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History

Geometric algebra is the Cli ord algebra of a nite dimensial vector
space over real scalars cast in a form most appropriate foyspis and
engineering. This was done by David Hestenes (Arizona Stiterersity)
In the 1960's. From this start he developed the geometriccasls whose
fundamental theorem includes the generalized Stokes thegrthe residue
theorem, and new integral theorems not realized before. teless likes
to say he was motivated by the fact that physicists and engirsedid not
know how to multiply vectors.

Researchers at Arizona State and Cambridge have appliedsethe
developments to classical mechanics,quantum mechan&sel relativity
(quage theory of gravity), projective geometry, conforngdometry, etc.
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Axioms of Geometric Algebra

Let V (p; ) be a nite dimensional vector space of signatu(e g)* over
<. Then8a; b;c2 V there exists a geometric product with the properties -

(abc = a(bg
a(b+ c) = ab+ ac
(a+ b)c= ac+ bc

aaz2 <

1

If a26 0 thena 1= —a.
a

70 be completely general we would have to considfe(p; g;r ) where the dimension of the vector
space isn = p+ g+ r andp, g, andr are the number of basis vectors respectively with positive,

negative and zero squares.
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Why Learn This Stu ?

The geom%ric product of two (or more) vectors produces soimeg
\new" like the 1 with respect to real numbers or vectors with respect
to scalars. It must be studied in terms of its e ect on vectoend iIn
terms of its symmetries. It is worth the e ort. Anything thatmakes
understanding rotations in &\ demensional space simple is worth the
e ort! Also, if one proceeds on to geometric calculus manyelise areas

In mathematics are uni ed and many areas of physics and eagimg are
greatly simpli ed.
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Inner, , and outer, *, product of two vectors and their

basic properties

ab %(ab+ ba)

a™b %(ab ba)

ab=a b+ a”b
a” b= Db"a
c=a+b
¢ =(a+ b’
¢’ = a?+ ab+ ba+ P
2a b=c¢® a® P
a b2<
a b= jajjhcos() if a’>;b* > 0
Orthongonal vectors are de ned bg b=0.
For orthogonal vectora”™ b= ah.
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Now compute(a” b)2

(arb* = (a” b(b" a) (7)
= (ab a b)(ba a b (8)
= abba (a b)(ab+ ba) +(a b)? (9)
= a’’ (a b)° (10)
= a1 cos() (11)
= a’sin®() (12)

Thus in a Euclidian space?; > > 0, (a”® b)2 O anda” bis proportional
tosin( ). If g ande, are any two orthonormal unit vectors in a Euclidian

space then e.e; = 1. Who needs thep 17
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Outer, ~, product for r Vectors in terms of the
geometric product

We de ne the outer product ofr vectors to be

Thus
and
- VRN - TR TR Nay =

2 VAN - IR TN - TR - P

The outer product ofr vectors is called a blade of grade
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Alternate De nition of Outer, *, product for r Vectors

Let e;;er;:::;e be an orthogonal basis for the set of linearly
Independent vectorg,; ay;:::;a, so that we can write
X
aj = i © (16)
J
Then
0) 10 1 0 1
X X
aaiiiar = @ ;g AQ@  4,g,A@ g A
j1 j2 ir
X

= TP PEER A FUPRRRLCT (17)
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Now de ne a blade of grada as the geometric product af orthogonal
vectors. Thus the produck; g, :::¢, In equation 17 could be a blade
of grader, r 2, r 4, etc. depending upon the number of repeated
factors.

If there are no repeated factors in the product we have that
g,:i1g, =" e e (18)

Due to the fact that interchanging two adjacent orthogonaéetors in the
geometric product will reverse the sign of the product and ean de ne
the outer product ofr vectors as

a NN e "jl?f.“jr 1, i €1l (19)
= det( )e:::e (20)

Thus the outer product ofr independent vectors is the part of the
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geometric product of ther vectors that is of grade. Equation 19 is
equivalent to equation 13.

