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History

Geometric algebra is the Cli�ord algebra of a �nite dimensional vector
space over real scalars cast in a form most appropriate for physics and
engineering. This was done by David Hestenes (Arizona StateUniversity)
in the 1960's. From this start he developed the geometric calculus whose
fundamental theorem includes the generalized Stokes theorem, the residue
theorem, and new integral theorems not realized before. Hestenes likes
to say he was motivated by the fact that physicists and engineers did not
know how to multiply vectors.

Researchers at Arizona State and Cambridge have applied these
developments to classical mechanics,quantum mechanics, general relativity
(guage theory of gravity), projective geometry, conformalgeometry, etc.
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Axioms of Geometric Algebra

Let V (p; q) be a �nite dimensional vector space of signature(p; q)1 over
< . Then 8a; b; c2 V there exists a geometric product with the properties -

(ab)c = a(bc)
a(b+ c) = ab+ ac
(a + b)c = ac+ bc

aa 2 <

If a2 6= 0 then a� 1 =
1
a2a.

1To be completely general we would have to considerV (p; q; r ) where the dimension of the vector
space isn = p + q + r and p, q, and r are the number of basis vectors respectively with positive,
negative and zero squares.
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Why Learn This Stu�?

The geometric product of two (or more) vectors produces something
\new" like the

p
� 1 with respect to real numbers or vectors with respect

to scalars. It must be studied in terms of its e�ect on vectorsand in
terms of its symmetries. It is worth the e�ort. Anything thatmakes
understanding rotations in aN demensional space simple is worth the
e�ort! Also, if one proceeds on to geometric calculus many diverse areas
in mathematics are uni�ed and many areas of physics and engineering are
greatly simpli�ed.

{ Typeset by FoilTEX { 3



Inner, �, and outer, ^ , product of two vectors and their
basic properties

a � b �
1
2

(ab+ ba) (1)

a ^ b �
1
2

(ab� ba) (2)

ab= a � b+ a ^ b (3)
a ^ b = � b^ a (4)

c = a + b
c2 = ( a + b)2

c2 = a2 + ab+ ba+ b2

2a � b = c2 � a2 � b2

a � b 2 <

(5)

a � b = jaj jbj cos (� ) if a2; b2 > 0 (6)
Orthongonal vectors are de�ned bya � b = 0 .
For orthogonal vectorsa ^ b = ab.
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Now compute(a ^ b)2

(a ^ b)2 = � (a ^ b) (b^ a) (7)

= � (ab� a � b) (ba� a � b) (8)

= �
�

abba� (a � b) (ab+ ba) + ( a � b)2
�

(9)

= �
�

a2b2 � (a � b)2
�

(10)

= � a2b2 �
1 � cos2 (� )

�
(11)

= � a2b2 sin2 (� ) (12)

Thus in a Euclidian space,a2; b2 > 0, (a ^ b)2 � 0 anda^ b is proportional
to sin (� ). If ek ande? are any two orthonormal unit vectors in a Euclidian

space then
�
eke?

� 2
= � 1. Who needs the

p
� 1?
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Outer, ^ , product for r Vectors in terms of the
geometric product

We de�ne the outer product ofr vectors to be

a1 ^ : : : ^ ar �
1
r !

X

i 1;:::;i r

" i 1:::i r
1:::r ai 1 : : : ai r (13)

Thus
a1 ^ : : : ^ (aj + bj ) ^ : : : ^ ar =

a1 ^ : : : ^ aj ^ : : : ^ ar + a1 ^ : : : ^ bj ^ : : : ^ ar (14)

and
a1 ^ : : : ^ aj ^ aj +1 ^ : : : ^ ar =

� a1 ^ : : : ^ aj +1 ^ aj ^ : : : ^ ar (15)

The outer product ofr vectors is called a blade of grader .
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Alternate De�nition of Outer, ^ , product for r Vectors

Let e1; e2; : : : ; er be an orthogonal basis for the set of linearly
independent vectorsa1; a2; : : : ; ar so that we can write

ai =
X

j

� ij ej (16)

Then

a1a2 : : : ar =

0

@
X

j 1

� 1j 1ej 1

1

A

0

@
X

j 2

� 2j 2ej 2

1

A : : :

0

@
X

j r

� rj r ej r

1

A

=
X

j 1;:::;j r

� 1j 1� 2j 2 : : : � rj r ej 1ej 2 : : : ej r (17)
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Now de�ne a blade of graden as the geometric product ofn orthogonal
vectors. Thus the productej 1ej 2 : : : ej r in equation 17 could be a blade
of grader , r � 2, r � 4, etc. depending upon the number of repeated
factors.

