seen by dividing through by  1 2 to arrive at 1 1r1m1 1i�13 + 1 2r2m2 2i�23 � 
10 � 
20!E = 0: (4:148)The bracketed term contains the sum of elements from the two separate spaces, so bothterms must vanish identically. This ensures that1 1r1m1 1i�13 = 
10) r1 1i�13 = m1 1
10 ; (4.149)with the same result holding in the space of particle two. The fact that the particlemasses are naturally attached to their respective vector derivatives is interesting, and willbe mentioned again in the context of the STA gauge theory of gravity (Chapter 7).No attempt at solving the full equation (4.147) for interacting particles will be madehere (that would probably require a thesis on its own). But it is worth drawing attentionto a further property of the equation. The current conjugate to gauge transformations isgiven by j = j1m1 + j2m2 (4:150)where j1 and j2 are the projections of h (
10 + 
20) ~ i1 into the individual particle spaces.The current j satis�es the conservation equationr�j = 0 (4:151)or (r1m1 + r2m2 )�h (
10 + 
20) ~ i1 = 0: (4:152)For the direct-product state (4.143) the projections of j into the single-particle spacestake the form j1 = h 2 ~ 2i( 1
10 ~ 1)j2 = h 1 ~ 1i( 2
20 ~ 2): (4:153)But the quantity h ~ i is not positive de�nite, so the individual particle currents are nolonger necessarily future-pointing. These currents can therefore describe antiparticles. (Itis somewhat ironic that most of the problems associated with the single-particle Diracequation can be traced back to the fact that the timelike component of the current ispositive de�nite. After all, producing a positive-de�nite density was part of Dirac's initialtriumph.) Furthermore, the conservation law (4.151) only relates to the total current incon�guration space, so the projections onto individual particle spaces have the potentialfor very strange behaviour. For example, the particle 1 current can turn round in space-time, which would be interpreted as an annihilation event. The interparticle correlationsinduced by the con�guration-space current j also a�ord insights into the non-local aspectsof quantum theory. Equation (4.147) should provide a fruitful source of future research,as well as being a useful testing ground for our ideas of quantum behaviour.88



4.4.1 The Lorentz Singlet StateReturning to the 32-dimensional spinor space of standard two-particle quantum theory,our next task is to �nd a relativistic analogue of the Pauli singlet state discussed inSection 4.2.1. Recalling the de�nition of � (4.70), the property that ensured that � was asinglet state was that i�1k� = �i�2k�; k = 1 : : : 3: (4:154)In addition to (4.154), a relativistic singlet state, which we will denote as �, must satisfy�1k� = ��2k�; k = 1 : : : 3: (4:155)It follows that � satis�es i1� = �11�12�13� = ��23�22�21� = i2� (4:156)so that � = �i1i2� (4.157)) � = 12(1� i1i2)�: (4.158)Such a state can be formed by multiplying � by the idempotent (1� i1i2)=2. We thereforede�ne � � �12(1� i1i2) = 1p2(i�12 � i�22)12(1� i�13i�23)12(1 � i1i2): (4:159)This satis�es i�1k� = i�1k�12(1 � i1i2) = �i�2k� k = 1 : : : 3 (4:160)and �1k� = ��1ki1i2� = i2i�2k� = ��2k� k = 1 : : : 3: (4:161)These results are summarised by M1� = ~M2�; (4:162)whereM is an even multivector in either the particle 1 or particle 2 STA. The proof that� is a relativistic invariant now reduces to the simple identityR1R2� = R1 ~R1� = �; (4:163)where R is a relativistic rotor acting in either particle-one or particle-two space.Equation (4.162) can be seen as arising from a more primitive relation between vectorsin the separate spaces. Using the result that 
10
20 commutes with �, we can derive
1��
10 = 
1�
10
20�
20
10
10= 
20(
�
0)1�
20= 
20
20
2��
20= 
2��
20 ; (4.164)and hence we �nd that, for an arbitrary vector a,a1�
10 = a2�
20: (4:165)89



Equation (4.162) follows immediately from (4.165) by writing(ab)1� = a1b1�
10
10= a1b2�
20
10= b2a1�
10
20= b2a2�
20
20= (ba)2�: (4.166)Equation (4.165) can therefore be viewed as the fundamental property of the relativisticinvariant �.From � a number of Lorentz-invariant two-particle multivectors can be constructed bysandwiching arbitrary multivectors between � and ~�. The simplest such object is�~� = �12(1� i1i2)~�= 12(1 + i�11i�21 + i�12i�22 + i�13i�23)12(1 � i1i2)= 14(1� i1i2)� 14(�1k�2k � i�1ki�2k): (4.167)This contains a scalar + pseudoscalar term, which is obviously invariant, together withthe invariant grade-4 multivector (�1k�2k � i�1ki�2k). The next simplest object is�
10
20 ~� = 12(1 + i�11i�21 + i�12i�22 + i�13i�23)12(1 � i1i2)
10
20= 14(
10
20 + i1i2
1k
2k � i1i2
10
20 � 
1k
2k)= 14(
10
20 � 
1k
2k)(1� i1i2): (4.168)On de�ning the symplectic (doubling) bivectorJ � 
1�
�2 (4:169)and the two-particle pseudoscalar I � i1i2 = i2i1 (4:170)the invariants from (4.168) are simply J and IJ . As was disussed in Section (3.2), thebivector J is independent of the choice of spacetime frame, so is unchanged by the two-sided application of the rotor R = R1R2. It follows immediately that the 6-vector IJ isalso invariant.From the de�nition of J (4.169), we �nd thatJ^J = �2
10
20
1k
2k + (
1k
2k)^(
1j 
2j )= 2(�1k�2k � i�1ki�2k); (4.171)which recovers the 4-vector invariant from (4.167). The complete set of two-particle invari-ants can therefore be constructed from J alone, and these are summarised in Table 4.2.These invariants are well-known and have been used in constructing phenomenologicalmodels of interacting particles [63, 68]. The STA derivation of the invariants is quite new,however, and the role of the doubling bivector J has not been previously noted.90



Type ofInvariant Interaction Grade1 Scalar 0J Vector 2J^J Bivector 4IJ Pseudovector 6I Pseudoscalar 8Table 4.2: Two-Particle Relativistic Invariants4.5 2-Spinor CalculusWe saw in Section 4.3.1 how spinors in the Weyl representation are handled within the(single-particle) STA. We now turn to a discussion of how the 2-spinor calculus developedby Penrose & Rindler [36, 37] is formulated in the multiparticle STA. From equation (4.87),the chiral projection operators 12(1� 
̂ 05) result in the STA multivectors12(1 + 
̂ 05)j i0 $  12(1 + �3) = � 1p2(1 + �3)12(1 � 
̂ 05)j i0 $  12(1 � �3) = ��� 1p2(1 � �3): (4:172)The 2-spinors j�i and j��i can therefore be given the STA equivalentsj�i $ � 1p2(1 + �3)j��i $ ��� 1p2(1 � �3): (4:173)These di�er from the representation of Pauli spinors, and are closer to the \minimal leftideal" de�nition of a spinor given by some authors (see Chapter 2 of [13], for example).Algebraically, the (1 � �3) projectors ensure that the 4-dimensional spaces spanned byelements of the type � 1p2(1 + �3) and �� 1p2(1� �3) are closed under left multiplication bya relativistic rotor. The signi�cance of the (1 � �3) projectors lies not so much in theiralgebraic properties, however, but in the fact that they are the 
0-space projections ofthe null vectors 
0 � 
3 . This will become apparent when we construct some 2-spinor\observables".Under a Lorentz transformation the spinor  transforms toR , whereR is a relativisticrotor. If we separate the rotor R into Pauli-even and Pauli-odd terms,R = R+ +R� (4:174)where R+ = 12(R + 
0R
0) (4.175)R� = 12(R � 
0R
0); (4.176)91



then we can writeR� 1p2(1 + �3) = R+� 1p2(1 + �3) +R���3 1p2(1 + �3)R�� 1p2(1� �3) = R+�� 1p2(1� �3)�R����3 1p2(1 � �3): (4:177)The transformation laws for the Pauli-even elements � and �� are therefore� 7! R+�+R���3 (4.178)�� 7! R+�� �R����3; (4.179)which con�rms that j�i transforms under the operator equivalent of R, but that j��itransforms under the equivalent ofR+ �R� = 
0R
0 = (
0 ~R
0)~= (R�1)y: (4:180)This split of a Lorentz transformations into two distinct operations is an unattractivefeature of the 2-spinor formalism, but it is an unavoidable consequence of attempting toperform relativistic calculations within the Pauli algebra of 2� 2 matrices. The problemis that the natural anti-involution operation is Hermitian conjugation. This operation isdependent on the choice of a relativistic timelike vector, which breaks up expressions ina way that disguises their frame-independent meaning.The 2-spinor calculus attempts to circumvent the above problem by augmenting thebasic 2-component spinor with a number of auxilliary concepts. The result is a languagewhich has proved to be well-suited to the study of spinors in a wide class of problems and itis instructive to see how some features of the 2-spinor are absorbed into the STA formalism.The central idea behind the 2-spinor calculus is that a two-component complex spinor j�i,derived form the Weyl representation (4.121), is replaced by the complex \vector" �A.Here the A is an abstract index labeling the fact that �A is a single spinor belonging tosome complex, two-dimensional linear space. We represent this object in the STA as�A $ �12(1 + �3): (4:181)(The factor of 1=2 replaces 1=p2 simply for convenience in some of the manipulationsthat follow.) The only di�erence now is that, until a frame is chosen in spin-space, wehave no direct mapping between the components of �A and �. Secifying a frame inspin space also picks out a frame in spacetime (determined by the null tetrad). If thisspacetime frame is identi�ed with the f
�g frame, then the components �A of �A specifythe Pauli-even multivector � via the identi�cation of equation (4.9). A second frame inspin-space produces di�erent components �A, and will require a di�erent identi�cationto equation (4.9), but will still lead to the same multivector �12(1 + �3). 2-Spinors areequipped with a Lorentz-invariant inner product derived from a metric tensor �AB. Thisis used to lower indices so, for every 2-spinor �A, there is a corresponding �A. Both ofthese must have the same multivector equivalent, however, in the same way that a� anda� both have the STA equivalent a.To account for the second type of relativistic 2-spinor, j��i (4.121), a second linearspace (or module) is introduced and elements of this space are labeled with bars and92



primed indices. Thus an abstract element of this space is written as �!A0 . In a given basis,the components of �!A0 are related to those of !A by complex conjugation,�!00 = !0; �!10 = !1: (4:182)To construct the STA equivalent of �!A0 we need a suitable equivalent for this operation.Our equivalent operation should satisfy the following criteria:1. The operation can only a�ect the right-hand side !(1 + �3)=2, so that Lorentzinvariance is not compromised;2. From equation (4.173), the STA equivalent of �!A0 must be a multivector projectedby the (1��3)=2 idempotent, so the conjugation operation must switch idempotents;3. The operation must square to give the identity;4. The operation must anticommute with right-multiplication by i�3.The only operation satisfying all of these criteria is right-multiplication by some combi-nation of �1 and �2. Choosing between these is again a matter of convention, so we willrepresent 2-spinor complex conjugation by right-multiplication by ��1. It follows thatour representation for the abstract 2-spinor �!A0 is�!A0 $ �! 12(1 + �3)�1 = �!i�2 12(1� �3): (4:183)Again, once a basis is chosen, ! is constructed using the identi�cation of equation (4.9)with the components !0 = �!00 and !1 = �!10.4.5.1 2-Spinor ObservablesOur next step in the STA formulation of 2-spinor calculus is to understand how to rep-resent quantities constructed from pairs of 2-spinors. The solution is remarkably simple.One introduces a copy of the STA for each spinor, and then simply multiplies the STAelements together, incorporating suitable correlators as one proceeds. For example, thequantity �A��A0 becomes�A��A0 $ ��1 12(1 + �13)�2i�22 12(1 � �23)12(1 � i�13i�23): (4:184)To see how to manipulate the right-hand side of (4.184) we return to the relativistictwo-particle singlet � (4.159). The essential property of � under multiplication by evenelements was equation (4.162). This relation is una�ected by further multiplication of �on the right-hand side by an element that commutes with E. We can therefore form theobject � = � 12(1 + �13) (4:185)(not to be confused with the non-relativistic Pauli singlet state) which will still satisfyM1� = ~M2� (4:186)93



for all even multivectorsM . The 2-particle state � is still a relativistic singlet in the senseof equation (4.163). From (4.185) we see that � contains12(1 � i1i2)12(1 + �13)12(1 � i�13i�23) = 12(1� i�13i2)12(1 + �13)E= 12(1� i�23i2)12(1 + �13)E= 12(1 + �23)12(1 + �13)E; (4.187)so we can write � = 1p2(i�12 � i�22)12(1 + �23)12(1 + �13)E: (4:188)A second invariant is formed by right-sided multiplication by (1� �13)=2, and we de�ne�� = � 12(1� �13): (4:189)Proceeding as above, we �nd that�� = 1p2(i�12 � i�22)12(1 � �23)12(1 � �13)E: (4:190)This split of the full relativistic invariant � into � and �� lies at the heart of much of the2-spinor calculus. To see why, we return to equation (4.184) and from this we extract thequantity 12(1 + �13)12(1� �23)12(1� i�13i�23). This can be manipulated as follows:12(1 + �13)12(1 � �23)E = 
10 12(1� �13)12(1� �13)12(1� �23)E
10= 
10i�22 12(1� �13)(�i�22)12(1 � �13)12(1 � �23)E
10= 
10i�22 12(1� �13)(i�12 � i�22)12(1 � �13)12(1 � �23)E
10= 
10i�22 1p2(1 � �13)��
10= � 1p2(
10 + 
13)i�12��
10 ; (4.191)which shows how an �� arises naturally in the 2-spinor product. This �� is then used toproject everything to its left back down to a single-particle space. We continue to referto each space as a \particle space" partly to stress the analogy with relativistic quantumstates, but also simply as a matter of convenience. In 2-spinor calculus there is no actualnotion of a particle associated with each copy of spacetime.Returning to the example of �A��A0 (4.184), we can now write��1 12(1 + �13)�2i�22 12(1� �23)E = ��1�2i�22 12(1 + �13)12(1� �23)E= �1�2 1p2(
10 + 
13)��
10= [� 1p2(
0 + 
3)~�]1��
10: (4.192)The key part of this expression is the null vector �(
0 + 
3)~�=p2, which is formed in theusual STA manner by a rotation/dilation of the �xed null vector (
0+
3)=p2 by the evenmultivector �. The appearance of the null vector (
0+
3)=p2 can be traced back directlyto the (1+�3)=2 idempotent, justifying the earlier comment that these idempotents havea clear geometric origin.There are three further manipulations of the type performed in equation (4.191) andthe results of these are summarised in Table 4.3. These results can be used to �nd asingle-particle equivalent of any expression involving a pair of 2-spinors. We will seeshortly how these reductions are used to construct a null tetrad, but �rst we need to �ndan STA formulation of the 2-spinor inner product.94



12(1 + �13)12(1 � �23)E = � 1p2(
10 + 
13)i�12��
1012(1 � �13)12(1 + �23)E = � 1p2(
10 � 
13)i�12�
1012(1 + �13)12(1 + �23)E = � 1p2(�11 + i�12)�12(1 � �13)12(1 � �23)E = � 1p2(��11 + i�12)��Table 4.3: 2-Spinor Manipulations4.5.2 The 2-spinor Inner Product. Spin-space is equipped with an anti-symmetric inner product, written as either �A!Aor �A!B�AB. In a chosen basis, the inner product is calculated as�A!A = �A!A = �0!1 � �1!0; (4:193)which yields a Lorentz-invariant complex scalar. The antisymmetry of the inner productsuggests forming the STA expression12(�A!B � !A�B) $ 12(�1!2 � �2!1)12(1 + �13)12(1 + �23)E= �12 �� 1p2(�1 + i�2)~! � 1p2!(�1 + i�2)~��1 �= � 1p2h�(�1 + i�2)~!i10;4�: (4.194)The antisymmetric product therefore picks out the scalar and pseudoscalar parts of thequantity �(�11 + i�12)~!. This is sensible, as these are the two parts that are invariantunder Lorentz transformations. Fixing up the factor suitably, our STA representation ofthe 2-spinor inner product will therefore be�A!A $ �h�(�1 + i�2)~!i0;4 = �h�i�2~!i+ ih�i�1~!i: (4:195)That this agrees with the 2-spinor form in a given basis can be checked simply by ex-panding out the right-hand side of (4.195).A further insight into the role of the 2-spinor inner product is gained by assemblingthe full even multivector (an STA spinor) = �12(1 + �3) + !i�2 12(1� �3): (4:196)The 2-spinor inner product can now be written as ~ = [�12(1 + �3) + !i�2 12(1� �3)][�12(1 + �3)i�2~! + 12(1� �3)~�]= ��12(1 + �3)i�2~! + !i�2 12(1 � �3)~�= �h�(�1 + i�2)~!i0;4 (4.197)which recovers (4.195). The 2-spinor inner product is therefore seen to pick up both thescalar and pseudoscalar parts of a full Dirac spinor product  ~ . Interchanging � and ! in (4.196) is achieved by right-multiplication by �1, which immediately reverses the sign95



of  ~ . An important feature of the 2-spinor calculus has now emerged, which is that theunit scalar imaginary is playing the role of the spacetime pseudoscalar. This is a pointin favour of 2-spinors over Dirac spinors, but it is only through consistent employment ofthe STA that this point has become clear.The general role of the �AB tensor when forming contractions is also now clear. In theSTA treatment, �AB serves to antisymmetrise on the two particle indices carried by itsSTA equivalent. (It also introduces a factor of p2, which is a result of the conventionswe have adopted.) This antisymmetrisation always results in a scalar + pseudoscalarquantity, and the pseudoscalar part can always be pulled down to an earlier copy ofspacetime. In this manner, antisymmetrisation always removes two copies of spacetime,as we should expect from the contraction operation.4.5.3 The Null TetradAn important concept in the 2-spinor calculus is that of a spin-frame. This consists ofa pair of 2-spinors, �A and !A say, normalised such that �A!A = 1. In terms of thefull spinor  (4.196), this normalisation condition becomes  ~ = 1. But this is simplythe condition which ensures that  is a spacetime rotor! Thus the role of a \normalisedspin-frame" in 2-spinor calculus is played by a spacetime rotor in the STA approach. Thisis a considerable conceptual simpli�cation. Furthermore, it demonstrates how elements ofabstract 2-spinor space can be represented in terms of geometrically meaningful objects| a rotor, for example, being simply a product of an even number of unit vectors.Attached to the concept of a spin-frame is that of a null tetrad. Using �A and !A asthe generators of the spin frame, the null tetrad is de�ned as follows:la = �A��A0 $ ��1�2 12(1 + �13)i�22 12(1� �23)E= 1p2 [�(
0 + 
3)~�]1��
10= [ 1p2(
0 + 
3) ~ ]1��
10; (4.198)na = !A�!A0 $ �!1!2 12(1 + �13)i�2 12(1� �23)E= 1p2 [!(
0 + 
3)~!]1��
10= [ 1p2(
0 � 
3) ~ ]1��
10 ; (4.199)ma = �A�!A0 $ ��1!2 12(1 + �13)i�2 12(1 � �23)E= 1p2[�(
0 + 
3)~!]1��
10= [ 1p2(
1 + i
2) ~ ]1��
10; (4.200)and �ma = !A��A0 $ �!1�2 12(1 + �13)i�2 12(1 � �23)E= 1p2[!(
0 + 
3)~�]1��
10= [ 1p2(
1 � i
2) ~ ]1��
10 : (4.201)96



The key identity used to arrive at the �nal two expression is (
1 + i
2) ~ =  (1 + �3)
1 ~ = �(1 + �3)
1 ~ = ��
1(1 + �3)i�2~!= ��
1(1 + �3)�1~!= �(
0 + 
3)~!: (4.202)The simplest spin frame is formed when  = 1. In this case we arrive at the followingcomparison with page 120 of Penrose & Rindler [36];la = 1p2(ta + za) $ 1p2(
0 + 
3)na = 1p2(ta � za) $ 1p2(
0 � 
3)ma = 1p2(xa � jya) $ 1p2(
1 + i
2)�ma = 1p2(xa + jya) $ 1p2(
1 � i
2): (4:203)The signi�cant feature of this translation is that the \complex vectors" ma and �ma havebeen replaced by vector + trivector combinations. This agrees with the observation thatthe imaginary scalar in the 2-spinor calculus plays the role of the spacetime pseudoscalar.We can solve (4.203) for the Minkowski frame fta; xa; ya; zag (note how the abstractindices here simply record the fact that the t : : : z are vectors). The only subtlety isthat, in recovering the vector ya from our expression for jya, we must post-multiply our2-particle expression by i�13. The factor of (1 + �13) means that at the one-particle levelthis operation reduces to right-multiplication by i. We therefore �nd thatta $ 
0 ya $ �
2xa $ 
1 za $ 
3: (4:204)The only surprise here is the sign of the y-vector 
2. This sign can be traced backto the fact that Penrose & Rindler adopt an usual convention for the �2 Pauli matrix(page 16). This is also re
ected in the fact that they identify the quaternions with vectors(page 22), and we saw in Section 1.2.3 that the quaternion algebra is generated by thespatial bivectors fi�1;�i�2; i�3g.An arbitrary spin-frame, encoded in the rotor R, produces a new null tetrad simplyby Lorentz rotating the vectors in (4.203), yieldingl = R 1p2(
0 + 
3) ~R; m = R 1p2(
1 + i
2) ~R;n = R 1p2(
0 � 
3) ~R; �m = R 1p2(
1 � i
2) ~R: (4:205)In this manner, the (abstract) null tetrad becomes a set of four arbitrary vector/trivectorcombinations in (4.205), satisfying the anticommutation relations [4]12fl; ng = 1; 12fm; �mg = 1; all others = 0: (4:206)97