This can be proved by substituting equation 17 into equati®8 to
get

TN _ 1 X X migiiiy
ai” it e = rl Tor o dgja--c eS8y (21)
RIS,
_ 1 X X it rwjir
BT Tor o Lor dgjpecs i1 6 (22)
BRI EE,
1 X
= 5 e det( e (23)
RSN
= det( )er:::g (24)
We go from equation 22 to equation 23 by noting that
"R Lt iy, is just det( ) with the columns permuted.
1,50 r
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Multiplying det( ) by "}% " gives the correct sign for the determinant

with the columns permuted.

If e;;:::;e, Is an orthonormal basis for vector space the unit
psuedoscalar is de ned as
| = e;:::e, (25)
In equation 24 letr = n and theay;:::;a, be another orthonormal basis

for the vector space. Then we may write
ap..:ap =det( )er:::e, (26)

Since both thea's and the e's form orthonomal bases the matrix Is
orthogonal anddet( ) = 1. All psuedoscalars for the vector space are
identical to within a scale factor of 1.2

Likewisea;  ::: ™ a, Is equal tol times a scale factor.

2t depends only upon the ordering of the basis vectors.
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Useful Relation's

1. For a set of r orthogonal vectorg;;:::; &
eeMNiiiNhNe =6 lllg (27)
2. For a set of r linearly independent vectoes,; : ::; a,, there exists a set
of r orthongonal vectorse;;:::; e, such that
a; N Nar = el (28)
If the vectors,a;;:::;a,;, are not linearly independent then
aaN::NMa =0 (29)

The producta; M :::”" a, Is call a \blade" of grader. The dimension of
the vector space is the highest grade any blade can have.
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Projection Operator

A multivector, the basic element of the geometric algebra,made of
of a sum of scalars, vectors, blades. A mutivector iIs homagsn(pure)
If all the blades in it are of the same grade. The grade of a @&c@ 0
and the grade of a vector i%. The general multivectoA is decomposed
with the grade projection operatobAi, as (N is dimension of the vector
space):

A= PAI (30)
r=0
As an example considexb, the product of two vectors. Then
ab= habi, + halb, (31)

We de ne PAI h Al for any multivectorA
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Basis Blades

The geometric algebra of a vector spacé(p; q), is denotedG(p; Q)
or G(V) where(p;q) is the signature of the vector space (rsp unit
vectors square torl and nextq unit vectors square to 1, dimension of
the space i+ ). Examples are:

g Type of Space

0 3D Euclidian

3 Relativistic Space Time
1 3D Conformal Geometry

P WO
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If the orthonormal basis set of the vector spaceeis:::; ey, the basis
of the geometric algebra (multivector space) is formed froine geometric
products (since we have choosen an orthonormal basis) of basis
vectors. For grade multivectors the basis blades are all the combinations
of basis vectors products taken at a time from the set ofN vectors.
Thus the number basis blades ofrank are '?' , the binonomial expansion
coe cient and the total dimension of the multivector space ithe sum of

'}' overr which is2N. Thus the basis blades fdB(3; 0) are:

Grade
0O 1 2 3
1 e €6 €663
€ €163
€3 €263
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The multiplication table for theG(3; 0) basis blades is

1 e es e3 e1e, €163 €763 e162e3

1 1 e1 (%) €3 €e1e- e1e3 €o2€e3 €162€e3
€1 €1 1 €1 €13 e €3 e1e2€3 €2€3

(S2) (S2) e1€e- 1 €o€e3 e1 €123 €3 €e1€e3
€3 €3 €13 €o€e3 1 €1e2€e3 e1 e e1e-
€16 €1 ) €1 €162€e3 1 €-o€3 €13 €3

€e1€e3 €1€e3 €3 €123 e1 €o€e3 1 e1e- S2)

€-2e3 €o€e3 €162€e3 €3 S €13 €1e- 1 €1
€123 | e1e2€e3 €23 €13 €16 €3 %) €1 1

Note that the squares of all the grad2 and 3 basis blades are 1. The
highest rank basis blade (in this casge,es) is ususally denoted bl and
IS called the pseudoscalar.
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The multiplication table for theG(1; 3) basis blades is (Part I)
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The multiplication table for theG(1; 3) basis blades is (Part Il)