If there are no repeated factors in the product we have that

ej 1 : : : ej r = " j 1:::j r
1:::r e1 : : : er (18)

Due to the fact that interchanging two adjacent orthogonal vectors in the
geometric product will reverse the sign of the product and wecan de�ne
the outer product ofr vectors as

a1 ^ : : : ^ ar =
X

j 1;:::;j r

" j 1:::j r
1:::r � 1j 1 : : : � rj r e1 : : : er (19)

= det ( � ) e1 : : : er (20)

Thus the outer product ofr independent vectors is the part of the
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geometric product of ther vectors that is of grader . Equation 19 is
equivalent to equation 13.

This can be proved by substituting equation 17 into equation13 to
get

a1 ^ : : : ^ ar =
1
r !

X

i 1;:::;i r

X

j 1;:::;j r

" i 1:::i r
1:::r � i 1j 1 : : : � i r j r ej 1 : : : ej r (21)

=
1
r !

X

i 1;:::;i r

X

j 1;:::;j r

" i 1:::i r
1:::r " j 1:::j r

1:::r � i 1j 1 : : : � i r j r e1 : : : er (22)

=
1
r !

X

j 1;:::;j r

" j 1:::j r
1:::r " j 1:::j r

1:::r det (� ) e1 : : : er (23)

= det ( � ) e1 : : : er (24)

We go from equation 22 to equation 23 by noting thatX

i 1;:::;i r

" i 1:::i r
1:::r � i 1j 1 : : : � i r j r is just det (� ) with the columns permuted.
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Multiplying det (� ) by " j 1:::j r
1:::r gives the correct sign for the determinant

with the columns permuted.

If e1; : : : ; en is an orthonormal basis for vector space the unit
psuedoscalar is de�ned as

I = e1 : : : en (25)

In equation 24 letr = n and thea1; : : : ; an be another orthonormal basis
for the vector space. Then we may write

a1 : : : an = det ( � ) e1 : : : en (26)

Since both thea's and the e's form orthonomal bases the matrix� is
orthogonal anddet (� ) = � 1. All psuedoscalars for the vector space are
identical to within a scale factor of� 1.2

Likewisea1 ^ : : : ^ an is equal toI times a scale factor.
2It depends only upon the ordering of the basis vectors.
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Useful Relation's

1. For a set of r orthogonal vectors,e1; : : : ; er

e1 ^ : : : ^ er = e1 : : : er (27)

2. For a set of r linearly independent vectors,a1; : : : ; ar , there exists a set
of r orthongonal vectors,e1; : : : ; er , such that

a1 ^ : : : ^ ar = e1 : : : er (28)

If the vectors,a1; : : : ; ar , are not linearly independent then

a1 ^ : : : ^ ar = 0 (29)

The producta1 ^ : : : ^ ar is call a \blade" of grader . The dimension of
the vector space is the highest grade any blade can have.
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Projection Operator

A multivector, the basic element of the geometric algebra, is made of
of a sum of scalars, vectors, blades. A mutivector is homogenous (pure)
if all the blades in it are of the same grade. The grade of a scalar is 0
and the grade of a vector is1. The general multivectorA is decomposed
with the grade projection operatorhAi r as (N is dimension of the vector
space):

A =
NX

r =0

hAi r (30)

As an example considerab, the product of two vectors. Then

ab= habi 0 + habi 2 (31)

We de�ne hAi � h Ai 0 for any multivectorA
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Basis Blades

The geometric algebra of a vector space,V (p; q), is denotedG(p; q)
or G(V) where (p; q) is the signature of the vector space (�rstp unit
vectors square to+1 and nextq unit vectors square to� 1, dimension of
the space isp + q). Examples are:

p q Type of Space
3 0 3D Euclidian
1 3 Relativistic Space Time
4 1 3D Conformal Geometry
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If the orthonormal basis set of the vector space ise1; : : : ; eN , the basis
of the geometric algebra (multivector space) is formed fromthe geometric
products (since we have choosen an orthonormal basis) of thebasis
vectors. For grader multivectors the basis blades are all the combinations
of basis vectors products takenr at a time from the set ofN vectors.
Thus the number basis blades ofr rank are