4.5.4 The rA0A OperatorThe �nal 2-spinor object that we need a translation of is the di�erential operator rA0A.The translation of rA0A will clearly involve the vector derivativer = 
�@x� and this mustappear in such a way that it picks up the correct transformation law under a rotation intwo-particle space. These observations lead us to the objectrA0A $ r1�
10; (4:207)so that, under a rotation,r1�
10 7! R1R2r1�
10 = R1rR2�
10= (Rr ~R)1�
10 ; (4.208)and the r does indeed inherit the correct vector transformation law. In this chapterwe are only concerned with the \
at-space" vector derivative r; a suitable formulationfor \curved-space" derivatives will emerge in Chapter 7. A feature of the way that themultiparticle STA is employed here is that each spinor �(1+�3)=2 is a function of positionin its own spacetime, �j 12(1 + �j3) = �j(xj)12(1 + �j3): (4:209)When such an object is projected into a di�erent copy of spacetime, the position depen-dence must be projected as well. In this manner, spinors can be \pulled back" into thesame spacetime as the di�erential operator r.We are now in a position to form the contraction rA0A�B�AB. We know that the roleof the �AB is to antisymmetrise on the relevant particle spaces (in this case the 2 and 3spaces), together with introducing a factor of p2. Borrowing from the 2-spinor notation,we denote this operation as �2;3. We can now writerA0A�A = rA0A�B�AB $ r1�12
10�3 12(1 + �33)E3�2;3; (4:210)where we have introduced the notation �ij for the � invariant (singlet state) under jointrotations in the ith and jth copies of spacetime. Equation (4.210) is manipulated to giver1�12
10�3 12(1 + �33)E3�2;3= r1 1p2(i�12 � i�22)�3 12(1 + �13)12(1 + �23)12(1 + �33)E3�2;3
10= r1 1p2 ��i�12h(�1 + i�2)~�i20;4 + hi�2(�1 + i�2)~�i20;4� 12(1 + �13)�23
10E3(4.211)and projecting down into particle-one space, the quantity that remains isrA0A�A $ r 1p2 [i�2h�(�1 + i�2)i0;4 + h�(�1 + i�2)i�2i0;4]12(1 + �3)
0: (4:212)We now require the following rearrangement:[i�2h�(�1 + i�2)i0;4 + h�(�1 + i�2)i�2i0;4]12(1 + �3)= [i�2(h�i�2i � ih�i�1i) � h�i + ih�i�3i]12(1 + �3)= [�h�i+ i�kh�i�ki]12(1 + �3)= ��12(1 + �3): (4.213)98



Using this, we �nd thatrA0A�A $ � 1p2r�12(1 + �3)
0 = � 1p2r
0�12(1� �3); (4:214)where pulling the 
0 across to the left-hand side demonstrates how the rA0A switchesbetween idempotents (modules). Equation (4.214) essentially justi�es the procedure de-scribed in this section, since the translation (4.214) is \obvious" from the Weyl represen-tation of the Dirac algebra (4.119). The factor of 1=p2 in (4.214) is no longer a productof our conventions, but is an unavoidable aspect of the 2-spinor calculus. It remains to�nd the equivalent to the above for the expression rAA0 �!A0 . The translation for rAA0 isobtained from that for rA0A by switching the \particle" indices, so thatrAA0 $ �r2�
20 = �r1��
10: (4:215)Then, proceeding as above, we �nd thatrAA0 �!A0 $ � 1p2r!i�2 12(1 + �3)
0: (4:216)4.5.5 ApplicationsThe above constitutes the necessary ingredients for a complete translation of the 2-spinorcalculus into the STA. We close this chapter by considering two important applications.It should be clear from both that, whilst the steps to achieve the STA form are oftenquite complicated, the end result is nearly always more compact and easier to understandthan the original 2-spinor form. An objective of future research in this subject is toextract from 2-spinor calculus the techniques which are genuinely powerful and useful.These can then be imported into the STA, which will suitably enriched by so doing. Theintuitive geometric nature of the STA should then make these techniques available to awider audience of physicists than currently employ the 2-spinor calculus.The Dirac EquationThe Dirac equation in 2-spinor form is given by the pair of equations [36, page 222]rA0A�A = ��!A0rAA0 �!A0 = ��A: (4:217)The quantity � is de�ned to be m=p2, where m is the electron mass. The factor of 1=p2demonstrates that such factors are intrinsic to the way that the rA0A symbol encodes thevector derivative. The equations (4.217) translate to the pair of equationsr�12(1 + �3)
0 = m!i�2 12(1� �3)�r!i�212(1� �3)
0 = m�12(1 + �3): (4:218)If we now de�ne the full spinor  by = �12(1 + �3) + !�2 12(1 � �3) (4:219)99



we �nd that r 
0 = m[!�2 12(1� �3)�m�12(1 + �3)]i= �m i�3: (4.220)We thus recover the STA version of the Dirac equation (4.92)r i�3 = m 
0: (4:221)Of the pair of equations (4.217), Penrose & Rindler write \an advantage of the 2-spinordescription is that the 
-matrices disappear completely { and complicated 
-matrix identi-ties simply evaporate!" [36, page 221]. Whilst this is true, the comment applies even morestrongly to the STA form of the Dirac equation (4.221), in which complicated 2-spinoridentities are also eliminated!Maxwell's EquationsIn the 2-spinor calculus the real, antisymmetric tensor F ab is written asF ab =  AB�A0B0 + �AB A0B0; (4:222)where  AB is symmetric on its two indices. We �rst need the STA equivalent of  AB.Assuming initially that  AB is arbitrary, we can write AB $  12(1 + �13)12(1 + �23)E =  12(1 + �13)�11�; (4:223)where  is an arbitrary element of the product space of the two single-particle Pauli-even algebras. A complete basis for  is formed by all combinations of the 7 elementsf1; i�1k; i�2kg. The presence of the singlet � allows all elements of second space to beprojected down into the �rst space, and it is not hard to see that this accounts for allpossible even elements in the one-particle STA. We can therefore write 12(1 + �13)�11� =M1�; (4:224)where M is an arbitrary even element. The condition that  AB is symmetric on its twoindices now becomes (recalling that � is antisymmetric on its two particle indices)M1� = �M2� = � ~M1� (4:225))M = � ~M: (4:226)This condition projects out from M the components that are bivectors in particle-onespace, so we can write  AB $ F 1� (4:227)where F is now a bivector. For the case of electromagnetism, F is the Faraday bivector,introduced in Section (1.2.5). The complete translation of F ab is thereforeF ab $ F 1�+ F 1��11�21 = F 1� (4:228)100



where � is the full relativistic invariant.The 2-spinor form of the Maxwell equations an be writtenrA0B AC�BC = �JAA0 (4:229)where JAA0 is a \real" vector (i.e. it has no trivector components). Recalling the con-vention that �ij denotes the singlet state in coupled fi; jg-space, the STA version ofequation (4.229) is r1�12
10F 3�34�2;4 = �J1�13
10 : (4:230)This is simpli�ed by the identity �12�34�2;4 = �13; (4:231)which is proved by expanding the left-hand side and then performing the antisymmetri-sation. The resultant equation is r1F 3�13 = �J1�13; (4:232)which has a one-particle reduction to rF = J: (4:233)This recovers the STA form of the Maxwell equations [17]. The STA form is remarkablycompact, makes use solely of spacetime quantities and has a number of computationaladvantages over second-order wave equations [8]. The 2-spinor calculus also achieves a�rst-order formulation of Maxwell's equations, but at the expense of some considerableabstractions. We will return to equation (4.233) in Chapters 6 and 7.
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Chapter 5Point-particle LagrangiansIn this chapter we develop a multivector calculus as the natural extension of the calculusof functions of a single parameter. The essential new tool required for such a calculus isthe multivector derivative, and this is described �rst. It is shown how the multivectorderivative provides a coordinate-free language for manipulating linear functions (formingcontractions etc.). This supersedes the approach used in earlier chapters, where suchmanipulations were performed by introducing a frame.The remainder of this chapter then applies the techniques of multivector calculusto the analysis of point-particle Lagrangians. These provide a useful introduction to thetechniques that will be employed in the study of �eld Lagrangians in the �nal two chapters.A novel idea discussed here is that of a multivector-valued Lagrangian. Such objects aremotivated by the pseudoclassical mechanics of Berezin & Marinov [39], but can onlybe fully developed within geometric algebra. Forms of Noether's theorem are given forboth scalar and multivector-valued Lagrangians, and for transformations parameterisedby both scalars and multivectors. This work is applied to the study of two semi-classicalmodels of electron spin. Some aspects of the work presented in this chapter appearedin the papers \Grassmann mechanics, multivector derivatives and geometric algebra" [3]and \Grassmann calculus, pseudoclassical mechanics and geometric algebra" [1].5.1 The Multivector DerivativeThe idea of a vector derivative was partially introduced in Chapter 4, where it was seenthat the STA form of the Dirac equation (4.92) required the operator r = 
�@x�, wherex� = 
� �x. The same operator was later seen to appear in the STA form of the Maxwellequations (4.233), rF = J . We now present a more formal introduction to the propertiesof the vector and multivector derivatives. Further details of these properties are containedin [18] and [24, Chapter 2], the latter of which is particularly detailed in its treatment.Let X be a mixed-grade multivectorX =Xr Xr; (5:1)and let F (X) be a general multivector-valued function of X. The grades of F (X) neednot be the same as those of its argument X. For example, the STA representation of a102



Dirac spinor as  (x) is a map from the vector x onto an arbitrary even element of theSTA. The derivative of F (X) in the A direction, where A has the same grades as X, isde�ned by A�@XF (X) � lim�!0 F (X + �A)� F (X)� : (5:2)(It is taken as implicit in this de�nition that the limit exists.) The operator A�@X satis�esall the usual properties for partial derivatives. To de�ne the multivector derivative @X, weintroduce an arbitrary frame fejg and extend this to de�ne a basis for the entire algebrafeJg, where J is a general (simplicial) index. The multivector derivative is now de�nedby @X =XJ eJeJ �@X: (5:3)The directional derivative eJ�@X is only non-zero when eJ is of the same grade(s) as X, so@X inherits the multivector properties of its argumentX. The contraction in (5.3) ensuresthat the quantity @X is independent of the choice of frame, and the basic properties of@X can be formulated without any reference to a frame.The properties of @X are best understood with the aid of some simple examples. Themost useful result for the multivector derivative is@XhXAi = PX(A); (5:4)where PX(A) is the projection of A on to the grades contained in X. From (5.4) it followsthat @Xh ~XAi = PX( ~A)@ ~Xh ~XAi = PX(A): (5:5)Leibniz' rule can now be used in conjunction with (5.4) to build up results for the actionof @X on more complicated functions. For example,@XhX ~Xik=2 = khX ~Xi(k�2)=2 ~X: (5:6)The multivector derivative acts on objects to its immediate right unless brackets arepresent, in which case @X acts on the entire bracketed quantity. If @X acts on a multivectorthat is not to its immediate right, we denote this with an overdot on the @X and itsargument. Thus _@XA _B denotes the action of @X on B,_@XA _B = eJAeJ �@XB: (5:7)The overdot notation is an invaluable aid to expressing the properties of the multivectorderivative. In particular, it neatly encodes the fact that, since @X is a multivector, it doesnot necessarily commute with other multivectors and often acts on functions to which itis not adjacent. As an illustration, Leibniz' rule can now be given in the form@X(AB) = _@X _AB + _@XA _B: (5:8)The only drawback with the overdot notation comes in expressions which involve timederivatives. It is usually convenient to represent these with overdots as well, and in suchinstances the overdots on multivector derivatives will be replaced by overstars.103



The most useful form of the multivector derivative is the derivative with respect to avector argument, @a or @x. Of these, the derivative with respect to position x is particularlyimportant. This is called the vector derivative, and is given special the symbol@x = r = rx: (5:9)The operator r sometimes goes under the name of the Dirac operator, though this nameis somewhat misleading since @x is well-de�ned in all dimensions and is in no way tiedto quantum-mechanical notions. In three dimensions, for example, @x = r contains allthe usual properties of the div, grad and curl operators. There are a number of usefulformulae for derivatives with respect to vectors, a selection of which is as follows:@aa�b = b@aa2 = 2a@a�a = n@a^a = 0@aa�Ar = rAr@aa^Ar = (n� r)Ar@aAra = (�1)r(n� 2r)Ar; (5:10)where n is the dimension of the space. The �nal three equations in (5.10) are the frame-free forms of formulae given in Section (1.3.2).Vector derivatives are very helpful for developing the theory of linear functions, asintroduced in Section (1.3). For example, the adjoint to the linear function f can bede�ned as f (a) � @bhaf(b)i: (5:11)It follows immediately thatb�f(a) = b�@chaf (c)i = hf(b�@cc)ai = f(b)�a: (5:12)Invariants can be constructed equally simply. For example, the trace of f(a) is de�ned byTrf � @a�f(a) (5:13)and the \characteristic bivector" of f (a) is de�ned byB = 12@a^f (a): (5:14)An anti-symmetric function f = �f can always be written in the formf(a) = a�B (5:15)and it follows from equation (5.10) that B is the characteristic bivector.Many other aspects of linear algebra, including a coordinate-free proof of the Cayley-Hamilton theorem, can be developed similarly using combinations of vector derivatives [24,Chapter 3]. 104



5.2 Scalar and Multivector LagrangiansAs an application of the multivector derivative formalism just outlined, we considerLagrangian mechanics. We start with a scalar-valued Lagrangian L = L(Xi; _Xi), wherethe Xi are general multivectors, and _Xi denotes di�erentiation with respect to time. Wewish to �nd the Xi(t) which extremise the actionS = Z t2t1 dtL(Xi; _Xi): (5:16)The solution to this problem can be found in many texts (see e.g. [71]). We writeXi(t) = X0i (t) + �Yi(t); (5:17)where Yi is a multivector containing the same grades as Xi and which vanishes at theendpoints, � is a scalar and X0i represents the extremal path. The action must nowsatisfy @�S = 0 when � = 0, since � = 0 corresponds to Xi(t) taking the extremal values.By applying the chain rule and integrating by parts, we �nd that@�S = Z t2t1 dt �(@�Xi)�@XiL+ (@� _Xi)�@ _XiL�= Z t2t1 dt �Yi�@XiL+ _Yi�@ _XiL�= Z t2t1 dt Yi��@XiL � @t(@ _XiL)� : (5.18)Setting � to zero now just says that Xi is the extremal path, so the extremal path isde�ned by the solutions to the Euler-Lagrange equations@XiL� @t(@ _XiL) = 0: (5:19)The essential advantage of this derivation is that it employs genuine derivatives in placeof the less clear concept of an in�nitessimal. This will be exempli�ed when we studyLagrangians containing spinor variables.We now wish to extend the above argument to a multivector-valued Lagrangian L.Taking the scalar product of L with an arbitrary constant multivectorA produces a scalarLagrangian hLAi. This generates its own Euler-Lagrange equations,@XihLAi � @t(@ _XihLAi) = 0: (5:20)A \permitted" multivector Lagrangian is one for which the equations from each A aremutually consistent, so that each component of the full L is capable of simultaneousextremisation.By contracting equation (5.20) on the right-hand side by @A, we �nd that a necessarycondition on the dynamical variables is@XiL� @t(@ _XiL) = 0: (5:21)For a permitted multivector Lagrangian, equation (5.21) is also su�cient to ensure thatequation (5.20) is satis�ed for all A. This is taken as part of the de�nition of a multivectorLagrangian. We will see an example of how these criteria can be met in Section 5.3.105



5.2.1 Noether's TheoremAn important technique for deriving consequences of the equations of motion resultingfrom a given Lagrangian is the study of the symmetry properties of the Lagrangian itself.The general result needed for this study is Noether's theorem. We seek a form of thistheorem which is applicable to both scalar-valued and multivector-valued Lagrangians.There are two types of symmetry to consider, depending on whether the transformationof variables is governed by a scalar or by a multivector parameter. We will look at theseseparately.It is important to recall at this point that all the results obtained here are derived inthe coordinate-free language of geometric algebra. Hence all the symmetry transforma-tions considered are active. Passive transformations have no place in this scheme, as theintroduction of an arbitrary coordinate system is an unnecessary distraction.5.2.2 Scalar Parameterised TransformationsGiven a Lagrangian L = L(Xi; _Xi), which can be either scalar-valued or multivector-valued, we wish to consider variations of the variables Xi controlled by a single scalarparameter, �. We write this as X 0i = X 0i(Xi; �); (5:22)and assume that X 0i(� = 0) = Xi. We now de�ne the new LagrangianL0(Xi; _Xi) = L(X 0i; _X 0i); (5:23)which has been obtained from L by an active transformation of the dynamical variables.Employing the identity L0 = hL0Ai@A, we proceed as follows:@�L0 = (@�X 0i)�@X 0ihL0Ai@A + (@a _X 0i)�@ _X 0ihL0Ai@A= (@aX 0i)��@X 0ihL0Ai � @t(@ _X 0ihL0Ai)� @A + @t �(@aX 0i)�@ _X 0iL0� : (5.24)The de�nition of L0 ensures that it has the same functional form of L, so the quantity@X 0ihL0Ai � @t(@ _X 0ihL0Ai)L0 (5:25)is obtained by taking the Euler-Lagrange equations in the form (5.20) and replacing theXi by X 0i. If we now assume that the X 0i satisfy the same equations of motion (whichmust be checked for any given case), we �nd that@�L0 = @t �(@aX 0i)�@ _X 0iL0� (5:26)and, if L0 is independent of �, the corresponding quantity (@aX 0i) � @ _X 0iL0 is conserved.Alternatively, we can set � to zero so that (5.25) becomes[@X 0ihL0Ai � @t(@ _X 0ihL0Ai)L0]����=0 = @XihLAi � @t(@ _XihLAi) (5:27)which vanishes as a consequence of the equations of motion for Xi. We therefore �nd that@aL0j�=0 = @t �(@aX 0i)�@ _X 0iL0�����=0 ; (5:28)106



which is probably the most useful form of Noether's theorem, in that interesting conse-quences follow from (5.28) regardless of whether or not L0 is independent of �. A crucialstep in the derivation of (5.28) is that the Euler-Lagrange equations for a multivector-valued Lagrangian are satis�ed in the form (5.20). Hence the consistency of the equa-tions (5.20) for di�erent A is central to the development of the theory of multivectorLagrangians.To illustrate equation (5.28), consider time translationX 0i(t; �) = Xi(t+ �) (5.29)) @aX 0ij�=0 = _Xi: (5.30)Assuming there is no explicit time-dependence in L, equation (5.28) gives@tL = @t( _Xi�@ _XiL); (5:31)from which we de�ne the conserved Hamiltonian byH = _Xi�@ _XiL� L: (5:32)If L is multivector-valued, then H will be a multivector of the same grade(s).5.2.3 Multivector Parameterised TransformationsThe most general single transformation for the variables Xi governed by a multivectorMcan be written as X 0i = f(Xi;M); (5:33)where f and M are time-independent functions and multivectors respectively. In gen-eral f need not be grade-preserving, which provides a route to deriving analogues forsupersymmetric transformations.To follow the derivation of (5.26), it is useful to employ the di�erential notation [24],fM(Xi; A) � A�@Mf(Xi;M): (5:34)The function fM(Xi; A) is a linear function of A and an arbitrary function of M and Xi.With L0 de�ned as in equation (5.23), we deriveA�@ML0 = fM (Xi; A)�@X 0iL0 + fM( _Xi;M)�@ _X 0iL0= fM (Xi; A)��@X 0ihL0Bi � @t(@ _X 0ihL0Bi)� @B + @t �fM(Xi; A)�@ _X 0iL0�= @t �fM(Xi; A)�@ _X 0iL0� ; (5.35)where again it is necessary to assume that the equations of motion are satis�ed for thetransformed variables. We can remove the A-dependence by di�erentiating, which yields@ML0 = @t �@AfM (Xi; A)�@ _X 0iL0� (5:36)and, if L0 is independent of M , the corresponding conserved quantity is@AfM (Xi; A)�@ _X 0iL0 = �@M f(Xi; �M)�@ _X 0iL0; (5:37)107



where the overstar on �M denote the argument of �@M .It is not usually possible to set M to zero in (5.35), but it is interesting to see thatconserved quantities can be found regardless. This shows that standard treatments ofLagrangian symmetries [71] are unnecessarily restrictive in only considering in�nitesimaltransformations. The subject is richer than this suggests, though without multivectorcalculus the necessary formulae are hard to �nd.In order to illustrate (5.37), consider re
ection symmetry applied to the harmonicoscillator Lagrangian L(x; _x) = 12( _x2 � !2x2): (5:38)The equations of motion are �x = �!2x (5:39)and it is immediately seen that, if x is a solution, then so to is x0, wherex0 = �nxn�1: (5:40)Here n is an arbitrary vector, so x0 is obtained from x by a re
ection in the hyperplanceorthogonal to n. Under the re
ection (5.40) the Lagrangian is unchanged, so we can �nda conserved quantity from equation (5.37). With f(x; n) de�ned byf(x; n) = �nxn�1 (5:41)we �nd that fn(x; a) = �axn�1 + nxn�1an�1: (5:42)Equation (5.37) now yields the conserved quantity@a(�axn�1 + nxn�1an�1)�(�n _xn�1) = @ahax _xn�1 � a _xxn�1i= hx _xn�1 � _xxn�1i1= 2(x^ _x)�n�1: (5.43)This is conserved for all n, from which it follows that the angular momentum x ^ _xis conserved. This is not a surprise, since rotations can be built out of re
ections anddi�erent re
ections are related by rotations. It is therefore natural to expect the sameconserved quantity from both rotations and re
ections. But the derivation does showthat the multivector derivative technique works and, to my knowledge, this is the �rsttime that a classical conserved quantity has been derived conjugate to transformationsthat are not simply connected to the identity.5.3 Applications | Models for Spinning Point Par-ticlesThere have been numerous attempts to construct classical models for spin-half particles(see van Holten [72] for a recent review) and two such models are considered in thissection. The �rst involves a scalar point-particle Lagrangian in which the dynamical108