333332
m m —
ANl N — o™ AN N () o)
NN - ) o N A
[ — o N — O
— O o
ol o
™ ™ o\
™™ ™ N ™ ™ —
N ™ o\ ™M - — N
AN N Nl — i N o O+ ©
— — o o o
| — o
o
™
™[ ™ N 23 @ N ™
™ 92] N — N o N i
N N - o ™M — - —
N o — o — o
ol o o o
™l m @ m m N
-
M oM AN O dAM 222
| — o ™MmAN N T g0
— O < o N
ol o — O
o
@ ™m m
Nl N — N ™ ™
NN Jo NN ™M ™
| o+ N — o~ ™
— O - O — O
ol o o o
™ ™
™m m ~N -
™M ™ o™ 23322 — o d
N N N o - A - o
o o — o - o
o o
o
o ™
N
™ ™m N N ™
M ™ ™M N o o N
- A o« — 4N N
| — AN O o o
o o o
m m o ™ . . o
™[ ™ — N “ ~ — N N
™ OdN 4 OOWN A
ol © o o —l —
- o
o
™
N MmM
ANNOMOMmM N
— O Nm — - NN
OO0 HO AN -
00010

17

{ Typeset by FoilTEX {



Re ections

We wish to show thata;:v2V ! ava2V andv is re ected abouta
fa=1.

1. Decomposer = v, + V> wherevy Is the part ofv parallel toa and v-
IS the part perpendicular t@.

{ Typeset by FoITEX { 18



2. av=avg+ av, = via Vpasincea andv, are orthogonal.
3. ava= a® vy V, is a vector since? is a scalar.
4. ava is the re ection of v about the direction ofa if a2 =1.

5. Thusa;:::a,var :::a; 2V and produces a composition of re ections
ofvifa?=:::=a?=1.
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Rotations, Part 1

First de ne the reverse of a product of vectors. B = a;:::as then
the reverse iRY = (a;:::as)’ = a :::a;, the order of multiplication is
reversed. Then leR = abso that

RRY = (ab)(ba = atra= a’l¥ = RYR (32)
Let RRY =1 and calculate RvRY 2, wherev is an arbitrary vector.
RVRY ° = RVRYRVRY = RV2RY = V2RRY = V2 (33)

Thus RvVRY leaves the length o¥ unchanged.

Now we must also prov®kv;RY Rv,;RY = v; v,. SinceRv;RY and
Rvo,RY are both vectors we can use the de nition of the dot product fo
two vectors
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Rv{RY Rv,RY Rv;RYRv,RY + Rv,RYRV{RY

Rviv>RY + Rv,v¢{RY

—R (vyv2 + vovp) RY

NI NI NP

= R(v1 )R
= v, VWL,RRY

Vi V2

Thus the transfomationRvRY preserves both length and angle and must
be a rotation. The normal designation fdR is a rotor.
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to a vectorv then the result of thek rotations will be
R«Rk 1:1:RiVRIR IR}

Since each individual rotation can be written as the geonwproduct
of two vectors, the composition ok rotations can be written as the
geometric product of2k vectors. The multivector that results from the
geometric product of vectors is called aersor of orderr. A composition
of rotations is always a versor of even order.
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Rotations, Part 2

The general rotation can be represented BRy= ez" whereu is a unit
bivector in the plane of the rotation and is the rotation angle in the
plane3 The two possible non-degenerate cases afe= 1

. . 2 _ .
(Euclidian plane) u“= 1: cos; + usin

U — : 2
© (Minkowski plane) u?=1: cosh 5 + usinh 5

(34)

Decomposev = vy + Vv Vv, wherev, IS the projection ofv into the
plane de ned byu. Note thev v, is orthogonal to all vectors in the
plane. Now letu = e, e, wheree, Is parallel tov, and of courses; Is in
the planeu and orthogonal toe,. v v, anticommutes withe, and e;
and v, anticommutes withe, (it is left to the viewer to shownRRY = 1).