� N
r

�
, the binonomial expansion

coe�cient and the total dimension of the multivector space is the sum of� N
r

�
over r which is2N . Thus the basis blades forG(3; 0) are:

Grade
0 1 2 3
1 e1 e1e2 e1e2e3

e2 e1e3

e3 e2e3
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The multiplication table for theG(3; 0) basis blades is

1 e1 e2 e3 e1e2 e1e3 e2e3 e1e2e3

1 1 e1 e2 e3 e1e2 e1e3 e2e3 e1e2e3

e1 e1 1 e1e2 e1e3 e2 e3 e1e2e3 e2e3

e2 e2 � e1e2 1 e2e3 � e1 � e1e2e3 e3 � e1e3

e3 e3 � e1e3 � e2e3 1 e1e2e3 � e1 � e2 e1e2

e1e2 e1e2 � e2 e1 e1e2e3 � 1 � e2e3 e1e3 � e3

e1e3 e1e3 � e3 � e1e2e3 e1 e2e3 � 1 � e1e2 e2

e2e3 e2e3 e1e2e3 � e3 e2 � e1e3 e1e2 � 1 � e1

e1e2e3 e1e2e3 e2e3 � e1e3 e1e2 � e3 e2 � e1 � 1

Note that the squares of all the grade2 and 3 basis blades are� 1. The
highest rank basis blade (in this casee1e2e3) is ususally denoted byI and
is called the pseudoscalar.
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The multiplication table for theG(1; 3) basis blades is (Part I)

1 
 0 
 1 
 2 
 3 
 0
 1 
 0
 2 
 1
 2
1 1 
 0 
 1 
 2 
 3 
 0
 1 
 0
 2 
 1
 2


 0 
 0 1 
 0
 1 
 0
 2 
 0
 3 
 1 
 2 
 0
 1
 2

 1 
 1 � 
 0
 1 � 1 
 1
 2 
 1
 3 
 0 � 
 0
 1
 2 � 
 2

 2 
 2 � 
 0
 2 � 
 1
 2 � 1 
 2
 3 
 0
 1
 2 
 0 
 1

 3 
 3 � 
 0
 3 � 
 1
 3 � 
 2
 3 � 1 
 0
 1
 3 
 0
 2
 3 
 1
 2
 3


 0
 1 
 0
 1 � 
 1 � 
 0 
 0
 1
 2 
 0
 1
 3 1 � 
 1
 2 � 
 0
 2

 0
 2 
 0
 2 � 
 2 � 
 0
 1
 2 � 
 0 
 0
 2
 3 
 1
 2 1 
 0
 1

 1
 2 
 1
 2 
 0
 1
 2 
 2 � 
 1 
 1
 2
 3 
 0
 2 � 
 0
 1 � 1

 0
 3 
 0
 3 � 
 3 � 
 0
 1
 3 � 
 0
 2
 3 � 
 0 
 1
 3 
 2
 3 
 0
 1
 2
 3

 1
 3 
 1
 3 
 0
 1
 3 
 3 � 
 1
 2
 3 � 
 1 
 0
 3 � 
 0
 1
 2
 3 � 
 2
 3

 2
 3 
 2
 3 
 0
 2
 3 
 1
 2
 3 
 3 � 
 2 
 0
 1
 2
 3 
 0
 3 
 1
 3


 0
 1
 2 
 0
 1
 2 
 1
 2 
 0
 2 � 
 0
 1 
 0
 1
 2
 3 
 2 � 
 1 � 
 0

 0
 1
 3 
 0
 1
 3 
 1
 3 
 0
 3 � 
 0
 1
 2
 3 � 
 0
 1 
 3 � 
 1
 2
 3 � 
 0
 2
 3

 0
 2
 3 
 0
 2
 3 
 2
 3 
 0
 1
 2
 3 
 0
 3 � 
 0
 2 
 1
 2
 3 
 3 
 0
 1
 3

 1
 2
 3 
 1
 2
 3 � 
 0
 1
 2
 3 � 
 2
 3 
 1
 3 � 
 1
 2 
 0
 2
 3 � 
 0
 1
 3 � 
 3