variables include spinor variables. The STA formalism of Chapter 4 is applied to thisLagrangian and used to analyse the equations of motion. Some problems with the modelare discussed, and a more promising model is proposed. The second example is drawnfrom pseudoclassical mechanics. There the dynamical variables are Grassmann-valuedentities, and the formalism of Chapter 2 is used to represent these by geometric vectors.The resulting Lagrangian is multivector-valued, and is studied using the techniques justdeveloped. The equations of motion are found and solved, and again it is argued that themodel fails to provide an acceptable picture of a classical spin-half particle.1. The Barut-Zanghi ModelThe Lagrangian of interest here was introduced by Barut & Zanghi [38] (see also [7, 61])and is given by L = 12j( _�		� �	 _	) + p�( _x� � �	
�	) + qA�(x) �	
�	 (5:44)where 	 is a Dirac spinor. Using the mapping described in Section (4.3), the Lagran-gian (5.45) can be written asL = h _ i�3 ~ + p( _x �  
0 ~ ) + qA(x) 
0 ~ i: (5:45)The dynamical variables are x, p and  , where  is an even multivector, and the dotdenotes di�erentiation with respect to some arbitrary parameter � .The Euler-Lagrange equation for  is@ L = @�(@ _ L)) @�(i�3 ~ ) = �i�3 _~ � 2
0 ~ p+ 2q
0 ~ A) _ i�3 = P 
0; (5.46)where P � p � qA: (5:47)In deriving (5.46) there is no pretence that  and ~ are independent variables. Insteadthey represent two occurrences of the same variable  and all aspects of the variationalprinciple are taken care of by the multivector derivative.The p equation is _x =  
0 ~ (5:48)but, since _x2 = �2 is not, in general, equal to 1, � cannot necessarily be viewed as theproper time for the particle. The x equation is_p = qrA(x)�( 
0 ~ )= q(r^A)� _x+ q _x�rA) _P = qF � _x: (5.49)We now use (5.28) to derive some consequences for this model. The Hamiltonian isgiven by H = _x�@ _xL+ _ �@ _ L� L= P � _x; (5.50)109



and is conserved absolutely. The 4-momentum and angular momentumare only conservedif A = 0, in which case (5.45) reduces to the free-particle LagrangianL0 = h _ i�3 ~ + p( _x�  
0 ~ )i: (5:51)The 4-momentum is found from translation invariance,x0 = x+ �a; (5:52)and is simply p. The component of p in the _x direction gives the energy (5.50). Theangular momentum is found from rotational invariance, for which we setx0 = e�B=2xe��B=2p0 = e�B=2pe��B=2 0 = e�B=2 : (5:53)It is immediately apparent that L00 is independent of �, so the quantity(B �x)�@ _xL0 + 12(B )�@ _ L0 = B �(x^p+ 12 i�3 ~ ) (5:54)is conserved for arbitrary B. The angular momentum is therefore de�ned byJ = p^x� 12 i�3 ~ ; (5:55)which identi�es � i�3 ~ =2 as the internal spin. The factor of 1=2 clearly originates fromthe transformation law (5.53). The free-particle model de�ned by (5.51) therefore doeshave some of the expected properties of a classical model for spin, though there is apotential problem with the de�nition of J (5.55) in that the spin contribution enters withthe opposite sign to that expected from �eld theory (see Chapter 6).Returning to the interacting model (5.45), further useful properties can be derivedfrom transformations in which the spinor is acted on from the right. These correspondto gauge transformations, though a wider class is now available than for the standardcolumn-spinor formulation. From the transformation 0 =  e�i�3 (5:56)we �nd that @�h ~ i = 0; (5:57)and the transformation  0 =  e��3 (5:58)yields @�hi ~ i = �2P �( 
3 ~ ): (5:59)Equations (5.57) and (5.59) combine to give@�( ~ ) = 2iP �( 
3 ~ ): (5:60)Finally, the duality transformation  0 =  e�i (5:61)110



yields 2h _ �3 ~ i = 0: (5:62)A number of features of the Lagrangian (5.45) make it an unsatisfactory model a clas-sical electron. We have already mentioned that the parameter � cannot be identi�ed withthe proper time of the particle. This is due to the lack of reparameterisation invariancein (5.45). More seriously, the model predicts a zero gyromagnetic moment [61]. Further-more, the _P equation (5.49) cannot be correct, since here one expects to see _p rather than_P coupling to F �x. Indeed, the de�nition of P (5.47) shows that equation (5.49) is notgauge invariant, which suggests that it is a lack of gauge invariance which lies behindsome of the unacceptable features of the model.2. Further Spin-half ModelsWe will now see how to modify the Lagrangian (5.45) to achieve a suitable set of classicalequations for a particle with spin. The �rst step is to consider gauge invariance. Underthe local gauge transformation  7!  expf�i�3�(� )g (5:63)the \kinetic" spinor term h _ i�3 ~ i transforms ash _ i�3 ~ i 7! h _ i�3 ~ i+ h ~ _�i: (5:64)The �nal term can be written as h ~ _�i = h ~ _x�(r�)i; (5:65)and, whenr� is generalised to an arbitrary gauge �eld qA, (5.64) produces the interactionterm LI = qh ~ _x�Ai: (5:66)This derivation shows clearly that the A �eld must couple to _x and not to  
0 ~ , as it isnot until after the equations of motion are found that  
0 ~ is set equal to _x. That thereshould be an _x�A term in the Lagrangian is natural since this is the interaction term fora classical point particle, and a requirement on any action that we construct is that itshould reproduce classical mechanics in the limit where spin e�ects are ignored (i.e. as�h 7! 0). But a problem still remains with (5.66) in that the factor of  ~ is unnaturaland produces an unwanted term in the  equation.. To remove this, we must replace theh _ i�3 ~ i term by L0 = h _ i�3 �1i; (5:67)where, for a spinor  = (�ei�)1=2R, �1 = (�ei�)�1=2 ~R: (5:68)In being led the term (5.67), we are forced to break with conventional usage of columnspinors. The term (5.67) now suggests what is needed for a suitable classical model. Thequantity h _ i�3 �1i is unchanged by both dilations and duality transformations of  and111



so is only dependent on the rotor part of  . It has been suggested that the rotor partof  encodes the dynamics of the electron �eld and that the factor of (� expfi�g)1=2 isa quantum-mechanical statistical term [29]. Accepting this, we should expect that ourclassical model should involve only the rotor part of  and that the density terms shouldhave no e�ect. Such a model requires that the Lagrangian be invariant under local changesof � expfi�g, as we have seen is the case for L0 (5.67). The remaining spinorial term isthe current term  
0 ~ which is already independent of the duality factor �. It can bemade independent of the density � as well by dividing by �. From these observations weare led to the LagrangianL = h _ i�3 �1 + p( _x�  
0 ~ =�) � q _x�Ai: (5:69)The p equation from (5.69) recovers_x =  
0 ~ =� = R
0 ~R; (5:70)so that _x2 = 1 and � is automatically the a�ne parameter. This removes one of thedefects with the Barut-Zanghi model. The x equation gives, using standard techniques,_p = qF � _x; (5:71)which is now manifestly gauge invariant and reduces to the Lorentz force law when thespin is ignored and the velocity and momentum are collinear, p = m _x. Finally, the  equation is found by making use of the results@ h M �1i =M �1 + _@ h M _ �1i = 0 (5:72)) @ hM �1i = � �1M �1 (5:73)and @ � = 12�@ ( 
0 ~  
0 ~ )= 2�
0�ei�
0 ~ = 2� �1 (5.74)to obtain �  �1 _ i�3 �1 � 1� (2
0 ~ p � 2 �1hp 
0 ~ i) = @�(i�3 �1): (5:75)By multiplying equation (5.75) with  , one obtains12 _S = p^ _x; (5:76)where S �  i�3 �1 = Ri�3 ~R: (5:77)112



Thus the  variation now leads directly to the precession equation for the spin. Thecomplete set of equations is now _S = 2p^ _x (5.78)_x = R
0 ~R (5.79)_p = qF � _x (5.80)which are manifestly Lorentz covariant and gauge invariant. The Hamiltonian is now p � _xand the free-particle angular momentum is still de�ned by J (5.55), though now the spinbivector S is always of unit magnitude.A �nal problem remains, however, which is that we have still not succeeded in con-structing a model which predicts the correct gyromagnetic moment. In order to achievethe correct coupling between the spin and the Faraday bivector, the Lagrangian (5.69)must be modi�ed toL = h _ i�3 �1 + p( _x�  
0 ~ =�) + q _x�A� q2mF i�3 �1i: (5:81)The equations of motion are now_S = 2p^ _x+ qmF�S_x = R
0 ~R (5.82)_p = qF � _x� q2mrF (x)�S;which recover the correct precession formulae in a constant magnetic �eld. When p is setequal to m _x, the equations (5.82) reduce to the pair of equations studied in [72].3. A Multivector Model | Pseudoclassical Mechanics Recon-sideredPseudoclassical mechanics [39, 73, 74] was originally introduced as the classical analogueof quantum spin one-half (i.e. for particles obeying Fermi statistics). The central idea isthat the \classical analogue" of the Pauli or Dirac algebras is an algebra where all innerproducts vanish, so that the dynamical variables are Grassmann variables. From thepoint of view of this thesis, such an idea appears fundamentally 
awed. Furthermore, wehave already seen how to construct sensible semi-classical approximations to Dirac theory.But once the Grassmann variables have been replaced by vectors through the procedureoutlined in Chapter 2, pseudoclassical Lagrangians do become interesting, in that theyprovide examples of acceptable multivector Lagrangians. Such a Lagrangian is studiedhere, from a number of di�erent perspectives. An interesting aside to this work is a newmethod of generating super-Lie algebras, which could form the basis for an alternativeapproach to their representation theory.The Lagrangian we will study is derived from a pseudoclassical Lagrangian introducedby Berezin & Marinov [39]. This has become a standard example in non-relativistic pseu-doclassical mechanics [73, Chapter 11]. With a slight change of notation, and droppingan irrelevant factors of j, the Lagrangian can be written asL = 12�i _�i � 12�ijk!i�j�k; (5:83)113



where the f�ig are formally Grassmann variable and the f!ig are a set of three scalarconstants. Here, i runs from 1 to 3 and, as always, the summation convention is implied.Replacing the set of Grassmann variables f�ig with a set of three (Cli�ord) vectors feig,the Lagrangian (5.83) becomes [1] L = 12ei^ _ei � !; (5:84)where ! = 12�ijk!iejek = !1(e2^e3) + !2(e3^e1) + !3(e1^e2): (5:85)The equations of motion from (5.84) are found by applying equation (5.21)@ei 12(ej^ _ej � !) = @t[@ _ei 12(ej^ _ej � !)]) _ei + 2�ijk!jek = �@tei) _ei = ��ijk!jek: (5.86)We have used the 3-dimensional result@aa^b = 2b; (5:87)and we stress again that this derivation uses a genuine calculus, so that each step iswell-de�ned.We are now in a position to see how the Lagrangian (5.84) satis�es the criteria tobe a \permitted" multivector Lagrangian. If B is an arbitrary bivector, then the scalarLagrangian hLBi produces the equations of motion@eihLBi � @t(@ _eihLBi) = 0) ( _ei + �ijk!jek)�B = 0: (5.88)For this to be satis�ed for all B, we simply require that the bracketed term vanishes.Hence equation (5.86) is indeed su�cient to ensure that each scalar component of L iscapable of simultaneous extremisation. This example illustrates a further point. For a�xed B, equation (5.88) does not lead to the full equations of motion (5.86). It is onlyby allowing B to vary that we arrive at (5.86). It is therefore an essential feature of theformalism that L is a multivector, and that (5.88) holds for all B.The equations of motion (5.86) can be written out in full to give_e1 = �!2e3 + !3e2_e2 = �!3e1 + !1e3_e3 = �!1e2 + !2e1; (5:89)which are a set of three coupled �rst-order vector equations. In terms of components,this gives nine scalar equations for nine unknowns, which illustrates how multivectorLagrangians have the potential to package up large numbers of equations into a single,highly compact entity. The equations (5.89) can be neatly combined into a single equationby introducing the reciprocal frame feig (1.132),e1 = e2^e3E�1n etc. (5:90)114



where En � e1^e2^e3: (5:91)With this, the equations (5.89) become _ei = ei�!; (5:92)which shows that potentially interesting geometry underlies this system, relating theequations of motion of a frame to its reciprocal.We now proceed to solve equation (5.92). On feeding (5.92) into (5.85), we �nd that_! = 0; (5:93)so that the ! plane is constant. We next observe that (5.89) also imply_En = 0; (5:94)which is important as it shows that, if the feig frame initially spans 3-dimensional space,then it will do so for all time. The constancy of En means that the reciprocal frame (5.90)satis�es _e1 = �!2e3 + !3e2 etc. (5:95)We now introduce the symmetric metric tensor g, de�ned byg(ei) = ei: (5:96)This de�nes the reciprocal bivector!� � g�1(!)= !1(e2^e3) + !2(e3^e1) + !3(e1^e2); (5.97)so that the reciprocal frame satis�es the equations_ei = ei�!�: (5:98)But, from (1.123), we have thatei�!� = ei �g�1(!) = g�1(ei�!): (5:99)Now, using (5.92), (5.98) and (5.99), we �nd thatg( _ei) = ei�! = _ei = @tg(ei) (5:100)) _g = 0: (5:101)Hence the metric tensor is constant, even though its matrix coe�cients are varying. Thevariation of the coe�cients of the metric tensor is therefore purely the result of the timevariation of the frame, and is not a property of the frame-independent tensor. It follows115



that the �ducial tensor (1.144) is also constant, and suggests that we should look at theequations of motion for the �ducial frame �i = h�1(ei). For the f�ig frame we �nd that_�i = h�1( _ei)= h�1(h�1(�i)�!)= �i �h�1(!): (5.102)If we de�ne the bivector
 = h�1(!) = !1�2�3 + !2�3�1 + !3�1�2 (5:103)(which must be constant, since both h and ! are), we see that the �ducial frame satis�esthe equation _�i = �i �
: (5:104)The underlying �ducial frame simply rotates at a constant frequency in the 
 plane. If�i(0) denotes the �ducial frame speci�ed by the initial setup of the feig frame, then thesolution to (5.104) is �i(t) = e�
t=2�i(0)e
t=2; (5:105)and the solution for the feig frame isei(t) = h(e�
t=2�i(0)e
t=2)ei(t) = h�1(e�
t=2�i(0)e
t=2): (5:106)Ultimately, the motion is that of an orthonormal frame viewed through a constant (sym-metric) distortion. The feig frame and its reciprocal representing the same thing viewedthrough the distortion and its inverse. The system is perhaps not quite as interesting asone might have hoped, and it has not proved possible to identify the motion of (5.106)with any physical system, except in the simple case where h = I. On the other hand, wedid start with a very simple Lagrangian and it is reassuring to recover a rotating framefrom an action that was motivated by the pseudoclassical mechanics of spin.Some simple consequences follow immediately from the solution (5.106). Firstly, thereis only one frequency in the system, � say, which is found via�2 = �
2= !12 + !22 + !32: (5.107)Secondly, since 
 = i(!1�1 + !2�2 + !3�3); (5:108)the vectors u � !1e1 + !2e2 + !3e3; (5:109)and u� = g�1(u); (5:110)are conserved. This also follows from u = �En!� (5.111)u� = En!: (5.112)116



Furthermore, eiei = h(�i)h(�i)= �ig(�i)= Tr(g) (5.113)must also be time-independent (as can be veri�ed directly from the equations of motion).The reciprocal quantity eiei = Tr(g�1) is also conserved. We thus have the set of fourstandard rotational invariants, �i�i, the axis, the plane of rotation and the volume scale-factor, each viewed through the pair of distortions h, h�1. This gives the following set of8 related conserved quantities:feiei, eiei, u, u�, !, !�, En, Eng: (5:114)Lagrangian Symmetries and Conserved QuantitiesWe now turn to a discussion of the symmetries of (5.84). Although we have solved theequations of motion exactly, it is instructive to derive some of their consequences directlyfrom the Lagrangian. We only consider continuous symmetries parameterised by a singlescalar, so the appropriate form of Noether's theorem is equation (5.28), which takes theform @aL0j�=0 = @t �12ei^(@ae0i)�����=0 : (5:115)In writing this we are explicitly making use of the equations of motion and so are �nding\on-shell" symmetries. The Lagrangian could be modi�ed to extend these symmetrieso�-shell, but this will not be considered here.We start with time translation. From (5.32), the Hamiltonian isH = 12ei^ _ei � L = !; (5:116)which is a constant bivector, as expected. The next symmetry to consider is a dilation,e0i = e�ei: (5:117)For this transformation, equation (5.115) gives2L = @t �12ei^ei� = 0; (5:118)so dilation symmetry shows that the Lagrangian vanishes along the classical path. Thisis quite common for �rst-order systems (the same is true of the Dirac Lagrangian), andis important in deriving other conserved quantities.The �nal \classical" symmetry to consider is a rotation,e0i = e�B=2eie��B=2: (5:119)Equation (5.115) now gives B�L = @t �12ei^(B �ei)� (5:120)117



but, since L = 0 when the equations of motion are satis�ed, the left hand side of (5.120)vanishes, and we �nd that the bivector ei^ (B �ei) in conserved. Had our Lagrangianbeen a scalar, we would have derived a scalar-valued function of B at this point, fromwhich a single conserved bivector | the angular momentum| could be found. Here ourLagrangian is a bivector, so we �nd a conserved bivector-valued function of a bivector |a set of 3�3 = 9 conserved scalars. The quantity ei^(B �ei) is a symmetric function ofB, however, so this reduces to 6 independent conserved scalars. To see what these arewe introduce the dual vector b = iB and replace the conserved bivector ei^(B�ei) by theequivalent vector-valued function,f (b) = ei �(b^ei) = ei�bei � beiei = g(b)� bTr(g): (5:121)This is conserved for all b, so we can contract with @b and observe that �2Tr(g) is constant.It follows that g(b) is constant for all b, so rotational symmetry implies conservation ofthe metric tensor | a total of 6 quantities, as expected.Now that we have derived conservation of g and !, the remaining conserved quantitiescan be found. For example, En = det(g)1=2i shows that En is constant. One interestingscalar-controlled symmetry remains, however, namelye0i = ei + �!ia; (5:122)where a is an arbitrary constant vector. For this symmetry (5.115) gives12a^ _u = @t �12ei^(!ia)� (5:123)) a^ _u = 0; (5:124)which holds for all a. Conservation of u therefore follows directly from the symmetrytransformation (5.122). This symmetry transformation bears a striking resemblance tothe transformation law for the fermionic sector of a supersymmetric theory [75]. Althoughthe geometry behind (5.122) is not clear, it is interesting to note that the pseudoscalartransforms as E 0n = En + �a^!; (5:125)and is therefore not invariant.Poisson Brackets and the Hamiltonian FormalismMany of the preceding results can also be derived from a Hamiltonian approach. As aby-product, this reveals a new and remarkably compact formula for a super-Lie bracket.We have already seen that the Hamiltonian for (5.84) is !, so we start by looking athow the Poisson bracket is de�ned in pseudoclassical mechanics [39]. Dropping the j andadjusting a sign, the Poisson bracket is de�ned byfa(�); b(�)gPB = a �@@�k @@�k b: (5:126)The geometric algebra form of this isfA;BgPB = (A�ek)^(ek �B); (5:127)118



where A and B are arbitrary multivectors. We will consider the consequences of thisde�nition in arbitrary dimensions initially, before returning to the Lagrangian (5.84).Equation (5.127) can be simpli�ed by utilising the �ducial tensor,(A�h�1(�k))^(h�1(�k)�B) = h[h�1(A)��k]^h[�k �h�1(B)]= h[(h�1(A)��k)^(�k �h�1(B))]: (5.128)If we now assume that A and B are homogeneous, we can employ the rearrangement(Ar ��k)^(�k �Bs) = 14h(Ar�k � (�1)r�kAr)(�kBs � (�1)sBs�k)ir+s�2= 14hnArBs � (n � 2r)ArBs � (n� 2s)ArBs+[n� 2(r + s� 2)]ArBsir+s�2= hArBsir+s�2 (5.129)to write the Poisson bracket asfAr; BsgPB = hhh�1(Ar)h�1(Bs)ir+s�2: (5:130)This is a very neat representation of the super-Poisson bracket. The combination rule issimple, since the h always sits outside everything:fAr; fBs; CtgPBgPB = h Dh�1(Ar)hh�1(Bs)h�1(Ct)is+t�2Er+s+t�4 : (5:131)Cli�ord multiplication is associative andhArBsir+s�2 = �(�1)rshBsArir+s�2; (5:132)so the bracket (5.130) generates a super-Lie algebra. This follows from the well-knownresult [76] that a graded associative algebra satisfying the graded commutator rela-tion (5.132) automatically satis�es the super-Jacobi identity. The bracket (5.130) there-fore provides a wonderfully compact realisation of a super-Lie algebra. We saw in Chap-ter 3 that any Lie algebra can be represented by a bivector algebra under the commutatorproduct. We now see that this is a special case of the more general class of algebras closedunder the product (5.130). A subject for future research will be to use (5.130) to extendthe techniques of Chapter 3 to include super-Lie algebras.Returning to the system de�ned by the Lagrangian (5.84), we can now derive theequations of motion from the Poisson bracket as follows,_ei = fei;HgPB= h(�i �
)= ei �!: (5.133)It is intersting to note that, in the case where h = I, time derivatives are determinedby (one-half) the commutator with the (bivector) Hamiltonian. This suggests an inter-esting comparison with quantum mechanics, which has been developed in more detailelsewhere [1]. 119