N
Is de ned as the Taylor series expansieﬁ = J—l whereA is any multivector.
j=0 *~

3eA
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Euclidian Case

For the case o2 = 1
o’{
ST
@Q\Sfx'/
A \
&.
- emn - \ ---------------------- o
Ex Vk = Vi &

Y = ok in — + ok in —
RVR coSs > e, & SIin > Vi VoV coS > ee- sin >
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Sincev v anticommutes withe, and e, it commutes withR and

RVRY = RyyRY+ v v

So that we only have to evaluate

Rv.RY= cos = + e e sin

> Vg COS = + ge; sin

2 2
Sincevy = Vi &

RviRY= v, cos()e +sin( )e

and the component of/ in the u plane is rotated correctly.
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Minkowski Case

For the case ofu® = 1 there are two possiblitiesy > 0 or v¢ < 0.
In the rst casee =1 ande5 = 1. In the second case; = 1 and

e =1. Againv vy is not a ected by the rotation so that we need only
evaluate

Rv,RY = cosh = + sinh - v, cosh — + sinh —
k 5 € € 5 k 5 S Sr 5

r_
Note that in this casevy = vZ and

(

v RY = vi> 0: v cosh()e +sinh( )e;
RY =

Vi< 0: v cosh()e sinh()e (38)
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Expansion of geometric product and generalization of
and ~

If A, and Bs are respectively grade and s pure grade multivectors
then

ArBs = hArBSijr sj+hArBSijr sj+2+ +hArBSimin(r+s;2N (r+s)) (39)
Ar Bs hABsi, (40)
A~ Bs hABsi,,. (41)

Thus ifr+ s> N then A, » B = 0, also note that these formulas are
the most e cient way of calculatingA, Bs andA; » Bs.

Using equations 28 and 39 we can prove that for a vecdoand a
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grader multivector B,

a B = (a8, ( 1)Ba (42)

a” B, = %(aBr +( 1) B;a) (43)

If equations 42 and 43 are true for a gradeblade they are also true for
a grader multivector (superposition of grade blades). By equation 28
let B, = e;:::e where thee% are orthogonal and expand

a= ap + i € (44)
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wherea, is orthognal to all thee%s. Thert

X .
aB, = (1) 'jgee g e+aeile
j=1
= a B,+ a” B, (45)
Now calculat%
B,a = (11 e g e (1) ‘ae:ig
-
| 0 1

X .
(D" '@ (1) *!efer g & @me:ieA
j=1

= ( 1" '(a B, a”B) (46)

Adding and subtracting equations 45 and 46 gives equatiodsadd 43.

4, ... —
€1..:€j 16€+1 - €r = €1...€) 1€ 41 .. €y
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Duality and the Pseudoscalar

| = e e, (47)

Since one can tranform one orthonormal basis to another byoehogonal
transformation thel 's for all orthonormal bases are equal to within al
scale factor with depends on the ordering of the basis vextor

If A, Is a purer grade multivector(A, = PA,1,) then

Al = PACL, (48)

r

or A;l is a puren r grade multivector. Further by the symmetry
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properties ofl we have
A, =( D" DA (49)

| can also be used to exchange theand A products as follows using
equations 42 and 43

a (A/l) = % aAl (1" "A/la (50)
= % aAl (D" "( D" A al (51)
= (@A +( 1) Aa) (52)
= (a” Al (53)
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More generally ifA;, andBg are pure grade multivectors with+s n
we have using equation 40 and 48

Ar (Bsl) = PABsli (), (54)
= PABsli, (14 (55)
= MABsi, | (56)
= (A" By)l (57)
Finally we can relaté to | Y by
n(n 1)
1Y=( 1) z | (58)
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Reciprocal Frames

vector space that are not necessarily orthogonal. Thesdareade ne the
frame (frame vectors are shown in bold face since they areoatnalways
associated with a particular coordinate system) with voleiralement

E, e ":::"e, (59)

SothatE, / |. The reciprocal frame is the set of vectoes;:::;e" that
statisfy the relation

e e = ; 8ijj =1;:1:;n (60)