 0
 1
 2
 3 
 0
 1
 2
 3 � 
 1
 2
 3 � 
 0
 2
 3 
 0
 1
 3 � 
 0
 1
 2 
 2
 3 � 
 1
 3 � 
 0
 3
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The multiplication table for theG(1; 3) basis blades is (Part II)


 0
 3 
 1
 3 
 2
 3 
 0
 1
 2 
 0
 1
 3 
 0
 2
 3 
 1
 2
 3 
 0
 1
 2
 3
1 
 0
 3 
 1
 3 
 2
 3 
 0
 1
 2 
 0
 1
 3 
 0
 2
 3 
 1
 2
 3 
 0
 1
 2
 3


 0 
 3 
 0
 1
 3 
 0
 2
 3 
 1
 2 
 1
 3 
 2
 3 
 0
 1
 2
 3 
 1
 2
 3

 1 � 
 0
 1
 3 � 
 3 
 1
 2
 3 
 0
 2 
 0
 3 � 
 0
 1
 2
 3 � 
 2
 3 
 0
 2
 3

 2 � 
 0
 2
 3 � 
 1
 2
 3 � 
 3 � 
 0
 1 
 0
 1
 2
 3 
 0
 3 
 1
 3 � 
 0
 1
 3

 3 
 0 
 1 
 2 � 
 0
 1
 2
 3 � 
 0
 1 � 
 0
 2 � 
 1
 2 
 0
 1
 2


 0
 1 � 
 1
 3 � 
 0
 3 
 0
 1
 2
 3 
 2 
 3 � 
 1
 2
 3 � 
 0
 2
 3 
 2
 3

 0
 2 � 
 2
 3 � 
 0
 1
 2
 3 � 
 0
 3 � 
 1 
 1
 2
 3 
 3 
 0
 1
 3 � 
 1
 3

 1
 2 
 0
 1
 2
 3 
 2
 3 � 
 1
 3 � 
 0 
 0
 2
 3 � 
 0
 1
 3 � 
 3 � 
 0
 3

 0
 3 1 
 0
 1 
 0
 2 � 
 1
 2
 3 � 
 1 � 
 2 � 
 0
 1
 2 
 1
 2

 1
 3 � 
 0
 1 � 1 
 1
 2 � 
 0
 2
 3 � 
 0 
 0
 1
 2 
 2 
 0
 2

 2
 3 � 
 0
 2 � 
 1
 2 � 1 
 0
 1
 3 � 
 0
 1
 2 � 
 0 � 
 1 � 
 0
 1


 0
 1
 2 
 1
 2
 3 
 0
 2
 3 � 
 0
 1
 3 � 1 
 2
 3 � 
 1
 3 � 
 0
 3 � 
 3

 0
 1
 3 � 
 1 � 
 0 
 0
 1
 2 � 
 2
 3 � 1 
 1
 2 
 0
 2 
 2

 0
 2
 3 � 
 2 � 
 0
 1
 2 � 
 0 
 1
 3 � 
 1
 2 � 1 � 
 0
 1 � 
 1

 1
 2
 3 
 0
 1
 2 
 2 � 
 1 
 0
 3 � 
 0
 2 
 0
 1 1 � 
 0


 0
 1
 2
 3 
 1
 2 
 0
 2 � 
 0
 1 
 3 � 
 2 
 1 
 0 � 1

{ Typeset by FoilTEX { 17



Re
ections
We wish to show thata; v 2 V ! ava 2 V and v is re
ected abouta

if a2 = 1 .

v = vk + v?

ava = a
2
� vk

� v?

�

a

1. Decomposev = vk + v? wherevk is the part ofv parallel toa and v?

is the part perpendicular toa.
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2. av = avk + av? = vka � v? a sincea and v? are orthogonal.

3. ava = a2
�
vk � v?

�
is a vector sincea2 is a scalar.

4. ava is the re
ection of v about the direction ofa if a2 = 1 .

5. Thus a1 : : : ar var : : : a1 2 V and produces a composition of re
ections
of v if a2

1 = : : : = a2
r = 1 .
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Rotations, Part 1

First de�ne the reverse of a product of vectors. IfR = a1 : : : as then
the reverse isRy = ( a1 : : : as)y = ar : : : a1, the order of multiplication is
reversed. Then letR = ab so that

RRy = ( ab)(ba) = ab2a = a2b2 = RyR (32)

Let RRy = 1 and calculate
�
RvRy

� 2
, wherev is an arbitrary vector.