Similarly, some conservation laws can be derived, for examplefEn;HgPB = hhi
i3 = 0 (5:134)and f!;HgPB = hh

i2 = 0 (5:135)show that En and ! are conserved respectively. The bracket (5.130) gives zero for anyscalar-valued functions, however, so is no help in deriving conservation of eiei. Further-more, the bracket only gives the correct equations of motion for the feig frame, sincethese are the genuine dynamical variables.This concludes our discussion of pseudoclassical mechanics and multivector Lagran-gians in general. Multivector Lagrangians have been shown to possess the capability topackage up large numbers of variables in a single action principle, and it is to be hopedthat further, more interesting applications can be found. Elsewhere [1], the concept of abivector-valued action has been used to give a new formulation of the path integral forpseudoclassical mechanics. The path integrals considered involved genuine Riemann inte-grals in parameter space, though it has not yet proved possible to extend these integralsbeyond two dimensions.
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Chapter 6Field TheoryWe now extend the multivector derivative formalism of Chapter 5 to encompass �eldtheory. The multivector derivative is seen to provide great formal clarity by allowingspinors and tensors to be treated in a uni�ed way. The relevant form of Noether's theoremis derived and is used to �nd new conjugate currents in Dirac theory. The computationaladvantages of the multivector derivative formalism are further exempli�ed by derivationsof the stress-energy and angular-momentum tensors for Maxwell and coupled Maxwell-Dirac theory. This approach provides a clear understanding of the role of antisymmetricterms in the stress-energy tensor, and the relation of these terms to spin. This chapterconcludes with a discussion of how the formalism of multivector calculus is extended toincorporate di�erentiation with respect to a multilinear function. The results derivedin this section are crucial to the development of an STA-based theory of gravity, givenin Chapter 7. Many of the results obtained in this chapter appeared in the paper \Amultivector derivative approach to Lagrangian �eld theory" [7].Some additional notation is useful for expressions involving the vector derivative r.The left equivalent of r is written as  r and acts on multivectors to its immediate left.(It is not always necessary to use  r, as the overdot notation can be used to write A  r as_A _r.) The operator $r acts both to its left and right, and is taken as acting on everythingwithin a given expression, for exampleA $r B = _A _rB +A _r _B: (6:1)Transformations of spacetime position are written asx0 = f(x): (6:2)The di�erential of this is the linear functionf(a) = a�rf(x) = fx(a); (6:3)where the subscript labels the position dependence. A useful result for vector derivativesis that rx = @aa�rx= @a(a�rxx0)�rx0= @af(a)�rx0= fx(rx0): (6.4)121



6.1 The Field Equations and Noether's TheoremIn what follows, we restrict attention to the application of multivector calculus to rela-tivistic �eld theory. The results are easily extended to include the non-relativistic case.Furthermore, we are only concerned with scalar-valued Lagrangian densities. It has notyet proved possible to construct a multivector-valued �eld Lagrangian with interestingproperties.We start with a scalar-valued Lagrangian densityL = L( i; a�r i); (6:5)where f ig are a set of multivector �elds. The Lagrangian (6.5) is a functional of  i andthe directional derivatives of  i. In many cases it is possible to write L as a functional of and r , and this approach was adopted in [7]. Our main application will be to gravity,however, and there we need the more general form of (6.5).The action is de�ned as S = Z jd4xj L; (6:6)where jd4xj is the invariant measure. Proceeding as in Chapter 5, we write i(x) =  0i (x) + ��i(x); (6:7)where �i contains the same grades as  i, and  0i is the extremal path. Di�erentiating,and using the chain rule, we �nd that@�S = Z jd4xj [(@� i)�@ iL+ (@� i;�)�@ i;�L]= Z jd4xj [�i�@ iL+ (�i;�)�@ i;�L]: (6.8)Here, a �xed frame f
�g has been introduced, determining a set of coordinates x� � 
��x.The derivative of  i with respect to x� is denoted as  i;�. The multivector derivative@ i;� is de�ned in the same way as @ i. The frame can be eliminated in favour of themultivector derivative by de�ning @ i;a � a�@ i;� ; (6:9)where a� = 
� �a, and writing@�S = Z jd4xj [�i�@ iL + (@a�r�i)�@ i;aL]: (6:10)It is now possible to perform all manipulations without introducing a frame. This ensuresthat Lorentz invariance is manifest throughout the derivation of the �eld equations.Assuming that the boundary term vanishes, we obtain@�S = Z jd4xj�i�[@ iL � @a�r(@ i;aL)]: (6:11)122



Setting � = 0, so that the  i takes their extremal values, we �nd that the extremal pathis de�ned by the solutions of the Euler-Lagrange equations@ iL � @a �r(@ i;aL) = 0: (6:12)The multivector derivative allows for vectors, tensors and spinor variables to be handledin a single equation | a useful and powerful uni�cation.Noether's theorem for �eld Lagrangians is also be derived in the same manner as inChapter 5. We begin by considering a general multivector-parameterised transformation, 0i = f( i;M); (6:13)where f and M are position-independent functions and multivectors respectively. WithL0 � L( 0i; a�r 0i), we �nd thatA�@ML0 = fM( i; A)�@ 0iL0 + fM (@a�r i; A)�@ 0i;aL0= r�[@afM( i; A)�@ 0i;aL0] + fM ( i; A)�[@ 0iL0 � @a�r(@ 0i;aL0)]: (6.14)If we now assume that the  0i satisfy the same �eld equations as the  i (which must againbe veri�ed) then we �nd that@ML0 = @Ar�[@afM ( i; A)�@ 0i;aL0]: (6:15)This is a very general result, applying even when  0i is evaluated at a di�erent spacetimepoint from  i,  0i(x) = f [ i(h(x));M ]: (6:16)By restricting attention to a scalar-parameterised transformation, we can write@�L0j�=0 = r�[@b(@� 0i)�@ i;bL]����=0 ; (6:17)which holds provided that the  i satisfy the �eld equations (6.12) and the transformationis such that  0i(� = 0) =  i. Equation (6.17) turns out, in practice, to be the most usefulform of Noether's theorem.From (6.17) we de�ne the conjugate currentj = @b (@� 0ij�=0)�@ i;bL: (6:18)If L0 is independent of �, j satis�es the conservation equationr�j = 0: (6:19)An inertial frame relative to the constant time-like velocity 
0 then sees the chargeQ = Z jd3xjj �
0 (6:20)as conserved with respect to its local time.123



6.2 Spacetime Transformations and their ConjugateTensorsIn this section we use Noether's theorem in the form (6.17) to analyse the consequences ofPoincar�e and conformal invariance. These symmetries lead to the identi�cation of stress-energy and angular-momentum tensors, which are used in the applications to follow.1. TranslationsA translation of the spacetime �elds  i is achieved by de�ning new spacetime �elds  0i by 0i(x) =  i(x0); (6:21)where x0 = x+ �n: (6:22)Assuming that L0 is only x-dependent through the �elds  i(x), equation (6.17) givesn�rL = r�[@a(n�r i)�@ i;aL] (6:23)and from this we de�ne the canonical stress-energy tensor byT (n) = @a(n�r i)�@ i;aL � nL: (6:24)The function T (n) is linear on n and, from (6.23), T (n) satis�esr�T(n) = 0: (6:25)To write down a conserved quantity from T (n) it is useful to �rst construct the adjointfunction T (n) = @bhnT (b)i= @bhn�@a(b�r i)�@ i;aL � n�bLi= _rh _ i@ i;nLi � nL: (6.26)This satis�es the conservation equation_T ( _r) = 0; (6:27)which is the adjoint to (6.25). In the 
0 frame the �eld momentum is de�ned byp = Z jd3xjT (
0) (6:28)and, provided that the �elds all fall o� suitably at large distances, the momentum p isconserved with respect to local time. This follows from
0 �rp = Z jd3xj _T (
0
0 � _r)= � Z jd3xj _T (
0
0^ _r)= 0: (6.29)The total �eld energy, as seen in the 
0 frame, isE = Z jd3xj
0 �T (
0): (6:30)124



2. RotationsIf we assume initially that all �elds  i transform as spacetime vectors, then a rotation ofthese �elds from one spacetime point to another is performed by 0i(x) = e�B=2 i(x0)e��B=2; (6:31)where x0 = e��B=2xe�B=2: (6:32)This di�ers from the point-particle transformation law (5.53) in the relative directions ofthe rotations for the position vector x and the �elds  i. The result of this di�erence is achange in the relative sign of the spin contribution to the total angular momentum. Inorder to apply Noether's theorem (6.17), we use@� 0ij�=0 = B� i � (B �x)�r i (6:33)and @�L0j�=0 = �(B �x)�rL = r�(x�BL): (6:34)Together, these yield the conjugate vectorJ(B) = @a[B� i � (B �x)�r i]�@ i;aL +B �xL; (6:35)which satis�es r�J(B) = 0: (6:36)The adjoint to the conservation equation (6.36) is_J( _r)�B = 0 for all B) _J( _r) = 0: (6.37)The adjoint function J(n) is a position-dependent bivector-valued linear function of thevector n. We identify this as the canonical angular-momentum tensor. A conservedbivector in the 
0-system is constructed in the same manner as for T (n) (6.28). Thecalculation of the adjoint function J(n) is performed as follows:J(n) = @BhJ(B)ni= @Bh(B� i �B �(x^r) i)�@ i;nL +B �xLni= �x^[ _r _ i�@ i;nL � nL] + h i�@ i;nLi2= T (n)^x+ h i�@ i;nLi2: (6.38)If one of the �elds  , say, transforms single-sidedly (as a spinor), then J(n) contains theterm h12 @ ;nLi2.The �rst term in J(n) (6.38) is the routine p^x component, and the second term isdue to the spin of the �eld. The general form of J(n) is thereforeJ(n) = T (n)^x+ S(n): (6:39)125



By applying (6.37) to (6.39) and using (6.27), we �nd thatT ( _r)^ _x+ _S( _r) = 0: (6:40)The �rst term in (6.40) returns (twice) the characteristic bivector of T (n). Since theantisymmetric part of T (n) can be written in terms of the characteristic bivector B asT�(a) = 12B �a; (6:41)equation (6.40) becomes B = � _S( _r): (6:42)It follows that, in any Poincar�e-invariant theory, the antisymmetric part of the stress-energy tensor is a total divergence. But, whilst T�(n) is a total divergence, x^T�(n)certainly is not. So, in order for (6.37) to hold, the antisymmetric part of T (n) must beretained since it cancels the divergence of the spin term.3. DilationsWhile all fundamental theories should be Poincar�e-invariant, an interesting class go be-yond this and are invariant under conformal transformations. The conformal group con-tains two further symmetry transformations, dilations and special conformal transfor-mations. Dilations are considered here, and the results below are appropriate to anyscale-invariant theory.A dilation of the spacetime �elds is achieved by de�ning 0i(x) = edi� i(x0) (6:43)where x0 = e�x (6:44)) r 0i(x) = e(di+1)�rx0 i(x0): (6:45)If the theory is scale-invariant, it is possible to assign the \conformal weights" di in sucha way that the left-hand side of (6.17) becomes@�L0j�=0 = r�(xL): (6:46)In this case, equation (6.17) takes the formr�(xL) = r�[@a(di i + x�r i)�@ i;aL]; (6:47)from which the conserved currentj = di@a i�@ i;aL + T (x) (6:48)is read o�. Conservation of j (6.48) implies thatr�T(x) = @aT (a) = �r�(di@a i�@ i;aL) (6:49)so, in a scale-invariant theory, the trace of the canonical stress-energy tensor is a totaldivergence. By using the equations of motion, equation (6.49) can be written, in fourdimensions, as dih i@ iLi + (di + 1)(@a �r i)�@ i;aL = 4L; (6:50)which can be taken as an alternative de�nition for a scale-invariant theory.126



4. InversionsThe remaining generator of the conformal group is inversion,x0 = x�1: (6:51)As it stands, this is not parameterised by a scalar and so cannot be applied to (6.17). Inorder to derive a conserved tensor, the inversion (6.51) is combined with a translation tode�ne the special conformal transformation [77]x0 = h(x) � (x�1 + �n)�1 = x(1 + �nx)�1: (6:52)From this de�nition, the di�erential of h(x) is given byh(a) = a�rh(x) = (1 + �xn)�1a(1 + �nx)�1 (6:53)so that h de�nes a spacetime-dependent rotation/dilation. It follows that h satis�esh(a)�h(b) = �(x)a�b (6:54)where �(x) = (1 + 2�n�x+ �2x2n2)�2: (6:55)That the function h(a) satis�es equation (6.54) demonstrates that it belongs to the con-formal group.The form of h(a) (6.53) is used to postulate transformation laws for all �elds (includingspinors, which transform single-sidedly) such thatL0 = (deth)L( i(x0); h(a)�rx0 i(x0)); (6:56)which implies that @�L0j�=0 = @� dethj�=0L + (@�x0j�=0)�rL: (6:57)Since deth = (1 + 2�n�x+ �2x2n2)�4; (6:58)it follows that @� dethj�=0 = �8x�n: (6:59)We also �nd that @�x0j�=0 = �(xnx); (6:60)and these results combine to give@�L0j�=0 = �8x�nL � (xnx)�rL = �r�(xnxL): (6:61)Special conformal transformations therefore lead to a conserved tensor of the formTSC(n) = @ah(�(xnx)�r i+ @� 0i(x))�@ i;aL+ xnxLi�=0= �T (xnx) + @ah(@� 0i(x))�@ i;aLi�=0: (6.62)127



The essential quantity here is the vector �xnx, which is obtained by taking the constantvector n and re
ecting it in the hyperplane perpendicular to the chord joining the pointwhere n is evaluated to the origin. The resultant vector is then scaled by a factor of x2.In a conformally-invariant theory, both the antisymmetric part of T (n) and its traceare total divergences. These can therefore be removed to leave a new tensor T 0(n) whichis symmetric and traceless. The complete set of divergenceless tensors is then given byfT 0(x), T 0(n), xT 0(n)x, J 0(n) � T 0(n)^xg (6:63)This yields a set of 1 + 4 + 4 + 6 = 15 conserved quantities | the dimension of theconformal group. All this is well known, of course, but it is the �rst time that geometricalgebra has been systematically applied to this problem. It is therefore instructive tosee how geometric algebra is able to simplify many of the derivations, and to generate aclearer understanding of the results.6.3 ApplicationsWe now look at a number of applications of the formalism established in the precedingsections. We start by illustrating the techniques with the example of electromagnetism.This does not produce any new results, but does lead directly to the STA forms of theMaxwell equations and the electromagnetic stress-energy tensor. We next consider Diractheory, and a number of new conjugate currents will be identi�ed. A study of coupledMaxwell-Dirac theory then provides a useful analogue for the discussion of certain aspectsof a gauge theory of gravity, as described in Chapter 7. The �nal application is to a two-particle action which recovers the �eld equations discussed in Section 4.4.The essential result needed for what follows is@ ;ahb�r Mi = a�@ ;�h(b� ;�Mi= a�bP (M) (6.64)where P (M) is the projection ofM onto the grades contained in  . It is the result (6.64)that enables all calculations to be performed without the introduction of a frame. Itis often the case that the Lagrangian can be written in the form L( i;r i), when thefollowing result is useful: @ ;ahr Mi = @ ;ahb�r M@bi= a�bP (M@b)= P (Ma): (6.65)1. ElectromagnetismThe electromagnetic Lagrangian density is given byL = �A�J + 12F �F; (6:66)128



where A is the vector potential, F = r^A, and A couples to an external current J whichis not varied. To �nd the equations of motion we �rst write F �F as a function of rA,F �F = 14h(rA� (rA)~)2i= 12hrArA�rA(rA)~i: (6.67)The �eld equations therefore take the form�J � @b �r12hrAb� (rA)~bi1 = 0) �J � @b �rF �b = 0) r�F = J: (6.68)This is combined with the identity r^F = 0 to yield the full set of Maxwell's equations,rF = J .To calculate the free-�eld stress-energy tensor, we set J = 0 in (6.66) and work withL0 = 12hF 2i: (6:69)Equation (6.26) now gives the stress-energy tensor in the formT (n) = _rh _AF �ni � 12nhF 2i: (6:70)This expression is physically unsatisfactory as is stands, because it is not gauge-invariant.In order to �nd a gauge-invariant form of (6.70), we write [60]_rh _AF �ni = (r^A)�(F �n) + (F �n)�rA= F �(F �n)� (F � _r)�n _A (6.71)and observe that, since r�F = 0, the second term is a total divergence and can thereforebe ignored. What remains isT em(n) = F �(F �n)� 12nF �F= 12Fn ~F; (6.72)which is the form of the electromagnetic stress-energy tensor obtained by Hestenes [17].The tensor (6.72) is gauge-invariant, traceless and symmetric. The latter two propertiesfollow simultaneously from the identity@aT em(a) = @a 12Fa ~F = 0: (6:73)The angular momentum is obtained from (6.38), which yieldsJ(n) = ( _rh _AFni � 12nhF 2i)^x+A^(F �n); (6:74)where we have used the stress-energy tensor in the form (6.70). This expression su�ersfrom the same lack of gauge invariance, and is �xed up in the same way, using (6.71) and� (F �n)^A+ x^[(F � _r)�n _A] = x^[(F�$r)�nA]; (6:75)129



which is a total divergence. This leaves simplyJ(n) = T em(n)^x: (6:76)By rede�ning the stress-energy tensor to be symmetric, the spin contribution to theangular momentum is absorbed into (6.72). For the case of electromagnetism this has theadvantage that gauge invariance is manifest, but it also suppresses the spin-1 nature ofthe �eld. Suppressing the spin term in this manner is not always desirable, as we shallsee with the Dirac equation.The free-�eld Lagrangian (6.69) is not only Poincar�e-invariant; it is invariant underthe full conformal group of spacetime [7, 77]. The full set of divergenceless tensors forfree-�eld electromagnetism is therefore T em(x), T em(n), xT em(n)x, and T em(n)^x. It is asimple matter to calculate the modi�ed conservation equations when a current is present.2. Dirac Theory1The multivector derivative is particularly powerful when applied to the STA form of theDirac Lagrangian. We recall from Chapter 5 that the Lagrangian for the Dirac equationcan be written as (4.96) L = hr i
3 ~ � eA 
0 ~ �m ~ i; (6:77)where  is an even multivector and A is an external gauge �eld (which is not varied). Toverify that (6.77) does give the Dirac equation we use the Euler-Lagrange equations inthe form @ L = @a�r(@ ;aL) (6:78)to obtain (r i
3)~� 2e
0 ~ A� 2m ~ = @a�r(i
3 ~ a)= i
3 ~  r : (6.79)Reversing this equation, and postmultiplying by 
0, we obtainr i�3� eA = m 
0; (6:80)as found in Chapter 4 (4.92). Again, it is worth stressing that this derivation employs agenuine calculus, and does not resort to treating  and ~ as independent variables.We now analyse the Dirac equation from the viewpoint of the Lagrangian (6.77).In this Section we only consider position-independent transformations of the spinor  .Spacetime transformations are studied in the following section. The transformations weare interested in are of the type  0 =  e�M; (6:81)where M is a general multivector and � and M are independent of position. Operationson the right of  arise naturally in the STA formulation of Dirac theory, and can be1The basic idea developed in this section was provided by Anthony Lasenby.130



thought of as generalised gauge transformations. They have no such simple analogue inthe standard column-spinor treatment. Applying (6.17) to (6.81), we obtainr�h Mi
3 ~ i1 = @�L0j�=0 ; (6:82)which is a result that we shall exploit by substituting various quantities for M . If M isodd both sides vanish identically, so useful information is only obtained when M is even.The �rst even M to consider is a scalar, �, so that h Mi
3 ~ i1 is zero. It follows that@� �e2��L�����=0 = 0) L = 0; (6.83)and hence that, when the equations of motion are satis�ed, the Dirac Lagrangian vanishes.Next, setting M = i, equation (6.82) gives�r�(�s) = �m@�he2i��ei�i����=0 ;)r�(�s) = �2m� sin �; (6.84)where �s =  
3 ~ is the spin current. This equation is well-known [33], though it is notusually observed that the spin current is the current conjugate to duality rotations. Inconventional versions, these would be called \axial rotations", with the role of i taken by
5. In the STA approach, however, these rotations are identical to duality transformationsfor the electromagnetic �eld. The duality transformation generated by ei� is also thecontinuous analogue of the discrete symmetry of mass conjugation, since  7!  i changesthe sign of the mass term in L. It is no surprise, therefore, that the conjugate current,�s, is conserved for massless particles.Finally, taking M to be an arbitrary bivector B yieldsr�( B �(i
3) ~ ) = 2hr iB �
3 ~ � eA B �
0 ~ i= DeA (�3B�3 �B)
0 ~ E ; (6.85)where the Dirac equation (6.80) has beed used. Both sides of(6.85) vanish for B = i�1; i�2and �3, with useful equations arising on taking B = �1; �2 and i�3. The last of these,B = i�3, corresponds to the usual U(1) gauge transformation of the spinor �eld, and givesr�J = 0; (6:86)where J =  
0 ~ is the current conjugate to phase transformations, and is strictly con-served. The remaining transformations generated by e��1 and e��2 giver�(�e1) = 2e�A�e2r�(�e2) = �2e�A�e1; (6:87)where �e� =  
� ~ . Although these equations have been found before [33], the role of�e1 and �e2 as currents conjugate to right-sided e��2 and e��1 transformations has notbeen noted. Right multiplication by �1 and �2 generates charge conjugation, since thetransformation  7!  0 �  �1 takes (6.80) intor 0i�3 + eA 0 = m 0
0: (6:88)It follows that the conjugate currents are conserved exactly if the external potential van-ishes, or the particle has zero charge. 131