The €' are constructed as follows
e =( 1y teireniiing NiiihgE, R (61)
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So that the dot product is (using equation 53 sinég, 1/ 1)

e & = (1 'e eheriiifeNiifeE,t (62
= (1) YererrexhiiifegNiiihe)E, Y (63)
= 0; 8i6] (64)
and
er e8 = e eN:iiiMeE,? (65)
= (e1"ex”:iiiMe)EL Y (66)
= 1 (67)
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Linear Transformations

Let f be a linear transformatiorf : V !'V with f (a + b) =
f (ag+ f (b 8a;b2V and ; 2 <. Then de ne the action off on
a blade of the geometric algebra by

f(agN:::Ma)="F(ag) ™M T (ag) (68)
and the action off on any twoA;B 2 G(V) by
f(A+B)=f (A)+ f (B) (69)

Since any multivectorA can be expanded as a sum of bladegA) is
de ned. This has many consequences. Consider the follovdagition
for the determinant off , det(f).

f(1)=det(f)l (70)
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First show that this de nition is equivalent to the standarde nition of

the determinant (agaire;;:::; ey IS an orthonormal basis fov).
X
f(e)= drs €s (71)
s=1
Then
0 1 0) 1
f() = @ ageAr:in@ gy eA
s1=1 sy =1
X
= Ais; i ii8Nsy Esq il 6sy (72)
S1;: S N
But
&, i1y = " Ner ey (73)
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SO that

f(l)= "N ags, fiiansy | (74)

or

det(f) = "IN s, aNs (75)

which is the standard de nition. Now compute the determinaaf the
product of the linear transformation§ andg

det(fg) | fg (1)

= f(g(l))

= f (det(g)l)

= det(g)f (I)

= det(g)det(f)]I (76)
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or

det(fg) =det(f)det(g) (77)
Do you have any idea of how miserable that is to prove from ttsndard
de nition of determinant?

Another linear algebraic relation in geometric algebra is

1

If |
f 1(A)= et () 8A 2 G (V) (78)

where f Is the adjoint transformation dened bya f (b) = b f (a)
8a;b 2 V and you have an explicit formula for the inverse of a linear
transformation!
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Quaternions

Any multivectorA 2 G (3;0) may be written as
A= +a+B+ | (79)

where ; 2 <, a 2 V(3;0), B Is a bivector, andl is the unit
pseudoscalar. The quaternions are the multivectors of egeades

A= +B (80)
B can be represented as

B= i+ j+ k (81)
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wherel = eyes3, | = e;e3, andk = e;e,, and
i°=j?=k?= ik = 1 (82)

The guaternions form a subalgebra Gi(3; 0) since the geometric product
of any two quaternions is also a quaternion since the geomatroduct

of two even grade multivector components is a even grade wvexdtor.
For example the product of two grade 2 multivectors can ongnsist of
grades 0, 2, and 4, but i15(3; 0) we can only have grades 0 and 2 since
the highest possible grade is 3.
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Spinors

The general de nition of a spinor is a multivector, 2 G (p; ), such
that v. Y2V (p;q 8v 2V (p;qg. Practically speaking a spinor is the
composition of a rotation and a dialation (stretching or shking) of a
vector. Thus we can write

v Y= RvRY (83)
whereR is arotor RRY =1 . Letting U = RY we must solve
UvUY = v (84)

U must generate a pure dialation. The most general form fbbased on
the fact that the l.h.s of equation 84 must be a vector Is

U= + | (85)
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so that
UvlY = 2v+ v +vlY + ?lvlY= v (86)

_ (n (n 2 n 1 q
UsingvlY =( 1) 2 lv, viY=(C 1) “1Yv,andll Y =( 1)" we

get

(n_H(n 2

2y + 1+( 1) 2 v+( )Tt 2y=y (87)

|f (n_1in 2) ISeven =0 and 60, otherwise: 6 0. For the

2
odd case
=R( + 1) (88)
where = 2+( 1)""9 1 2 |nthe case ofG(L;3) (relativistic space
time) we have = 2+ 2, > 0.
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Geometric Algebra of the Minkowski Plane

Because of Relativity and QM the Geometric Algebra of the ktiwski
Plane is very important for physical applications of GeoneAlgebra so
we will treat it in detall.