�
RvRy� 2

= RvRyRvRy = Rv2Ry = v2RRy = v2 (33)

Thus RvRy leaves the length ofv unchanged.

Now we must also proveRv1Ry � Rv2Ry = v1 � v2. SinceRv1Ry and
Rv2Ry are both vectors we can use the de�nition of the dot product for
two vectors
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Rv1Ry � Rv2Ry =
1
2

�
Rv1RyRv2Ry + Rv2RyRv1Ry�

=
1
2

�
Rv1v2Ry + Rv2v1Ry�

=
1
2

R (v1v2 + v2v1) Ry

= R (v1 � v2) Ry

= v1 � v2RRy

= v1 � v2

Thus the transfomationRvRy preserves both length and angle and must
be a rotation. The normal designation forR is a rotor.

If we have a series of sucessive rotationsR1; R2; : : : ; Rk to be applied
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to a vectorv then the result of thek rotations will be

RkRk � 1 : : : R1vRy
1Ry

2 : : : Ry
k

Since each individual rotation can be written as the geometric product
of two vectors, the composition ofk rotations can be written as the
geometric product of2k vectors. The multivector that results from the
geometric product ofr vectors is called aversor of orderr . A composition
of rotations is always a versor of even order.
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Rotations, Part 2

The general rotation can be represented byR = e
�
2u whereu is a unit

bivector in the plane of the rotation and� is the rotation angle in the
plane.3 The two possible non-degenerate cases areu2 = � 1

e
�
2u =

�
(Euclidian plane) u2 = � 1 : cos

�
�
2

�
+ u sin

�
�
2

�

(Minkowski plane) u2 = 1 : cosh
�

�
2

�
+ u sinh

�
�
2

�
�

(34)

Decomposev = vk +
�
v � vk

�
where vk is the projection ofv into the

plane de�ned byu. Note the v � vk is orthogonal to all vectors in theu
plane. Now letu = e? ek whereek is parallel tovk and of coursee? is in
the planeu and orthogonal toek . v � vk anticommutes withek and e?

and vk anticommutes withe? (it is left to the viewer to showRRy = 1 ).

3eA is de�ned as the Taylor series expansioneA =
1X

j =0

A j

j !
whereA is any multivector.

{ Typeset by FoilTEX { 23



Euclidian Case

For the case ofu2 = � 1

�

ek

e ?

vk =
�
�vk

�
� ek

Rv kR
y

RvRy =
�

cos
�

�
2

�
+ e? ek sin

�
�
2

��
�
vk +

�
v � vk

��
�

cos
�

�
2

�
+ eke? sin

�
�
2

��
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Sincev � vk anticommutes withek and e? it commutes withR and

RvRy = RvkRy +
�
v � vk

�
(35)

So that we only have to evaluate

RvkRy =
�

cos
�

�
2

�
+ e? ek sin

�
�
2

��
vk

�
cos

�
�
2

�
+ eke? sin

�
�
2

��
(36)

Sincevk =
�
�vk

�
� ek

RvkRy =
�
�vk

�
� �

cos (� ) ek + sin ( � ) e?
�

(37)

and the component ofv in the u plane is rotated correctly.
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Minkowski Case

For the case ofu2 = 1 there are two possiblities,v2
k > 0 or v2

k < 0.
In the �rst case e2

k = 1 and e2
? = � 1. In the second casee2

k = � 1 and
e2

? = 1 . Again v � vk is not a�ected by the rotation so that we need only
evaluate

RvkRy =
�

cosh
�

�
2

�
+ e? ek sinh

�
�
2

��
vk

�
cosh

�
�
2

�
+ eke? sinh

�
�
2

��

Note that in this case
�
�vk

�
� =

r �
�
�v2

k

�
�
� and

RvkRy =

(
v2

k > 0 :
�
�vk

�
� �

cosh (� ) ek + sinh ( � ) e?
�

v2
k < 0 :

�
�vk

�
� �

cosh (� ) ek � sinh (� ) e?
�

)

(38)
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Expansion of geometric product and generalization of �
and ^

If A r and Bs are respectively grader and s pure grade multivectors
then

A r Bs = hA r Bsi j r � sj + hA r Bsi j r � sj+2 + � � �+ hA r Bsi min( r + s;2N � ( r + s)) (39)

A r � Bs � h A r Bsi j r � sj (40)

A r ^ Bs � h A r Bsi r + s (41)

Thus if r + s > N then A r ^ Bs = 0 , also note that these formulas are
the most e�cient way of calculatingA r � Bs and A r ^ Bs.