3. Spacetime Transformations in Maxwell-Dirac TheoryThe canonical stress-energy and angular-momentum tensors are derived from spacetimesymmetries. In considering these it is useful to work with the full coupled Maxwell-DiracLagrangian, in which the free-�eld term for the electromagnetic �eld is also included. Thisensures that the Lagrangian is Poincar�e-invariant. The full Lagrangian is thereforeL = hr i
3 ~ � eA 
0 ~ �m ~ + 12F 2i; (6:89)in which both  and A are dynamical variables.From the de�nition of the stress-energy tensor (6.26) and the fact that the Dirac partof the Lagrangian vanishes when the �eld equations are satis�ed (6.83), T (n) is given byT (n) = _rh _ i
3 ~ ni + _rh _AFni � 12nF �F: (6:90)Again, this is not gauge-invariant and a total divergence must be removed to recover agauge-invariant tensor. The manipulations are as at (6.71), and now yieldTmd(n) = _rh _ i
3 ~ ni � n�JA+ 12 ~FnF; (6:91)where J =  
0 ~ . The tensor (6.91) is now gauge-invariant, and conservation can bechecked simply from the �eld equations. The �rst and last terms are the free-�eld stress-energy tensors and the middle term, �n�JA, arises from the coupling. The stress-energytensor for the Dirac theory in the presence of an external �eld A is conventionally de�nedby the �rst two terms of (6.91), since the combination of these is gauge-invariant.Only the free-�eld electromagnetic contribution to Tmd (6.91) is symmetric; the otherterms each contain antisymmetric parts. The overall antisymmetric contribution isT�(n) = 12 [Tmd(n)� Tmd(n)]= 12n�[A^J � _r^h _ i
3 ~ i1]= 12n�hAJ �r i
3 ~ + _rh _ i
3 ~ i3i2= n�(r�(14i�s))= n�(�ir^(14�s)); (6.92)and is therefore completely determined by the exterior derivative of the spin current [78].The angular momentum is found from (6.39) and, once the total divergence is removed,the gauge-invariant form is J(n) = Tmd(n)^x+ 12i�s^n: (6:93)The ease of derivation of J(n) (6.93) compares favourably with traditional operator-basedapproaches [60]. It is crucial to the identi�cation of the spin contribution to the angularmomentum that the antisymmetric component of Tmd(n) is retained. In (6.93) the spinterm is determined by the trivector is, and the fact that this trivector can be dualised tothe vector s is a unique property of four-dimensional spacetime.132



The sole term breaking conformal invariance in (6.89) is the mass term hm ~ i, andit is useful to consider the currents conjugate to dilations and special conformal transfor-mations, and to see how their non-conservation arises from this term. For dilations, theconformal weight of a spinor �eld is 32, and equation (6.48) yields the currentjd = Tmd(x) (6:94)(after subtracting out a total divergence). The conservation equation isr�jd = @a�Tmd(a)= hm ~ i: (6.95)Under a spacetime transformation the A �eld transforms asA(x) 7! A0(x) � f [A(x0)]; (6:96)where x0 = f(x). For a special conformal transformation, therefore, we have thatA0(x) = (1 + �nx)�1A(x0)(1 + �xn)�1: (6:97)Since this is a rotation/dilation, we postulate for  the single-sided transformation 0(x) = (1 + �nx)�2(1 + �xn)�1 (x0): (6:98)In order to verify that the condition (6.56) can be satis�ed, we need the neat result thatr �(1 + �nx)�2(1 + �xn)�1� = 0: (6:99)This holds for all vectors n, and the bracketed term is immediately a solution of themassless Dirac equation (it is a monogenic function on spacetime). It follows from (6.56)that the conserved tensor isT SC(n) = �Tmd(xnx)� n�(ix^(�s)): (6:100)and the conservation equation isr�TSC(xnx) = �2hm ~ in�x: (6:101)In both (6.95) and (6.101) the conjugate tensors are conserved as the mass goes to zero,as expected.4. The Two-Particle Dirac ActionOur �nal application is to see how the two-particle equation (4.147) can be obtained froman action integral. The Lagrangian isL = h(r1m1 + r2m2 ) J(
10 + 
20) ~ � 2 ~ i; (6:102)133



where  is a function of position in the 8-dimensional con�guration space, and r1 andr2 are the vector derivatives in their respective spaces. The action isS = Z jd8xj L: (6:103)If we de�ne the function h by h(a) = i1a�i1m1 + i2a�i2m2 ; (6:104)where i1 and i2 are the pseudoscalars for particle-one and particle-two spaces respectively,then we can write the action asS = Z jd8xj hh(@b)b�r J(
10 + 
20) ~ � 2 ~ i: (6:105)Herer = r1+r2 is the vector derivative in 8-dimensional con�guration space. The �eldequation is @ L = @a �r(@ ;aL); (6:106)which leads to [h(@a)a�r J(
10 + 
20)]~� 4 ~ = @a�r[J(
10 + 
20) ~ h(a)]: (6:107)The reverse of this equation ish(@a)a�r J(
10 + 
20) = 2 (6:108)and post-multiplying by (
10 + 
20) obtains(r1m1 + r2m2 ) J =  (
10 + 
20); (6:109)as used in Section 4.4.The action (6.102) is invariant under phase rotations in two-particle space, 7!  0 �  e��J; (6:110)and the conserved current conjugate to this symmetry isj = @a(� J)�@ ;aL= @ah E(
10 + 
20) ~ h(a)i= hh E(
10 + 
20) ~ i1: (6.111)This current satis�es the conservation equationr�j = 0 (6:112)or, absorbing the factor of E into  ,(r1m1 + r2m2 )�h (
10 + 
20) ~ i1 = 0: (6:113)Some properties of this current were discussed brie
y in Section 4.4.134



6.4 Multivector Techniques for Functional Di�eren-tiationWe have seen how the multivector derivative provides a natural and powerful extensionto the calculus of single-variable functions. We now wish to extend these techniques toencompass the derivative with respect to a linear function h(a). We start by introducinga �xed frame feig, and de�ne the scalar coe�cientshij � h(ei)�ej: (6:114)Each of the scalars hij can be di�erentiated with respect to, and we seek a method ofcombining these into a single multivector operator. If we consider the derivative withrespect to hij on the scalar h(b)�c, we �nd that@hijh(b)�c = @hij (bkclhkl)= bicj: (6.115)If we now multiply both sides of this expression by a�eiej we obtaina�eiej@hijh(b)�c = a�bc: (6:116)This successfully assembles a frame-independent vector on the right-hand side, so the op-erator a�eiej@hij must also be frame-independent. We therefore de�ne the vector functionalderivative @h(a) by @h(a) � a�eiej@hij ; (6:117)where all indices are summed over and hij is given by (6.114).The essential property of @h(a) is, from (6.116),@h(a)h(b)�c = a�bc (6:118)and this result, together with Leibniz' rule, is su�cient to derive all the required propertiesof the @h(a) operator. The procedure is as follows. With B a �xed bivector, we write@h(a)hh(b^c)Bi = _@h(a)h _h(b)h(c)Bi � _@h(a)h _h(c)h(b)Bi= a�bh(c)�B � a�ch(b)�B= h[a�(b^c)]�B (6.119)which extends, by linearity, to give@h(a)hh(A)Bi = h(a�A)�B; (6:120)where A and B are both bivectors. Proceeding in this manner, we �nd the general formula@h(a)hh(A)Bi =Xr hh(a�Ar)Bri1: (6:121)135



For a �xed grade-r multivector Ar, we can now write@h(a)h(Ar) = @h(a)hh(Ar)Xri@Xr= hh(a�Ar)Xri1@Xr= (n� r + 1)h(a�Ar); (6.122)where n is the dimension of the space and a result from page 58 of [24] has been used.Equation (6.121) can be used to derive formulae for the functional derivative of theadjoint. The general result is@h(a)h(Ar) = @h(a)hh(Xr)Ari@Xr= hh(a� _Xr)Ari1 _@Xr : (6.123)When A is a vector, this admits the simpler form@h(a)h(b) = ba: (6:124)If h is a symmetric function then h = h, but this cannot be exploited for functionaldi�erentiation, since h and h are independent for the purposes of calculus.As two �nal applications, we derive results for the functional derivative of the deter-minant (1.115) and the inverse function (1.125). For the determinant, we �nd that@h(a)h(I) = h(a�I)) @h(a) det(h) = h(a�I)I�1= det(h)h�1(a); (6.125)where we have recalled the de�nition of the inverse (1.125). This coincides with standardformulae for the functional derivative of the determinant by its corresponding tensor. Theproof given here, which follows directly from the de�nitions of the determinant and theinverse, is considerably more concise than any available to conventional matrix/tensormethods. The result for the inverse function is found from@h(a)hh(Br)h�1(Ar)i = hh(a�Br)h�1(Ar)i1 + _@h(a)h _h�1(Ar)h(Br)i = 0 (6:126)from which it follows that@h(a)hh�1(Ar)Bri = �hh[a�h�1(Br)]h�1(Ar)i1= �hh�1(a)�Brh�1(Ar)i1; (6.127)where use has been made of results for the adjoint (1.123).We have now assembled most of the necessary formalism and results for the applicationof geometric calculus to �eld theory. In the �nal chapter we apply this formalism todevelop a gauge theory of gravity. 136



Chapter 7Gravity as a Gauge TheoryIn this chapter the formalism described throughout the earlier chapters of this thesis isemployed to develop a gauge theory of gravity. Our starting point is the Dirac action, andwe begin by recalling how electromagnetic interactions arise through right-sided transfor-mations of the spinor �eld  . We then turn to a discussion of Poincar�e invariance, andattempt to introduce gravitational interactions in a way that closely mirrors the intro-duction of the electromagnetic sector. The new dynamical �elds are identi�ed, and anaction is constructed for these. The �eld equations are then found and the derivationof these is shown to introduce an important consistency requirement. In order that thecorrect minimally-coupled Dirac equation is obtained, one is forced to use the simplestaction for the gravitational �elds | the Ricci scalar. Some free-�eld solutions are ob-tained and are compared with those of general relativity. Aspects of the manner in whichthe theory employs only active transformations are then illustrated with a discussion ofextended-matter distributions.By treating gravity as a gauge theory of active transformations in the (
at) spacetimealgebra, some important di�erences from general relativity emerge. Firstly, coordinatesare unnecessary and play an entirely secondary role. Points are represented by vectors,and all formulae given are coordinate-free. The result is a theory in which spacetime doesnot play an active role, and it is meaningless to assign physical properties to spacetime.The theory is one of forces, not geometry. Secondly, the gauge-theory approach leadsto a �rst-order set of equations. Despite the fact that the introduction of a set of coor-dinates reproduces the matter-free �eld equations of general relativity, the requirementthat the �rst-order variables should exist globally has important consequences. These areillustrated by a discussion of point-source solutions.There has, of course, been a considerable discussion of whether and how gravity canbe formulated as a gauge theory. The earliest attempt was by Utiyama [79], and hisideas were later re�ned by Kibble [80]. This led to the development of what is nowknown as the Einstein-Cartan-Kibble-Sciama (ECKS) theory of gravity. A detailed reviewof this subject was given in 1976 by Hehl et al. [81]. More recently, the �bre-bundleapproach to gauge theories has been used to study general relativity [82]. All thesedevelopments share the idea that, at its most fundamental level, gravity is the resultof spacetime curvature (and, more generally, of torsion). Furthermore, many of thesetreatments rely on an uncomfortable mixture of passive coordinate transformations and137



active tetrad transformations. Even when active transformations are emphasised, as byHehl et al., the transformations are still viewed as taking place on an initially curvedspacetime manifold. Such ideas are rejected here, as is inevitable if one only discusses theproperties of spacetime �elds, and the interactions between them.7.1 Gauge Theories and GravityWe prepare for a discussion of gravity by �rst studying how electromagnetism is introducedinto the Dirac equation. We start with the Dirac action in the formSD = Z jd4xjhr i
3 ~ �m ~ i; (7:1)and recall that, on de�ning the transformation 7!  0 �  e�i�3�; (7:2)the action is the same whether viewed as a function of  or  0. This is global phaseinvariance. The transformation (7.2) is a special case of the more general transformation 0 =  ~R0; (7:3)where R0 is a constant rotor. We saw in Chapter 4 that a Dirac spinor encodes aninstruction to rotate the f
�g frame onto a frame of observables fe�g.  0 is then thespinor that generates the same observables from the rotated initial frame
0� = R0
� ~R0: (7:4)It is easily seen that (7.3) and (7.4) together form a symmetry of the action, sincehr 0i
03 ~ 0 �m 0 ~ 0i = hr ~R0iR0
3 ~R0R0 ~ �m ~R0R0 ~ i= hr i
3 ~ �m ~ i: (7.5)The phase rotation (7.2) is singled out by the property that it leaves both the time-like
0-axis and space-like 
3-axis unchanged.There is a considerable advantage in introducing electromagnetic interactions throughtransformations such as (7.3). When we come to consider spacetime rotations, we will �ndthat the only di�erence is that the rotor R0 multiplies  from the left instead of from theright. We can therefore use an identical formalism for introducing both electromagneticand gravitational interactions.Following the standard ideas about gauge symmetries, we now ask what happens ifthe phase � in (7.2) becomes a function of position. To make the comparison with gravityas clear as possible, we write the transformation as (7.3) and only restrict ~R0 to be ofthe form of (7.2) once the gauging has been carried out. To study the e�ect of thetransformation (7.3) we �rst write the vector derivative of  asr = @a(a�r ) (7:6)138



which contains a coordinate-free contraction of the directional derivatives of  with theirvector directions. Under the transformation (7.3) the directional derivative becomesa�r 0 = a�r( ~R0)= a�r ~R0+  a�r ~R0= a�r ~R0� 12 ~R0�(a); (7.7)where �(a) � �2R0a�r ~R0: (7:8)From the discussion of Lie groups in Section (3.1), it follows that �(a) belongs to theLie algebra of the rotor group, and so is a (position-dependent) bivector-valued linearfunction of the vector a.It is now clear that, to maintain local invariance, we must replace the directionalderivatives a�r by covariant derivatives Da, whereDa � a�r + 12 
(a): (7:9)We are thus forced to introduce a new set of dynamical variables | the bivector �eld
(a). The transformation properties of 
(a) must be the same as those of �(a). To �ndthese, replace  0 by  and consider the new transformation 7!  0 =  ~R; (7:10)so that the rotor ~R0 is transformed to ~R0 ~R = (RR0)~. The bivector �(a) then transformsto �0(a) = �2(RR0)a�r(RR0)~= R�(a) ~R� 2Ra�r ~R: (7.11)It follows that the transformation law for 
(a) is
(a) 7! 
0(a) � R
(a) ~R � 2Ra�r ~R; (7:12)which ensures thatDa0( 0) = a�r( ~R) + 12 ~R
0(a)= a�r( ~R) + 12 ~R(R
(a) ~R � 2Ra�r ~R)= a�r ~R+ 12 
(a) ~R= Da( ) ~R: (7.13)The action integral (7.1) is now modi�ed toS0 = Z jd4xjh@aDa i
3 ~ �m ~ i; (7:14)from which the �eld equations arer i
3 + 12@a 
(a)�(i
3) = m : (7:15)139



For the case of electromagnetism, the rotor R is restricted to the form of (7.2), so themost general form that 
(a) can take is
(a) = 2a�(eA)i�3: (7:16)The \minimally-coupled" equation is nowr i
3 � eA 
0 = m ; (7:17)recovering the correct form of the Dirac equation in the presence of an external A �eld.7.1.1 Local Poincar�e InvarianceOur starting point for the introduction of gravity as a gauge theory is the Dirac action(7.1), for which we study the e�ect of local Poincar�e transformations of the spacetime�elds. We �rst consider translations (x) 7!  0(x) �  (x0); (7:18)where x0 = x+ a (7:19)and a is a constant vector. To make these translations local, the vector a must become afunction of position. This is achieved by replacing (7.19) withx0 = f(x); (7:20)where f(x) is now an arbitrary mapping between spacetime positions. We continue torefer to (7.20) as a translation, as this avoids overuse of the word \transformation". Itis implicit in what follows that all translations are local and are therefore determined bycompletely arbitrary mappings. The translation (7.20) has the interpretation that the�eld  has been physically moved from the old position x0 to the new position x. Thesame holds for the observables formed from  , for example the current J(x) =  
0 ~ istransformed to J 0(x) = J(x0).As it stands, the translation de�ned by (7.20) is not a symmetry of the action, sincer 0(x) = r (f(x))= f(rx0) (x0); (7.21)and the action becomesS0 = Z jd4x0j (det f )�1hf (rx0) 0i
3 ~ 0 �m 0 ~ 0i: (7:22)To recover a symmetry from (7.20), one must introduce an arbitrary, position-dependentlinear function h. The new action is then written asSh = Z jd4xj(deth)�1 hh(r) i
3 ~ �m ~ i: (7:23)140



Under the translation  (x) 7!  0(x) �  (f(x)); (7:24)the action Sh transforms toS0h = Z jd4x0j(det f)�1(deth0)�1hh0 f (rx0) 0i
3 ~ 0 �m 0 ~ 0i (7:25)and the original action is recovered provided that h has the transformation lawhx 7! h0x � hx0f�1x where x0 = f(x): (7:26)This is usually the most useful form for explicit calculations, though alternatively we canwrite hx 7! h0x � hx0fx0 where x = f(x0); (7:27)which is sometimes more convenient to work with.In arriving at (7.23) we have only taken local translations into account | the currentsare being moved from one spacetime position to another. To arrive at a gauge theoryof the full Poincar�e group we must consider rotations as well. (As always, the term\rotation" is meant in the sense of Lorentz transformation.) In Chapter 6, rotationalinvariance of the Dirac action (7.1) was seen by considering transformations of the type (x) 7! R0 ( ~R0xR0), where R0 is a constant rotor. By writing the action in the formof (7.23), however, we have already allowed for the most general type of transformationof position dependence. We can therefore translate back to x, so that the rotation takesplace at a point. In doing so, we completely decouple rotations and translations. This isillustrated by thinking in terms of the frame of observables fe�g. Given this frame at apoint x, there are two transformations that we can perform on it. We can either moveit somewhere else (keeping it in the same orientation with respect to the f
�g frame),or we can rotate it at a point. These two operations correspond to di�erent symmetries.A suitable physical picture might be to think of \experiments" in place of frames. Weexpect that the physics of the experiment will be una�ected by moving the experimentto another point, or by changing its orientation in space.Active rotations of the spinor observables are driven by rotations of the spinor �eld, 7!  0 � R0 : (7:28)Since h(a) is a spacetime vector �eld, the corresponding law for h must beh(a) 7! h0(a) � R0h(a) ~R0: (7.29)By writing the action (7.23) in the formSh = Z jd4xj(deth)�1 hh(@a)a�r i
3 ~ �m ~ i; (7:30)we observe that it is now invariant under the rotations de�ned by (7.28) and (7.29). Allrotations now take place at a point, and the presence of the h �eld ensures that a rotation141



at a point has become a global symmetry. To make this symmetry local, we need onlyreplace the directional derivative of  by a covariant derivative, with the property thatD0a(R ) = RDa ; (7:31)where R is a position-dependent rotor. But this is precisely the problem that was tackledat the start of this section, the only di�erence being that the rotor R now sits to the leftof  . Following the same arguments, we immediately arrive at the de�nition:Da � (a�r+ 12
(a)) ; (7:32)where 
(a) is a (position-dependent) bivector-valued linear function of the vector a. Underlocal rotations  7! R , 
(a) transforms to
(a) 7! 
(a)0 � R
(a) ~R � 2a�rR ~R: (7:33)Under local translations, 
(a) must transform in the same manner as the a � rR ~R term,so 
x(a) 7! 
x0fx(a) if x0 = f(x);
x(a) 7! 
x0f�1x0 (a) if x = f(x0): (7:34)(The subscript x on 
x(a) labels the position dependence.)The action integralS = Z jd4xj(deth)�1 hh(@a)Da i
3 ~ �m ~ i; (7:35)is now invariant under both local translations and rotations. The �eld equations derivedfrom S will have the property that, if f ; h;
g form a solution, then so too will anynew �elds obtained from these by local Poincar�e transformations. This local Poincar�esymmetry has been achieved by the introduction of two gauge �elds, h and 
, with atotal of (4�4) + (4�6) = 40 degrees of freedom. This is precisely the number expectedfrom gauging the 10-dimensional Poincar�e group.Before turning to the construction of an action integral for the gauge �elds, we lookat how the covariant derivative of (7.32) must extend to act on the physical observablesderived from  . These observables are all formed by the double-sided action of the spinor�eld  on a constant multivector � (formed from the f
�g) so thatA �  � ~ : (7:36)The multivector A therefore transforms under rotations asA 7! RA ~R; (7.37)and under translations as A(x) 7! A(f(x)): (7.38)We refer to objects with the same transformation laws as A as being covariant (an exampleis the current, J =  
0 ~ ). If we now consider directional derivatives of A, we see thatthese can be written as a�rA = (a�r )� ~ +  �(a�r )~; (7:39)142