Let the orthonormal basis vectors for the plane bgand ; where 2 =
2 =1.> Then the geometric product of two vectora = ag o+ a; 1
andb=lhy o+ by 11is

ab = (ap o+t as 1)(bp o+ by 1) (89)
= aghy §+ agby f"‘(aobl ailp) o 1 (90)
= aghy aihy +(aghy aihyp)l (91)
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SO that

and

and

Thus

sincel 2 = 1.
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a b= alpy aib

a™ b=(aly ajhy)l

_ 2 2 _
0101= 60 1=1

s 2i it 2i+1 |

L @), @)
cosh( )+sinh( )I

(92)
(93)

(94)

(95)

(96)

(97)
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In the Minkowski plane all vectors of the foorm = (o 1) are
null @ =0 . One question to answer are there any vectbrssuch that
a b =0 that are not parallel toa .

Thus b must be proportional toa and the are no vectors in the
space that can be constructed that are normal & . Thus there are no
non-zero bivectorsa” b, such that(a” b)2 = 0. Conversely, " b6 0
then (a” b)* > 0.

Finally for the condition that there always exist two orthogal vectors

e; and e, such that
a” b= ee (98)

we can state that neithee; nor e, can be null.
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Lorentz Transformation

We now have all the tools needed to derive the Lorentz transttion
with Geometric Algebra. Consider a two dimensional timeIplane with
with coordinatest® and x; and basis vectorsy and ;. Then a general
space-time vector in the plane is given by

X:to+X11:t08+Xg_)]C_) (99)
where the basis vectors of the two coordinate systems arated| by

°=R RY =0:1 (100)

we let the speed of light =1 .
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and R is a Minkowski plane rotor

R = sinh > + cosh 5> 10 (101)
SO that

R oRY=cosh( ) g+sinh( ) 1 (102)
and

R {RY=cosh( ) 1+sinh( ) o (103)

Now consider the special case that the primed coordinatéesyss moving
with velocity in the direction of ; and the two coordinate systems were
coincident at timet =0. Thenx; = t andx =0 so we may write

t o+ t 1= tR (RY (104)

%)( o+ 1)=cosh( ) o+sinh( ) 1 (105)
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Equating components gives
ot
cosh( ) = o

sinh ( ):%)

. t . . .
Solving for and 0 In equations 106 and 107 gives

tanh( )=

Now consider the general case xift and x© t° giving

tR (RY+ xR RY

= t° (o+ )+x° (1+ o)

t o+t X3
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(110)
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Equating basis vector coe cients recovers the Lorentz tisfarmation

— (10
)t( — ((txo++ Xt(% (112)
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Commutator Product

The commutator product of two multivector®\ and B is de ned as
1
A B é(AB BA) (113)

An important theorem for the commutator product is that for grade 2
multivector, A, = PAI,, and a grader multivector B, = hBi, we have

AB, = A,"B,+ A, B+ A, B, (114)
From the geometric product grade expansion for multivestove have
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Thus we must show that

Let e1;::.:;e, be an orthogonal set for the vector space whdde =
hd
e e andA, = m €€n SO we can write
l<m =2
!
hd
A, B, = m€&em  (erlil€) (117)
l<m =2

Now consider the following three cases
1.l andm >r wheregenei:::e = €;:.:e6€ny

2.1 randm>r wheregene;:::€ = €1:::€6€n
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3.landm r wheregene;:::e = €1:.:66€n

For case 1 and ¥e,, commute with B, and the contribution to the
commutator product is zero. In case 8¢, anticommutes withB, and
thus are the only terms that contribute to the commutator. I|Athese
terms are of grade and the theorem is proved.

Additonally, the commutator product obeys the Jacobi idéwt
A (B CO)=(A B) C+B (A Q) (118)

This is important for the geometric algebra treatment of Lggoups and
algebras.
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