which immediately tells us how to turn these into covariant derivatives. Rotations of A aredriven by single-sided rotations of the spinor �eld  , so to arrive at a covariant derivativeof A we simply replace the spinor directional derivatives by covariant derivatives, yielding(Da )� ~ +  �(Da )~= (a�r )� ~ +  �(a�r )~+ 12
(a) � ~ � 12 � ~ 
(a)= a�r( �~ ) + 
(a)�( � ~ ): (7.40)We therefore de�ne the covariant derivative for \observables" byDaA � a�rA+ 
(a)�A: (7:41)This is applicable to all multivector �elds which transform double-sidedly under rotations.The operator Da has the important property of satisfying Leibniz' rule,Da(AB) = (DaA)B +A(DaB); (7:42)so that Da is a derivation. This follows from the identity
(a)�(AB) = (
(a)�A)B +A(
(a)�B): (7:43)For notational convenience we de�ne the further operatorsD � h(@a)Da (7.44)DA � h(@a)DaA; (7.45)and for the latter we write DA = D�A+D^A; (7:46)where D�Ar � hDAir�1 (7.47)D^Ar � hDAir+1: (7.48)The operator D can be thought of as a covariant vector derivative. D and D have thefurther properties that a�D = Dh(a) (7.49)a�D = Dh(a): (7.50)7.1.2 Gravitational Action and the Field EquationsConstructing a form of the Dirac action that is invariant under local Poincar�e transfor-mations has required the introduction of h and 
 �elds, with the transformation proper-ties (7.26), (7.29), (7.33) and (7.34). We now look for invariant scalar quantities that canbe formed from these. We start by de�ning the �eld-strength R(a^b) by12R(a^b) � [Da;Db] ; (7:51)143



so that R(a^b) = a�r
(b)� b�r
(a) + 
(a)�
(b): (7:52)R(a^ b) is a bivector-valued function of its bivector argument a^ b. For an arbitrarybivector argument we de�neR(a^c+ c^d) = R(a^b) +R(c^d) (7:53)so that R(B) is now a bivector-valued linear function of its bivector argument B. Thespace of bivectors is 6-dimensional so R(B) has, at most, 36 degrees of freedom. (Thecounting of degrees of freedom is somewhat easier than in conventional tensor calculus,since two of the symmetries of R��
� are automatically incorporated.) R(B) transformsunder local translations asRx(B) 7! Rx0fx(B) where x0 = f(x); (7:54)and under local rotations as R(B) 7! R0R(B) ~R0: (7:55)The �eld-strength is contracted once to form the linear functionR(b) = h(@a)�R(a^b); (7:56)which has the same transformation properties as R(B). We use the same symbol forboth functions and distinguish between them through their argument, which is either abivector (B or a^b) or a vector (a).Contracting once more, we arrive at the (\Ricci") scalarR = h(@b)�R(b) = h(@b^@a)�R(a^b): (7:57)R transforms as a scalar function under both rotations and translations. As an aside,it is interesting to construct the analogous quantity to R for the electromagnetic gaugesector. For this we �nd that [Dema ;Demb ] = e(b^a)�F i�3 (7:58)) h(@b^@a)[Dema ;Demb ] = �2eh(F ) i�3: (7:59)Interestingly, this suggests that the bivector h(F ) has a similar status to the Ricci scalar,and not to the �eld-strength tensor.Since the Ricci scalar R is a covariant scalar, the action integralSG = Z jd4xj(deth)�1R=2 (7:60)is invariant under all local Poincar�e transformations. The choice of action integral (7.60) isthe same as that of the Hilbert-Palatini principle in general relativity, and we investigatethe consequences of this choice now. Once we have derived both the gravitational andmatter equations, we will return to the subject of whether this choice is unique.144



From (7.60) we write the Lagrangian density asLG = 12Rdet h�1 = LG(h(a);
(a); b�r
(a)): (7:61)The action integral (7.60) is over a region of 
at spacetime, so all the variational princi-ple techniques developed in Chapter 6 hold without modi�cation. The only elaborationneeded is to de�ne a calculus for 
(a). Such a calculus can be de�ned in precisely thesame way as the derivative @h(a) was de�ned (6.117). The essential results are:@
(a)h
(b)Bi = a�bB (7.62)@
(b);ahc�r
(d)Bi = a�cb�dB; (7.63)where B is an arbitrary bivector.We assume that the overall action is of the formL = LG � �LM ; (7:64)where LM describes the matter content and � = 8�G. The �rst of the �eld equations isfound by varying with respect to h, producing�@h(a)LM = 12@h(a)(hh(@b^@c)R(c^b)ideth�1)= (R(a)� 12h�1(a)R) deth�1: (7.65)The functional derivative with respect to h(a) of the matter Lagrangian is taken to de�nethe stress-energy tensor of the matter �eld throughT h�1(a) deth�1 � @h(a)LM ; (7:66)so that we arrive at the �eld equations in the formR(a)� 12h�1(a)R = �T h�1(a): (7:67)It is now appropriate to de�ne the functionsR(a^b) � Rh(a^b) (7.68)R(a) � Rh(a) = @a�R(a^b) (7.69)G � R(a)� 12aR: (7.70)These are covariant under translations (they simply change their position dependence),and under rotations they transform as e.g.R(B) 7! R0R( ~R0BR0) ~R0: (7:71)Equation (7.71) is the de�ning rule for the transformation properties of a tensor, andwe hereafter refer to (7.68) through to (7.70) as the Riemann, Ricci and Einstein tensorsrespectively. We can now write (7.67) in the formG(a) = �T (a); (7:72)145



which is the (
at-space) gauge-theory equivalent of Einstein's �eld equations.In the limit of vanishing gravitational �elds (h(a) 7! a and 
(a) 7! 0) the stress-energy tensor de�ned by (7.66) agrees with the canonical stress-energy tensor (6.24), upto a total divergence. When 
(a) vanishes, the matter action is obtained from the free-�eld L( i; a�r i) through the introduction of the transformation de�ned by x0 = h(x).Denoting the transformed �elds by  0i, we �nd that@h(a)[(deth)�1L0]���h=I = @h(a)L( 0i; h(a)�r 0i)���h=I � aL (7:73)and @h(a)L( 0i; h(b)�r 0i)���h=I= @h(a)[ 0i�@ iL + (@b�h(r) 0i)�@ i;bL]h=I= @b(a�r i)�@ i;bL+ @h(a) _ 0i�[@ iL + h(@b)� _r@ i;bL]h=I : (7.74)When the �eld equations are satisifed, the �nal term in (7.74) is a total divergence, andwe recover the stress-energy tensor in the form (6.24). This is unsurprising, since thederivations of the functional and canonical stress-energy tensors are both concerned withthe e�ects of moving �elds from one spacetime position to another.The de�nition (7.66) di�ers from that used in general relativity, where the functionalderivative is taken with respect to the metric tensor [83]. The functional derivative withrespect to the metric ensures that the resultant stress-energy tensor is symmetric. This isnot necessarily the case when the functional derivative is taken with respect to h(a). Thisis potentially important, since we saw in Chapter 6 that the antisymmetric contributionto the stress-energy tensor is crucial for the correct treatment of the spin of the �elds.We next derive the �eld equations for the 
(a) �eld. We write these in the form@
(a)LG � @b�r(@
(a);bLG)= �n@
(a)LM � @b�r(@
(a);bLM )o � �S(a) deth�1; (7.75)where the right-hand side de�nes the function S(a). Performing the derivatives on theleft-hand side of the equation givesdeth�1
(b)��h(@b)^h(a)�+ @b �r �h(b)^h(a) deth�1� = �S(a) deth�1: (7:76)On contracting (7.76) with h�1(@a), we �nd that�h�1(@a)�S(a) deth�1= @a �[
(b)�(h(@b)^a)] deth�1 + h�1(@a)�n@b �r �h(b)^h(a) deth�1�o= 2h(@a)�
(a) deth�1 � 3h($r deth�1)� h( _r)h�1(@a)� _h(a) deth�1+_h( _r) deth�1: (7.77)If we now make use of the result thatha�rh(b)h�1(@b) det h�1i = �(a�rh(@b))�@h(b) deth�1= �a�rdeth�1 (chain rule); (7.78)146



from which it follows thath( _r)h _h(a)h�1(@a) deth�1i = �h(rdeth�1); (7:79)we �nd that�h�1(@a)�S(a) deth�1 = 2h(@a)�
(a) deth�1 � 2h($r deth�1)= �2Dah(@a deth�1): (7.80)We will see shortly that it is crucial to the derivation of the correct matter �eld equationsthat Dah(@a deth�1) = 0: (7:81)This places a strong restriction on the form of LM , which must satisfyh�1(@a)��@
(a)LM � @b �r(@
(a);bLM )� = 0: (7:82)This condition is satis�ed for our gauge theory based on the Dirac equation, since thebracketed term in equation (7.82) is(@
(a) � @b�!r @
(a);b)hD i
3 ~ �m ~ i = 12h(a)�( i
3 ~ )= �12ih(a)^s: (7.83)It follows immediately that the contraction in (7.82) vanishes, sinceh�1(@a)�(ih(a)^s) = �i@a^a^s = 0: (7:84)We de�ne S by S � 12 i
3 ~ ; (7:85)so that we can now write S(a) = h(a)�S: (7:86)Given that (7.81) does hold, we can now write (7.76) in the form�S(a) = _h(r)^ _h(a) + 
(b)��h(@b)^h(a)�� �
(b)�h(@b)�^h(a)= h(@b)^�b�rh(a) + 
(b)�h(a)�= D^h(a): (7.87)The right-hand side of this equation could be viewed as the torsion though, since we areworking in a 
at spacetime, it is preferable to avoid terminology borrowed from Riemann-Cartan geometry. When the left-hand side of (7.87) vanishes, we arrive at the simpleequation D^h(a) = 0; (7:88)valid for all constant vectors a. All di�erential functions f (a) = a�rf(x) satisfy r f̂(a) =0, and (7.88) can be seen as the covariant generalisation of this result. Our gravitational�eld equations are summarised as G(a) = �T (a) (7.89)D^h(a) = �S(a); (7.90)which hold for all constant vectors a. 147



7.1.3 The Matter-Field EquationsWe now turn to the derivation of the matter-�eld equations. We start with the Diracequation, and consider the electromagnetic �eld equations second.The Dirac EquationWe have seen how the demand for invariance under local Poincar�e transformations hasled to the action S = Z jd4xj(deth)�1 hh(@a)Da i
3 ~ �m ~ i: (7:91)Applying the Euler-Lagrange equations (6.12) to this, and reversing the result, we �ndthatdeth�1 �h(@a)a�r i
3+ h(@a)^
(a) i
3� 2m � = �@a�r(h(a) i
3 deth�1); (7:92)which can be written as D i
3 = m � 12Dah(@a deth�1) i
3: (7:93)We now see why it is so important that Dah(@a deth�1) vanishes. Our point of viewthroughout has been to start from the Dirac equation, and to introduce gauge �elds toensure local Poincar�e invariance. We argued initially from the point of view of the Diracaction, but we could equally well have worked entirely at the level of the equation. Bystarting from the Dirac equation r i
3 = m ; (7:94)and introducing the h and 
(a) �elds in the same manner as in Section 2.1, we �nd thatthe correct minimally coupled equation isD i
3 = m : (7:95)If we now make the further restriction that our �eld equations are derivable from anaction principle, we must demand that (7.93) reduces to (7.95). We are therefore led tothe constraint that Dah(@a det h�1) vanishes. To be consistent, this constraint must bederivable from the gravitational �eld equations. We have seen that the usual Hilbert-Palatini action satis�es this requirement, but higher-order contributions to the actionwould not. This rules out, for example, the type of \R+R2" Lagrangian often consideredin the context of Poincar�e gauge theory [84, 85, 86]. Satisfyingly, this forces us to a theorywhich is �rst-order in the derivatives of the �elds. The only freedom that remains is thepossible inclusion of a cosmological constant, though such a term would obviously violateour intention that gravitational forces should result directly from interactions betweenparticles.The full set of equations for Dirac matter coupled to gravity is obtained from theaction S = Z jd4xj(deth)�1 (12R� �hh(@a)Da i
3 ~ �m ~ i); (7:96)148



and the �eld equations areG(a) = �ha�D i
3 ~ i1 (7.97)D^h(a) = �h(a)�(12 i
3 ~ ) = �h(a)�(12is) (7.98)D i�3 = m 
0: (7.99)It is not clear that self-consistent solutions to these equations could correspond to anyphysical situation, as such a solution would describe a self-gravitating Dirac 
uid. Self-consistent solutions have been found in the context of cosmology, however, and the solu-tions have the interesting property of forcing the universe to be at critical density [10].The Electromagnetic Field EquationsWe now return to the introduction of the electromagnetic �eld. From the action (7.91),and following the procedure of the start of this chapter, we arrive at the actionSD+EM = Z jd4xj(deth)�1 hh(@a)(Da i
3 ~ � ea�A 
0 ~ )�m ~ i: (7:100)The �eld equation from this action isD i�3 � eA = m 
0; (7:101)where we have introduced the notationA = h(A): (7:102)It is to be expected that A should appear in the �nal equation, rather than A. Thevector potential A originated as the generalisation of the quantity r�. If we examinewhat happens to this under the translation �(x) 7! �(x0), with x0 = f(x), we �nd thatr� 7! f (rx0�(x0)): (7.103)It follows that A must also pick up a factor of f as it is moved from x0 to x,A(x) 7! f(A(x0)); (7.104)so it is the quantity A that is Poincar�e-covariant, as are all the other quantities in equa-tion (7.101). However, A is not invariant under local U(1) transformations. Instead, wemust construct the Faraday bivector F = r^A: (7:105)It could be considered a weakness of conventional spin-torsion theory that, in order toconstruct the gauge-invariant quantity F , one has to resort to the use of the 
at-spacevector derivative. Of course, in our theory background spacetime has never gone away,and we are free to exploit the vector derivative to the full.The conventional approach to gauge theories of gravity (as discussed in [81], for ex-ample) attempts to de�ne a minimal coupling procedure for all matter �elds, preparing149



the way for a true curved-space theory. The approach here has been rather di�erent, inthat everything is derived from the Dirac equation, and we are attempting to put electro-magnetic and gravitational interactions on as similar a footing as possible. Consequently,there is no reason to expect that the gravitational �eld should \minimally couple" into theelectromagnetic �eld. Instead, we must look at how F behaves under local translations.We �nd that F (x) 7! r^fA(x0) = f (rx0^A(x0)) (7.106)= fF (x0); (7.107)so the covariant form of F is F � h(F ): (7:108)F is covariant under local Poincar�e transformations, and invariant under U(1) transfor-mations. The appropriate action for the electromagnetic �eld is thereforeSEM = Z jd4xj(deth)�1 h12FF �A�Ji; (7:109)which reduces to the standard electromagnetic action integral in the limit where h is theidentity. To �nd the electromagnetic �eld equations, we writeLEM = deth�1h12FF �A�Ji = L(A; a�rA); (7:110)and treat the h and J �elds as external sources. There is no 
-dependence in (7.109), soLEM satis�es the criteria of equation (7.82).Variation of LEM with respect to A leads to the equation@a �r(a�h(F) deth�1) = r��hh(r^A) deth�1� = deth�1J; (7:111)which combines with the identity r^F = 0 (7:112)to form the Maxwell equations in a gravitational background. Equation (7.111) corre-sponds to the standard second-order wave equation for the vector potential A used ingeneral relativity. It contains only the functions hh � g�1 and deth�1 = (det g)1=2,where g is the symmetric \metric" tensor. The fact that equation (7.111) only involves hthrough the metric tensor is usually taken as evidence that the electromagnetic �eld doesnot couple to torsion.So far, we only have the Maxwell equations as two separate equations (7.111) and(7.112). It would be very disappointing if our STA approach did not enable us to do bettersince one of the many advantages of the STA is that, in the absence of a gravitational�eld, Maxwell's equations r�F = J r^F = 0 (7:113)can be combined into a single equation rF = J: (7:114)150



This is more than a mere notational convenience. Ther operator is invertible, and can beused to develop a �rst-order propagator theory for the F -�eld [8]. This has the advantagesof working directly with the physical �eld, and of correctly predicting the obliquity factorsthat have to be put in by hand in the second-order approach (based on a wave equationfor A). It would undermine much of the motivation for pursuing �rst-order theories ifthis approach cannot be generalised to include gravitational e�ects. Furthermore, if weconstruct the stress-energy tensor, we �nd thatTEMh�1(a) deth�1 = 12@h(a)hh(F )h(F ) deth�1i= �h(a�F )�F � 12h�1(a)F �F�deth�1; (7.115)which yields TEM (a) = �(F �a)�F � 12aF �F= �12FaF : (7.116)This is the covariant form of the tensor found in Section (6.2). It is intersting to see howthe de�nition of TEM as the functional derivative of L with respect to @h(a) automaticallypreserves gauge invariance. For electromagnetism this has the e�ect of forcing TEM tobe symmetric. The form of TEM (7.116) makes it clear that it is F which is the genuinephysical �eld, so we should seek to express the �eld equations in terms of this object. Toachieve this, we �rst write the second of the �eld equations (7.90) in the formD^h(a) = h(r^a) + �h(a)�S; (7:117)which holds for all a. If we now de�ne the bivector B = a^b, we �nd thatD^h(B) = [D^h(a)]^h(b)� h(a)^D^h(b)= h(r^a)^h(b)� h(a)^h(r^b) + �(h(a)�S)^h(b)��h(a)^(h(b)�S)= h(r^B)� �h(B)�S; (7.118)which is used to write equation (7.112) in the formD^F � �S�F = h(r^F ) = 0: (7:119)Next, we use a double-duality transformation on (7.111) to write the left-hand side asr�(h(F) deth�1) = ir^(ih(F) deth�1)= ir^(h�1(iF))= ih�1 (D^(iF) + �(iF)�S) ; (7.120)so that (7.111) becomesD�F � �S �F = ih(Ji) deth�1 = h�1(J): (7:121)151



Writing J = h�1(J) (7:122)we can now combine (7.119) and (7.121) into the single equationDF � �SF = J ; (7:123)which achieves our objective. The gravitational background has led to the vector deriva-tive r being generalised to D��S. Equation (7.123) surely deserves considerable study.In particular, there is a clear need for a detailed study of the Green's functions of theD � �S operator. Furthermore, (7.123) makes it clear that, even if the A equation doesnot contain any torsion term, the F equation certainly does. This may be of importancein studying how F propagates from the surface of an object with a large spin current.7.1.4 Comparison with Other ApproachesWe should now compare our theory with general relativity and the ECKS theory. InSections 7.2 and 7.3 a number of physical di�erences are illustrated, so here we concentrateon the how the mathematics compares. To simplify the comparison, we will supposeinitially that spin e�ects are neglible. In this case equation (7.90) simpli�es to D ĥ(a) = 0.This equation can be solved to give 
(a) as a function of h(a). This is achieved by �rst\protracting" with h�1(@a):h�1(@a)^(D^h(a)) = h�1(@a)^hh(r)^h(a) + h(@b)^(
(b)�h(a))i= h�1(@b)^h(r)^h(b) + 2h(@b)^
(b) = 0: (7.124)Contracting this expression with the vector h�1(a) and rearranging yields2
(a) = �2h(@b)^(
(b)�h�1(a))� h�1(a)�h�1(@b)h(r)^h(b)+h�1(@b)^(a�rh(b))� h�1(@b)^h( _r) _h(b)�h�1(a)= �2h(r^g(a)) + h(r)^h�1(a)� h( _r)^ _hg(a)+h�1(@b)^(a�rh(b))= �h(r^g(a)) + h�1(@b)^(a�rh(b)); (7.125)where g(a) � h�1h�1(a): (7:126)The quantity g(a) is the gauge-theory analogue of the metric tensor. It is symmetric, andarises naturally when forming inner products,h�1(a)�h�1(b) = a�g(b) = g(a)�b: (7:127)Under translations g(a) transforms asgx(a) 7! fxgx0fx(a); where x0 = f(x); (7:128)152



and under an active rotation g(a) is unchanged. The fact that g(a) is una�ected by activerotations limits its usefulness, and this is a strong reason for not using the metric tensoras the foundation of our theory.The comparison with general relativity is clari�ed by the introduction of a set of 4coordinate functions over spacetime, x� = x�(x). From these a coordinate frame is de�nedby e� = @�x; (7:129)where @� = @x�. The reciprocal frame is de�ned ase� = rx� (7:130)and satis�es e� �e� = (@�x)�rx� = @x�x� = ���: (7:131)From these we de�ne a frame of \contravariant" vectorsg� = h�1(e�) (7:132)and a dual frame of \covariant" vectorsg� = h(e�): (7:133)These satisfy (no torsion) g� �g� = ���; (7.134)D^g� = 0 (7.135)and g� �Dg� � g� �Dg� = 0: (7:136)The third of these identities is the 
at-space equivalent of the vanishing of the Lie bracketfor a coordinate frame in Riemannian geometry.From the fg�g frame the metric coe�cients are de�ned byg�� = g� �g�; (7:137)which enables us to now make contact with Riemannian geometry. Writing 
� for 
(e�),we �nd from (7.125) that 2
� = g�^(@�g�) + g�^g�@�g��: (7:138)The connection is de�ned by ���� = g� �(D�g�) (7:139)so that, with a� � a�g�, @�a� � ����a� = @�(a�g�)� a�(D�g�)= g� �(D�a) (7.140)153



as required | the connection records the fact that, by writing a� = a �g�, additionalx-dependence is introduced through the g�.By using (7.138) in (7.139), ���� is given by���� = 12g��(@�g�� + @�g�� � @�g��); (7:141)which is the conventional expression for the Christo�el connection. In the absence ofspin, the introduction of a coordinate frame unpackages our equations to the set of scalarequations used in general relativity. The essential di�erence is that in GR the quantity g��is fundamental, and can only be de�ned locally, whereas in our theory the fundamentalvariables are the h and 
 �elds, which are de�ned globally throughout spacetime. Onemight expect that the only di�erences that could show up from this shift would be dueto global, topological considerations. In fact, this is not the case, as is shown in thefollowing sections. The reasons for these di�erences can be either physical, due to thedi�erent understanding attached to the variables in the theory, or mathematical, due oftento the constraint that the metric must be generated from a suitable h function. It is notalways the case that such an h function can be found, as is demonstrated in Section 7.2.1.The ability to develop a coordinate-free theory of gravity o�ers a number of advantagesover approaches using tensor calculus. In particular, the physical content of the theoryis separated from the artefacts of the chosen frame. Thus the h and 
 �elds only di�erfrom the identity and zero in the presence of matter. This clari�es much of the physicsinvolved, as well as making many equations easier to manipulate.Many of the standard results of classical Riemannian geometry have particularly simpleexpressions in this STA-based theory. Similar expressions can be found in Chapter 5 ofHestenes & Sobczyk [24], who have developed Riemannian geometry from the viewpointof geometric calculus. All the symmetries of the Riemann tensor are summarised in thesingle equation @a^R(a^b) = 0: (7:142)This says that the trivector @a^R(a^b) vanishes for all values of the vector b, and sorepresents a set of 16 scalar equations. These reduce the 36-component tensor R(B) to afunction with only 20 degrees of freedom| the correct number for Riemannian geometry.Equation (7.142) can be contracted with @b to yield@a^R(a) = 0; (7:143)which says that the Ricci tensor is symmetric. The Bianchi identity is also compactlywritten: _D^ _R(B) = 0; (7:144)where the overdot notation is de�ned via_D _T (M) � DT (M) � @aT (a�DM): (7:145)Equation (7.144) can be contracted with @b^@a to yield(@b^@a)�� _D^ _R(a^b)� = @b �� _R( _D^b)� _D^ _R(b)�= �2 _R( _D) +DR = 0: (7.146)154



It follows that _G( _D) = 0 (7:147)which, in conventional terms, represents conservation of the Einstein tensor. Many otherresults can be written equally compactly.The inclusion of torsion leads us to a comparison with the ECKS theory, which iscertainly closest to the approach adopted here. The ECKS theory arose from attemptsto develop gravity as a gauge theory, and modern treatments do indeed emphasise activetransformations [81]. However, the spin-torsion theories ultimately arrived at all involvea curved-space picture of gravitational interactions, even if they started out as a gaugetheory in 
at space. Furthermore, the separation into local translations and rotations isconsiderably cleaner in the theory developed here, as all transformations considered are�nite, rather than in�nitessimal. The introduction of a coordinate frame can be usedto reproduce the equations of a particular type of spin-torsion theory (one where thetorsion is generated by Dirac matter) but again di�erences result from our use of a 
atbackground spacetime. The inclusion of torsion alters equations (7.142) to (7.147). Forexample, equation (7.142) becomes@a^R(a^b) = ��b�DS + 12�D^S b; (7:148)equation (7.143) becomes @a^R(a) = ��D�S (7:149)and equation (7.144) becomes _D^ _R(B) + �S�R(B) = 0: (7:150)The presence of torsion destroys many of the beautiful results of Riemannian geometryand, once the connection between the gauge theory quantities and their counterparts inRiemannian geometry is lost, so too is much of the motivation for adopting a curved-spaceviewpoint.Finally, it is important to stress that there is a di�erence between the present gaugetheory of gravity and Yang-Mills gauge theories. Unlike Yang-Mills theories, the Poincar�egauge transformations do not take place in an internal space, but in real spacetime| theytransform between physically distinct situations. The point is not that all physical ob-servables should be gauge invariant, but that the �elds should satisfy the same equations,regardless of their state. Thus an accelerating body is subject to the same physical lawsas a static one, even though it may be behaving quite di�erently (it could be radiatingaway electromagnetic energy, for example).7.2 Point Source SolutionsIn this section we seek solutions to the �eld equations in the absence of matter. In thiscase, the stress-energy equation (7.67) isR(a)� 12aR = 0; (7:151)155



which contracts to give R = 0: (7:152)Our �eld equations are therefore D^h(a) = h(r^a)R(a) = 0: (7:153)As was discussed in the previous section, if we expand in a basis then the equations forthe coordinates are the same as those of general relativity. It follows that any solutionto (7.153) will generate a metric which solves the Einstein equations. But the conversedoes not hold | the additional physical constraints at work in our theory rule out certainsolutions that are admitted by general relativity. This is illustrated by a comparison ofthe Schwarzschild metric used in general relativity with the class of radially-symmetricstatic solutions admitted in the present theory. Throughout the following sections we useunits with G = 1.7.2.1 Radially-Symmetric Static SolutionsIn looking for radially-symmetric solutions to (7.153), it should be clear that we are ac-tually �nding possible �eld con�gurations around a �-function source (a point of matter).That is, we are studying the analog of the Coulomb problem in electrostatics. In gen-eral, specifying the matter and spin densities speci�es the h and 
 �elds completely viathe �eld equations (7.89) and (7.90). Applying an active transformation takes us to adi�erent matter con�guration and solves a di�erent (albeit related) problem. This is notthe case when symmetries are present, in which case a class of gauge transformationsexists which do not alter the matter and �eld con�gurations. For the case of point-sourcesolutions, practically all gauge transformations lead to new solutions. In this case theproblem is simpli�ed by imposing certain symmetry requirements at the outset. By thismeans, solutions can be classi�ed into equivalence classes. This is very natural from thepoint of view of a gauge theory, though it should be borne in mind that in our theorygauge transformations can have physical consequences.Here we are interested in the class of radially-symmetric static solutions. This meansthat, if we place the source at the origin in space, we demand that the h and 
 �elds onlyshow dependence on x through the spatial radial vector (spacetime bivector)x = x^
0: (7:154)Here 
0 is a �xed time-like direction. We are free to choose this as we please, so that aglobal symmetry remains. This rigid symmetry can only be removed with further physicalassumptions; for example that the matter is comoving with respect to the Hubble 
ow ofgalaxies (i.e. it sees zero dipole moment in the cosmic microwave background anisotropy).To facilitate the discussion of radially-symmetric solutions, it is useful to introduce aset of polar coordinates t = 
0 �x �1 < t <1r = jx^
0j 0 � r <1cos � = �
3 �x=r 0 � � � �tan � = 
2 �x=(
1 �x) 0 � � < 2�; (7:155)156



where the f
1; 
2; 
3g frame is a �xed, arbitrary spatial frame. From these coordinates,we de�ne the coordinate frameet = @tx = 
0er = @rx = sin� cos�
1 + sin� sin�
2 + cos�
3e� = @�x = r(cos� cos�
1 + cos� sin�
2 � sin�
3)e� = @�x = r sin�(� sin�
1 + cos�
2): (7:156)The best-known radially-symmetric solution to the Einstein equations is given by theSchwarzschild metric,ds2 = (1� 2M=r)dt2 � (1 � 2M=r)�1dr2 � r2(d�2 + sin2� d�2); (7:157)from which the components of g�� = g� �g� can be read straight o�. Since g� = h�1(e�),we need to \square root" g�� to �nd a suitable h�1 (and hence h) that generates it. Thish�1 is only unique up to rotations. If we look for such a function we immediately run intoa problem | the square roots on either side of the horizon (at r = 2M) have completelydi�erent forms. For example, the simplest forms havegt = (1 � 2M=r)1=2et g� = e�gr = (1 � 2M=r)�1=2er g� = e� ) for r > 2M (7:158)and gt = (2M=r � 1)1=2er g� = e�gr = (2M=r � 1)�1=2et g� = e� ) for r < 2M: (7:159)These do not match at r = 2M , and there is no rotation which gets round this problem. Aswe have set out to �nd the �elds around a �-function source, it is highly undesirable thatthese �elds should be discontinuous at some �nite distance from the source. Rather thanresort to coordinate transformations to try and patch up this problem, we will postulatea suitably general form for h and 
, and solve the �eld equations for these. Once this isdone, we will return to the subject of the problems that the Schwarzschild metric presents.We postulate the following form for h(a)h(et) = f1et + f2er h(e�) = e�h(er) = g1er + g2et h(e�) = e�; (7:160)where fi and gi are functions of r only. We can write h in the more compact formh(a) = a+ a�et ((f1 � 1)et + f2er)� a�er ((g1 � 1)er + g2et) ; (7:161)and we could go further and replace er and r by the appropriate functions of x. Thiswould show explicitly how h(a) is a linear function of a and a non-linear function of x^
0.We also postulate a suitable form for 
(a), writing 
� for 
(e�),
t = �eret 
� = (�1er + �2et)e�=r
r = 0 
� = (�1er + �2et)e�=r; (7:162)with � and �i functions of r only. More compactly, we can write
(a) = �a�eteret � a^(eret)(�1et + �2er)=r: (7:163)157



We could have used (7.138) to solve for 
(a) in terms of the fi and gi, but this vastlycomplicates the problem. The second-order form of the equations immediately introducesunpleasant non-linearities, and the equations are far less easy to solve. The better asp-proach is to use (7.138) to see what a suitable form for 
(a) looks like, but to then leavethe functions unspeci�ed. Equations (7.160) and (7.162) do not account for the mostgeneral type of radially-symmetric static solution. The trial form is chosen to enable usto �nd a single solution. The complete class of solutions can then be obtained by gaugetransformations, which will be considered presently.The �rst of the �eld equations (7.153) can be written asD^g� = h(r)^g� + g�^(
� �g�) = 0; (7:164)which quickly yields the four equationsg1f 01 � g2f 02 + �(f12 � f22) = 0 (7.165)g1g02 � g01g2 + �(f1g2 � f2g1) = 0 (7.166)g1 = �1 + 1 (7.167)g2 = �2; (7.168)where the primes denote di�erentiation with respect to r. We immediately eliminate �1and �2 using (7.167) and (7.168). Next, we calculate the �eld strength tensor. WritingR�� for R(e�^e�), we �nd thatRtr = ��0eretRt� = �(g1et + g2er)e�=rRt� = �(g1et + g2er)e�=rRr� = (g01er + g02et)e�=rRr� = (g01er + g02et)e�=rR�� = (g12 � g22 � 1)e�e�=r2: (7:169)Contracting with g� and setting the result equal to zero gives the �nal four equations2� + �0r = 0 (7.170)2g01 + f1�0r = 0 (7.171)2g02 + f2�0r = 0 (7.172)�r(f1g1 � f2g2) + r(g1g01 � g2g02) + g12 � g22 � 1 = 0: (7.173)The �rst of these (7.170) can be solved for � immediately,� = Mr2 ; (7:174)where M is the (positive) constant of integration and represents the mass of the source.Equations (7.171) and (7.172) now de�ne the fi in terms of the gi�f1 = g01 (7.175)�f2 = g02: (7.176)158



These are consistent with (7.166), and substituted into (7.165) yield(f1g1 � f2g2)0 = 0: (7:177)But the quantity f1g1 � f2g2 is simply the determinant of h, so we see thatdeth = f1g1 � f2g2 = constant: (7:178)We expect the e�ect of the source to fall away to zero at large distances, so h should tendasymptotically to the identity function. It follows that the constant deth should be setto 1. All that remains is the single di�erential equation (7.173)12r@r(g12 � g22) + g12 � g22 = 1�M=r; (7:179)to which the solution is g12 � g22 = 1� 2M=r; (7:180)ensuring consistency with deth = 1.We now have a set of solutions de�ned by� = M=r2g12 � g22 = 1� 2M=rMf1 = r2g01Mf2 = r2g02: (7:181)The ease of derivation of this solution set compares very favourably with the second-ordermetric-based approach. A particularly pleasing feature of this derivation is the directmanner in which � is found. This is the coe�cient of the 
t bivector, which accountsfor the radial acceleration of a test particle. We see that it is determined simply by theNewtonian formula!The solutions (7.181) are a one-parameter set. We have a free choice of the g2 function,say, up to the constraints that g22(r) � 2M=r � 1; (7:182)and f1; g1 ! 1f2; g2 ! 0 ) as r!1: (7:183)As an example, which will be useful shortly, one compact form that the solution can takeis g1 = cosh(M=r) � eM=rM=r f1 = cosh(M=r) + eM=rM=rg2 = � sinh(M=r) + eM=rM=r f2 = � sinh(M=r) � eM=rM=r: (7:184)The solution (7.181) can be substituted back into (7.169) and the covariant �eldstrength tensor (Riemann tensor) is found to beR(B) = �2Mr3B + 3Mr3 B�(eret)eret= �M2r3 (B + 3eretBeret): (7.185)159



It can now be con�rmed that @a �R(a^b) = 0. Indeed, one can simultaneously checkboth the �eld equations and the symmetry properties of R(B), since R(a) = 0 and@a^R(a^b) = 0 combine into the single equation@aR(a^b) = 0: (7:186)This equation greatly facilitates the study of the Petrov classi�cation of vacuum solutionsto the Einstein equations, as is demonstrated in Chapter 3 of Hestenes & Sobczyk [24].There the authors refer to @a�R(a^b) as the contraction and @a^R(a^b) as the protraction.The combined quantity @aR(a^b) is called simply the traction. These names have muchto recommend them, and are adopted wherever necessary.Verifying that (7.185) satis�es (7.186) is a simple matter, depending solely on theresult that, for an arbitrary bivector B,@a(a^b+ 3Ba^bB�1) = @a(a^b+ 3BabB�1 � 3Ba�bB�1)= @a(a^b� 3a�b)= @a(ab� 4a�b)= 0: (7.187)The compact form of the Riemann tensor (7.185), and the ease with which the �eldequations are veri�ed, should serve to demonstrate the power of the STA approach torelativistic physics.Radially-Symmetric Gauge TransformationsFrom a given solution in the set (7.181) we can generate further solutions via radially-symmetric gauge transformations. We consider Lorentz rotations �rst. All rotationsleave the metric terms g�� = g� � g� unchanged, since these are de�ned by invariant innerproducts, so g12 � g22, f12 � f22, f1g2 � f2g1 and deth are all invariant. Since the �eldsare a function of x^et only, the only Lorentz rotations that preserve symmetry are thosethat leave x^et unchanged. It is easily seen that these leave the Riemann tensor (7.185)unchanged as well. There are two such transformations to consider; a rotation in thee�^e� plane and a boost along the radial axis. The rotors that determine these are asfollows: Rotation: R = exp(�(r)ieret=2); (7.188)Radial Boost: R = exp(�(r)eret=2): (7.189)Both rotations leave 
t untransformed, but introduce an 
r and transform the 
� and
� terms.If we take the solution in the form (7.184) and apply a radial boost determined by therotor R = exp�M2r eret� ; (7:190)we arrive at the following, highly compact solutionh(a) = a+ Mr a�e�e�
(a) = Mr2 (e�^a+ 2e� �aeret) (7.191)160



where e� = et � er: (7:192)Both the forms (7.191) and (7.184) give a metric which, in GR, is known as the (advanced-time) Eddington-Finkelstein form of the Schwarzschild solution,ds2 = (1 � 2M=r)dt2 � (4M=r)dr dt� (1 + 2M=r)dr2 � r2(d�2 + sin2� d�2): (7:193)There are also two types of transformation of position dependence to consider. The�rst is a (radially-dependent) translation up and down the et-axis,xy = f(x) = x+ u(r)et: (7:194)(We use the dagger to denote the transformed position, since we have already used aprime to denote the derivative with respect to r.) From (7.194) we �nd thatf (a) = a� u0a�eret (7.195)f�1(a) = a+ u0a�eter; (7.196)and that xy^et = x^et: (7:197)Since all x-dependence enters h through x^et it follows that hxy = hx and 
xy = 
x. Thetransformed functions therefore havehy(et) = (f1 + u0g2)et + (f2 + u0g1)er (7.198)hy(er) = h(er) (7.199)
y(et) = 
(et) (7.200)
y(er) = (Mu0=r2)eret; (7.201)with all other terms unchanged. The fi's transform, but the gi's are �xed. A timetranslation can be followed by a radial boost to replace the 
y(er) term by 
(er), and somove between solutions in the one-parameter set of (7.181).The �nal transformation preserving radial symmetry is a radial translation, where the�elds are stretched out along the radial vector. We de�nexy = f(x) = x�etet + u(r)er (7:202)so that ry = jxy^etj = u(r) (7.203)eyr = xy^etjxy^etjet = er: (7.204)The di�erential of this transformation givesf(a) = a�etet � u0a�erer + ur a^(eret)eret (7.205)f�1(a) = a�etet � 1u0a�erer + rua^(eret)eret (7.206)161



and det f = u0(u=r)2: (7:207)The new function hy = hxyf�1 has an additional dilation in the e�e� plane, and thebehaviour in the eret plane is de�ned byfyi (r) = fi(ry) (7.208)gyi (r) = 1u0 gi(ry): (7.209)The horizon has now moved from r = 2M to ry = 2M , as is to be expected for anactive radial dilation. The physical requirements of our theory restrict the form thatthe transformation (7.202) can take. The functions r and u(r) both measure the radialdistance from a given origin, and since we do not want to start moving the source around(which would change the problem) we must have u(0) = 0. The function u(r) musttherefore be monotomic-increasing to ensure that the map between r and r0 is 1-to-1.Furthermore, u(r) must tend to r at large r to ensure that the �eld dies away suitably. Itfollows that u0(r) > 0; (7:210)so the transformation does not change the sign of deth.We have now found a 4-parameter solution set, in which the elements are related viathe rotations (7.188) and (7.189) and the transformations (7.194) and (7.202). The �eldsare well-de�ned everywhere except at the origin, where a point mass is present. A secondset of solutions is obtained by the discrete operation of time-reversal, de�ned byf(x) = �etxet (7.211)) f(x)^et = �(etxet)^et = x^et: (7.212)This translation on its own just changes the signs of the fi functions, and so reverses thesign of deth. The translation therefore de�nes �elds whose e�ects do not vanish at largedistances. To correct this, the h and 
 �elds must also be time-reversed, so that the newsolution has hT (a) = �ethf(x)(�etaet)et= eth(etaet)et (7.213)and 
T (a) = et
f(x)(�etaet)et= �et
(etaet)et: (7.214)For example, the result of time-reversal on the solution de�ned by (7.191) is the newsolution hT (a) = et[etaet + Mr (etaet)�e�e�]et= a+ Mr a�e+e+ (7.215)162



and 
T (a) = �Mr2 et (e�^(etaet) + 2e� �(etaet)eret) et= Mr2 (2a�e+eret � e+^a) ; (7.216)where e+ = et + er. This new solution reproduces the metric of the retarded-timeEddington-Finkelstein form of the Schwarzschild solution. Time reversal has thereforeswitched us from a solution where particles can cross the horizon on an inward journey,but cannot escape, to a solution where particles can leave, but cannot enter. Covariantquantities, such as the �eld strength (7.169), are, of course, unchanged by time reversal.From the gauge-theory viewpoint, it is natural that the solutions of the �eld equationsshould fall into sets which are related by discrete transformations that are not simply con-nected to the identity. The solutions are simply reproducing the structure of the Poincar�egroup on which the theory is constructed.Behaviour near the HorizonFor the remainder of this section we restrict the discussion to solutions for which deth = 1.For these the line element takes the formds2 = (1� 2M=r)dt2 � (f1g2 � f2g1)2dr dt� (f12 � f22)dr2�r2(d�2 + sin2 � d�2): (7.217)The horizon is at r = 2M , and at this distance we must haveg1 = �g2: (7:218)But, since deth = f1g1 � f2g2 = 1, we must also havef1g2 � f2g1 = �1 at r = 2M; (7:219)so an o�-diagonal term must be present in the metric at the horizon. The assumption thatthis term can be transformed away everywhere does not hold in our theory. This resolvesthe problem of the Schwarzschild discontinuity discussed at the start of this section. TheSchwarzschild metric does not give a solution that is well-de�ned everywhere, so liesoutside the set of metrics that are derivable from (7.181). Outside the horizon, however,it is always possible to transform to a solution that reproduces the Schwarzschild lineelement, and the same is true inside. But the transformations required to do this donot mesh at the boundary, and their derivatives introduce �-functions there. Becausethe Schwarzschild line element is valid on either side of the horizon, it reproduces thecorrect Riemann tensor (7.185) on either side. Careful analysis shows, however, thatthe discontinuities in the 
� and 
� �elds required to reproduce the Schwarzschild lineelement lead to �-functions at the horizon in R(a^b).The fact that the f1g2�f2g1 term must take a value of �1 at the horizon is interesting,since this term changes sign under time-reversal (7.213). Once a horizon has formed, itis therefore no longer possible to �nd an h such that the line element derived from it is163



invariant under time reversal. This suggests that the f1g2�f2g1 term retains informationabout the process by which the horizon formed | recording the fact that at some earliertime matter was falling in radially. Matter infall certainly picks out a time direction,and knowledge of this is maintained after the horizon has formed. This irreversibility isapparent from the study of test particle geodesics [9]. These can cross the horizon tothe inside in a �nite external coordinate time, but can never get back out again, as oneexpects of a black hole.The above conclusions di�er strongly from those of GR, in which the ultimate formof the Schwarzschild solution is the Kruskal metric. This form is arrived at by a seriesof coordinate transformations, and is motivated by the concept of \maximal extension"| that all geodesics should either exist for all values of their a�ne parameter, or shouldterminate at a singularity. None of the solutions presented here have this property. Thesolution (7.191), for example, has a pole in the proper-time integral for outgoing radialgeodesics. This suggests that particles following these geodesics would spend an in�nitecoordinate time hovering just inside the horizon. In fact, in a more physical situationthis will not be the case | the e�ects of other particles will tend to sweep all matterback to the centre. The solutions presented here are extreme simpli�cations, and thereis no compelling physical reason why we should look for \maximal" solutions. This isimportant, as the Kruskal metric is time-reverse symmetric and so must fail to give aglobally valid solution in our theory. There are a number of ways to see why this happens.For example, the Kruskal metric de�nes a spacetime with a di�erent global topology to
at spacetime. We can reach a similar conclusion by studying how the Kruskal metricis derived from the Schwarzschild metric. We assume, for the time being, that we areoutside the horizon so that a solution giving the Schwarzschild line element isg1 = �1=2 g2 = 0f1 = ��1=2 f2 = 0 (7:220)where � = 1� 2M=r: (7:221)The �rst step is to re-interpret the coordinate transformations used in general relativityas active local translations. For example, the advanced Eddington-Finkelstein metric isreached by de�ning ty � ry = t� (r + 2M ln(r � 2M)) (7.222)ry = r (7.223)or xy = x� 2M ln(r � 2M)et; (7:224)which is now recognisable as a translation of the type of equation (7.194). The result ofthis translation is the introduction of an fy2 functionfy2 = �2Mr ��1=2; (7:225)which now ensures that fy1gy2 � fy2gy1 = 1 at the horizon. The translation (7.224), whichis only de�ned outside the horizon, has produced a form of solution which at least has a164



chance of being extended across the horizon. In fact, an additional boost is still requiredto remove some remaining discontinuities. A suitable boost is de�ned byR = exp(eret�=2); (7:226)where sinh� = 12(��1=2 ��1=2) (7:227)and so is also only de�ned outside the horizon. The result of this pair of transformationsis the solution (7.191), which now extends smoothly down to the origin.In a similar manner, it is possible to reach the retarted-time Eddington-Finkelsteinmetric by starting with the translation de�ned byty+ ry = t+ (r + 2M ln(r � 2M)) (7.228)ry = r: (7.229)The Kruskal metric, on the other hand, is reached by combining the advance and retardedcoordinates and writing ty� ry = t� (r + 2M ln(r � 2M)) (7.230)ty+ ry = t+ (r + 2M ln(r � 2M)); (7.231)which de�nes the translationxy = x�etet + (r + 2M ln(r � 2M))er: (7:232)This translation is now of the type of equation (7.202), and results in a completely dif-ferent form of solution. The transformed solution is still only valid for r > 2M , and thetransformation (7.232) has not introduced the required f1g2 � f2g1 term. No additionalboost or rotation manufactures a form which can then be extended to the origin. Theproblem can still be seen when the Kruskal metric is written in the formds2 = 32M3r e�r=2M(dw2 � dz2)� r2(d�2 + sin2� d�2); (7:233)where z2 � w2 = 12M (r � 2M)e�r=2M (7.234)wz = tanh� t4M � ; (7.235)which is clearly only de�ned for r > 2M . The loss of the region with r < 2M does notpresent a problem in GR, since the r-coordinate has no special signi�cance. But it is aproblem if r is viewed as the distance from the source of the �elds, as it is in the presenttheory, since then the �elds must be de�ned for all r. Even in the absence of torsion, the
at-space gauge-theory approach to gravity produces physical consequences that clearlydi�er from general relativity, despite the formal mathematical similarities between thetwo theories. 165



7.2.2 Kerr-Type SolutionsWe now brie
y discuss how the Kerr class of solutions �t into the present theory. Thedetailed comparisons of the previous section will not be reproduced, and we will simplyillustrate a few novel features. Our starting point is the Kerr line element in Boyer-Lindquist form [87]ds2 = dt2 � �2(dr2� + d�2)� (r2 + L2) sin2 � d�2 � 2Mr�2 (L sin2 � d�� dt)2; (7:236)where �2 = r2 + L2 cos2 � (7.237)� = r2 � 2Mr + L2: (7.238)The coordinates all have the same meaning (as functions of spacetime position x) asde�ned in the preceding section (7.155), and we have di�ered from standard notationin labelling the new constant by L as opposed to the more popular a. This avoids anyconfusion with our use of a as a vector variable and has the added advantage that thetwo constants, L and M , are given similar symbols. It is assumed that jLj < M , as isexpected to be the case in any physically realistic situation.The solution (7.236) has two horizons (at � = 0) where the line element is singular and,as with the Schwarzschild line element, no continuous function h exists which generates(7.236). However, we can �nd an h which is well-behaved outside the outer horizon, anda suitable form is de�ned by h(et) = r2 + L2��1=2 et � Lr�e�h(er) = �1=2� erh(e�) = r�e�h(e�) = r�e� � Lr2 sin2 ���1=2 et: (7.239)The Riemann tensor obtained from (7.236) has the remarkably compact formR(B) = � M2(r � iL cos �)3 (B + 3eretBeret): (7:240)(This form for R(B) was obtained with the aid of the symbolic algebra package Maple.)To my knowledge, this is the �rst time that the Riemann tensor for the Kerr solution hasbeen cast in such a simple form.Equation (7.240) shows that the Riemann tensor for the Kerr solution is algebraicallyvery similar to that of the Schwarzschild solution, di�ering only in that the factor of(r� iL cos �)3 replaces r3. The quantity r� iL cos � is a scalar + pseudoscalar object andso commutes with the rest of R(B). It follows that the �eld equations can be veri�ed in166



precisely the same manner as for the Schwarzschild solution (7.187). It has been knownfor many years that the Kerr metric can be obtained from the Schwarzschild metric viaa complex coordinate transformation [88, 89]. This \trick" works by taking the Schwarz-schild metric in a null tetrad formalism and carrying out the coordinate transformationr 7! r � jL cos �: (7:241)Equation (7.240) shows that there is more to this trick than is usually supposed. Inparticular, it demonstrates that the unit imaginary in (7.241) is better thought of as aspacetime pseudoscalar. This is not a surprise, since we saw in Chapter 4 that the role ofthe unit imaginary in a null tetrad is played by the spacetime pseudoscalar in the STAformalism.The Riemann tensor (7.240) is clearly de�ned for all values of r (except r = 0). Wetherefore expect to �nd an alternative form of h which reproduces (7.240) and is alsode�ned globally. One such form is de�ned byh(et) = et + 12�2 (2Mr + L2 sin2 �)e� � Lr�e�h(er) = er + 12�2 (2Mr � L2 sin2 �)e�h(e�) = r�e�h(e�) = r�e� � Lr2 sin2 ��2 e�; (7.242)with e� = (et � er): (7:243)This solution can be shown to lead to the Riemann tensor in the form (7.240). Thesolution (7.242) reproduces the line element of the advanced-time Eddington-Finkelsteinform of the Kerr solution. Alternatives to (7.242) can be obtained by rotations, thoughat the cost of complicating the form of R(B). One particular rotation is de�ned by therotor R = exp( L2r�e�^(et � er)) ; (7:244)which leads to the compact solutionh(a) = a+ Mr�2 a�e�e� � Lr�a�ere� + (r� � 1)a^(eret)eret: (7:245)None of these solutions correspond to the original form found by Kerr [90]. Kerr'ssolution is most simply expressed ash(a) = a� �a�nn (7:246)where � is a scalar-valued function and n2 = 0. The vector n can be written in the formn = (et � net) (7:247)167
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uid.We now impose a number of physical restrictions on T (a). We �rst assume that the169



matter distribution is radially symmetric so that � and p are functions of r only, where ris the (
at-space!) radial distance from the centre of the star, as de�ned by (7.155). (Weuse translational invariance to choose the centre of the star to coincide with the spatialpoint that we have labelled as the origin). Furthermore, we will assume that the star isnon-accelerating and can be taken as being at rest with respect to the cosmic frame (wecan easily boost our �nal answer to take care of the case where the star is moving at aconstant velocity through the cosmic microwave background). It follows that the velocity�eld u is simply et, and T now takes the formT (a) = (�(r) + p(r))a�etet � p(r)a: (7:253)This must equal the gravitational stress-energy tensor (the Eintein tensor), which is gen-erated by the h and 
 gauge �elds. Radial symmetry means that h will have the generalform of (7.160). Furthermore, the form of G(a) derived from (7.160) shows that f2 and g2must be zero, and hence that h is diagonal. This conclusion could also have been reachedby considering the motions of the underlying particles making up the star. If these followworldlines x(� ), where � is the a�ne parameter, then u is de�ned byu = h�1( _x); (7.254)) _x = h(et): (7.255)A diagonal h ensures that _x is also in the et direction, so that the consituent particlesare also at rest in the 3-space relative to et. That this should be so could have beenintroduced as an additional physical requirement. Either way, by specifying the details ofthe matter distribution we have restricted h to be of the formh(a) = (f(r) � 1)a�etet � (g(r)� 1)a�erer + a: (7:256)The ans�atz for the gravitational �elds is completed by writing
t = �(r)eret 
� = (g(r) � 1)ere�=r
r = 0 
� = (g(r) � 1)ere�=r; (7:257)where again it is convenient to keep �(r) as a free variable, rather than solving for it interms of f and g. The problem can now be solved by using the �eld equations on theirown, but it is more convenient to supplement the equations with the additional condition_T ( _D) = 0; (7:258)which reduces to the single equationp0(r) = �fg (�+ p): (7:259)Solving the �eld equations is now routine. One can either follow the method of Section 3.1,or can simply look up the answer in any one of a number of texts. The solution is thatg(r) = (1 � 2m(r)=r)1=2 (7:260)170



where m(r) = Z r0 4�r02�(r0) dr0: (7:261)The pressure is found by solving the Oppenheimer-Volkov equationp0 = �(�+ p)(m(r) + 4�r3p)r(r � 2m(r)) ; (7:262)subject to the condition that p(R) = 0, where R is the radius of the star. The remainingterm in h is then found by solving the di�erential equationf 0(r)f(r) = �m(r) + 4�r3pr(r � 2m(r)) (7:263)subject to the constraint that f(R) = (1� 2m(R)=R)�1=2: (7:264)Finally, �(r) is given by �(r) = (fg)�1(m(r)=r2 + 4�rp): (7:265)The complete solution leads to a Riemann tensor of the formR(B) = 4� [(�+ p)B �etet � �B�(eret)eret]�m(r)2r3 (B + 3eretBeret) (7.266)which displays a neat split into a surface term, due to the local density and pressure, anda (tractionless) volume term, due to the matter contained inside the shell of radius r.The remarkable feature of thie solution is that (7.261) is quite clearly a 
at-spaceintegral! The importance of this integral is usually downplayed in GR, but in the contextof a 
at-space theory it is entirely natural | it shows that the �eld outside a sphere ofradius r is determined completely by the energy density within the shell. It follows thatthe �eld outside the star is associated with a \mass" M given byM = Z R0 4�r02�(r0) dr0: (7:267)We can understand the meaning of the de�nition of m(r) by considering the covariantintegral of the energy densityE0 = eti Z h�1(d3x)�= Z R0 4�r02(1� 2m(r0)=r0)�1=2�(r0) dr0: (7.268)This integral is invariant under active spatial translations of the energy density. Thatis to say, E0 is independent of where that matter actually is. In particular, E0 couldbe evaluated with the matter removed to a su�ciently great distance that each particle171



making up the star can be treated in isolation. It follows that E0 must be the sum ofthe individual mass-energies of the component particles of the star | E0 contains nocontribution from the interaction between the particles. If we now expand (7.268) we �ndthat E0 � Z R0 4�r02(�(r0) + �(r0)m(r0)=r0) dr0= M � Potential Energy: (7.269)The external mass M is therefore the sum of the mass-energy E0 (which ignored interac-tions) and a potential energy term. This is entirely what one expects. Gravity is due tothe presence of energy, and not just (rest) mass. The e�ective mass seen outside a staris therefore a combination of the mass-energies of the constituent particles, together withthe energy due to their interaction with the remaining particles that make up the star.This is a very appealing physical picture, which makes complete sense within the contextof a 
at-space gauge theory. Furthermore, it is now clear why the de�nition of M is notinvariant under radial translations. Interpreted actively, a radial translation changes thematter distribution within the star, so the component particles are in a new con�guration.It follows that the potential energy will have changed, and so too will the total energy.An external observer sees this as a change in the strength of the gravitational attractionof the star.An important point that the above illustrates is that, given a matter distribution inthe form of T (a) and (more generally) S(a), the �eld equations are su�cient to tie downthe gauge �elds uniquely. Then, given any solution of the �eld equation G(a) = 8�T (a), anew solution can always be reached by an active transformation. But doing so alters T (a),and the new solution is appropriate to a di�erent matter distribution. It is meaninglessto continue talking about covariance of the equations once the matter distribution isspeci�ed.Whilst a non-vanishing T (a) does tie down the gauge �elds, the vacuum raises aproblem. When T (a) = 0 any gauge transformation can be applied, and we seem to haveno way of specifying the �eld outside a star, say. The resolution of this problem is thatmatter (energy) must always be present in some form, whether it be the sun's thermalradiation, the solar wind or, ultimately, the cosmic microwave background. At some level,matter is always available to tell us what the h and 
 �elds are doing. This �ts in withthe view that spacetime itself does not play an active role in physics and it is the presenceof matter, not spacetime curvature, that generates gravitational interactions.Since our theory is based on active transformations in a 
at spacetime, we can nowuse local invariance to gain some insights into what the �elds inside a rotating star mightbe like. To do this we rotate a static solution with a boost in the e� direction. The rotorthat achieves this is R = expf!(r; �)�̂etg (7:270)where �̂ � e�=(r sin�): (7:271)The new matter stress-energy tensor isT (a) = (�+ p)a�(cosh! et + sinh! �̂)(cosh!et + sinh! �̂)� pa; (7:272)172



and the Einstein tensor is similarly transformed. The stress-energy tensor (7.272) canonly properly be associated with a rotating star if it carries angular momentum. Thede�nitions of momentum and angular momentum are, in fact, quite straight-forward.The 
ux of momentum through the 3-space de�ned by a time-like vector a is T (a) andthe angular momentum bivector is de�ned byJ (a) = x^T (a): (7:273)Once gravitational interactions are turned on, these tensors are no longer conserved withrespect to the vector derivative, _T ( _r) 6= 0; (7:274)and instead the correct law is (7.258). This situation is analogous to that of coupledDirac-Maxwell theory (see Section 6.3). Once the �elds are coupled, the individual (free-�eld) stress-energy tensors are no longer conserved. To recover a conservation law, onemust either replace directional derivatives by covariant derivatives, or realise that it isonly the total stress-energy tensor that is conserved. The same is true for gravity. Oncegravitational e�ects are turned on, the only quantity that one expects to be conserved isthe sum of the individual matter and gravitational stress-energy tensors. But the �eldequations ensure that this sum is always zero, so conservation of total energy-momentumceases to be an issue.If, however, a global time-like symmetry is present, one can still sensibly separatethe total (zero) energy into gravitational and matter terms. Each term is then separatelyconserved with respect to this global time. For the case of the star, the total 4-momentumis the sum of the individual 
uxes of 4-momentum in the et direction. We therefore de�nethe conserved momentum P by P = Z d3xT (et) (7:275)and the total angular momentum J byJ = Z d3xx^T (et): (7:276)Concentrating on P �rst, we �nd that P =Mrotet (7:277)whereMrot = 2� Z R0 dr Z �0 d� r2 sin � h�(r) cosh2 !(r; �) + p(r) sinh2 !(r; �)i : (7:278)The e�ective mass Mrot reduces to M when the rotation vanishes, and rises with themagnitude of !, showing that the internal energy of the star is rising. The total 4-momentum is entirely in the et direction, as it should be. Performing the J integral next,we obtainJ = �i�3 2� Z R0 dr Z �0 d� r3 sin2 � (�(r) + p(r)) sinh!(r; �) cosh!(r; �); (7:279)173



so the angular momentum is contained in the spatial plane de�ned by the �̂et direc-tion. Performing an active radial boost has generated a �eld con�guration with suitablemomentum and angular momentum properties for a rotating star.Unfortunately, this model cannot be physical, since it does not tie down the shape ofthe star | an active transformation can always be used to alter the shape to any desiredcon�guration. The missing ingredient is that the particles making up the star must satisfytheir own geodesic equation for motion in the �elds due to the rest of the star. The simplerotation (7.270) does not achieve this.Attention is drawn to these points for the following reason. The boost (7.270) producesa Riemann tensor at the surface of the star ofR(B) = �Mrot2r3 �B + 3er(cosh! et + sinh! �̂)Ber(cosh! et + sinh! �̂)� ; (7:280)which is that for a rotated Schwarzschild-type solution, with a suitably modi�ed mass.This form is very di�erent to the Riemann tensor for the Kerr solution (7.240), whichcontains a complicated duality rotation. Whilst a physical model will undoubtedly requireadditional modi�cations to the Riemann tensor (7.280), it is not at all clear that thesemodi�cations will force the Riemann tensor to be of Kerr type. Indeed, the di�erencesbetween the respective Riemann tensors would appear to make this quite unlikely. Thesuggestion that a rotating star does not couple onto a Kerr-type solution is strengthenedby the fact that, in the 30 or so years since the discovery of the Kerr solution [90], no-onehas yet found a solution for a rotating star that matches onto the Kerr geometry at itsboundary.7.4 ConclusionsThe gauge theory of gravity developed from the Dirac equation has a number of inter-esting and surprising features. The requirement that the gravitational action should beconsistent with the Dirac equation leads to a unique choice for the action integral (up tothe possible inclusion of a cosmological constant). The result is a set of equations whichare �rst-order in the derivatives of the �elds. This is in contrast to general relativity,which is a theory based on a set of second-order partial di�erential equations for the met-ric tensor. Despite the formal similarities between the theories, the study of point-sourcesolutions reveals clear di�erences. In particular, the �rst-order theory does not admitsolutions which are invariant under time-reversal.The fact that the gauge group consists of active Poincar�e transformations of spacetime�elds means that gauge transformations relate physically distinct situations. It followsthat observations can determine the nature of the h and 
 �elds. This contrasts withYang-Mills theories based on internal gauge groups, where one expects that all observablesshould be gauge-invariant. In this context, an important open problem is to ascertainhow the details of radial collapse determine the precise nature of the h and 
 �elds arounda black hole.A strong point in favour of the approach developed here is the great formal clarity thatgeometric algebra brings to the study of the equations. This is illustrated most clearly inthe compact formulae for the Riemann tensor for the Schwarzschild and Kerr solutions174



and for radially-symmetric stars. No rival method (tensor calculus, di�erential forms,Newman-Penrose formalism) can o�er such concise expressions.For 80 years, general relativity has provided a successful framework for the study ofgravitational interactions. Any departure from it must be well-motivated by sound phys-ical and mathematical reasons. The mathematical arguments in favour of the presentapproach include the simple manner in which transformations are handled, the alge-braic compactness of many formulae and the fact that torsion is perhaps better viewedas a spacetime �eld than as a geometric e�ect. Elsewhere, a number of authors havequestioned whether the view that gravitational interactions are the result of spacetimegeometry is correct (see [94], for example). The physical motivation behind the presenttheory is provided by the identi�cation of the h and 
 �elds as the dynamical variables.The physical structure of general relativity is very much that of a classical �eld theory.Every particle contributes to the curvature of spacetime, and every particle moves onthe resultant curved manifold. The picture is analogous to that of electromagnetism, inwhich all charged particles contribute to an electromagnetic �eld (a kind of global ledger).Yet an apparently crucial step in the development of Q.E.D. was Feynman's realisation(together with Wheeler [95, 96]) that the electromagnetic �eld can be eliminated fromclassical electrodynamics altogether. A similar process may be required before a quantummultiparticle theory of gravity can be constructed. In the words of Einstein [97]: : : the energy tensor can be regarded only as a provisional means of represent-ing matter. In reality, matter consists of electrically charged particles : : :The status of the h and 
 �elds can be regarded as equally provisional. They may simplyrepresent the aggregate behaviour of a large number of particles, and as such would notbe of fundamental signi�cance. In this case it would be wrong to attach too strong aphysical interpretation to these �elds (i.e. that they are the result of spacetime curvatureand torsion).An idea of how the h �eld could arise from direct interparticle forces is provided by thetwo-particle Dirac action constructed in Section 6.3. There the action integral involvedthe di�erential operator r1=m1 +r2=m2, so that the vector derivatives in each particlespace are weighted by the mass of the particle. This begins to suggest a mechanism bywhich, at the one-particle level, the operator h(r) encodes an inertial drag due to theother particle in the universe. This is plausible, as the h �eld was originally motivatedby considering the e�ect of translating a �eld. The theory presented here does appearto contain the correct ingredients for a generalisation to a multiparticle quantum theory,though only time will tell if this possibility can be realised.
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