Using equations 28 and 39 we can prove that for a vectora and a
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grader multivector B r

a � B r =
1
2

(aBr � (� 1)r B r a) (42)

a ^ B r =
1
2

(aBr + ( � 1)r B r a) (43)

If equations 42 and 43 are true for a grader blade they are also true for
a grader multivector (superposition of grader blades). By equation 28
let B r = e1 : : : er where thee0s are orthogonal and expanda

a = a? +
rX

j =1

� j ej (44)
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wherea? is orthognal to all thee0s. Then4

aBr =
rX

j =1

(� 1)j � 1� j e2
j e1 � � � �ej � � � er + a? e1 : : : er

= a � B r + a ^ B r (45)

Now calculate

B r a =
rX

j =1

(� 1)r � j � j e2
j e1 � � � �ej � � � er � (� 1)r � 1 a? e1 : : : er

= ( � 1)r � 1

0

@
rX

j =1

(� 1)j � 1� j e2
j e1 � � � �ej � � � er � a? e1 : : : er

1

A

= ( � 1)r � 1 (a � B r � a ^ B r ) (46)

Adding and subtracting equations 45 and 46 gives equations 42 and 43.
4e1 : : : e j � 1 �ej ej +1 : : : e r = e1 : : : e j � 1ej +1 : : : e r
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Duality and the Pseudoscalar

If e1; : : : ; en is an orthonormal basis for the vector space the the
pseudoscalarI is de�ned by

I = e1 : : : en (47)

Since one can tranform one orthonormal basis to another by anorthogonal
transformation theI 's for all orthonormal bases are equal to within a� 1
scale factor with depends on the ordering of the basis vectors.

If A r is a purer grade multivector(A r = hA r i r ) then

A r I = hA r I i n � r (48)

or A r I is a pure n � r grade multivector. Further by the symmetry
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properties ofI we have

IA r = ( � 1)(n � 1) r A r I (49)

I can also be used to exchange the� and ^ products as follows using
equations 42 and 43

a � (A r I ) =
1
2

�
aAr I � (� 1)n � r A r Ia

�
(50)

=
1
2

�
aAr I � (� 1)n � r (� 1)n � 1 A r aI

�
(51)

=
1
2

(aAr + ( � 1)r A r a) I (52)

= ( a ^ A r ) I (53)
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More generally ifA r andBs are pure grade multivectors withr + s � n
we have using equation 40 and 48

A r � (BsI ) = hA r BsI i j r � (n � s) j (54)

= hA r BsI i n � ( r + s) (55)

= hA r Bsi r + s I (56)

= ( A r ^ Bs) I (57)

Finally we can relateI to I y by

I y = ( � 1)
n (n � 1)

2 I (58)
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Reciprocal Frames

Let e1; : : : ; en be a set of linearly independent vectors that span the
vector space that are not necessarily orthogonal. These vectors de�ne the
frame (frame vectors are shown in bold face since they are almost always
associated with a particular coordinate system) with volume element

En � e1 ^ : : : ^ en (59)

So that En / I . The reciprocal frame is the set of vectorse1; : : : ; en that
statisfy the relation

ei � ej = � i
j ; 8i; j = 1 ; : : : ; n (60)

The ei are constructed as follows

ej = ( � 1)j � 1 e1 ^ e2 ^ : : : ^ �ej ^ : : : ^ en E � 1
n (61)
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So that the dot product is (using equation 53 sinceE � 1
n / I )

ei � ej = ( � 1)j � 1 ei �
�
e1 ^ e2 ^ : : : ^ �ej ^ : : : ^ en E � 1

n

�
(62)

= ( � 1)j � 1 (ei ^ e1 ^ e2 ^ : : : ^ �ej ^ : : : ^ en ) E � 1
n (63)

= 0 ; 8i 6= j (64)

and

e1 � e1 = e1 �
�
e2 ^ : : : ^ en E � 1

n

�
(65)

= ( e1 ^ e2 ^ : : : ^ en ) E � 1
n (66)

= 1 (67)
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Linear Transformations

Let f be a linear transformationf : V ! V with f (�a + �b ) =
�f (a) + �f (b) 8a; b 2 V and �; � 2 < . Then de�ne the action off on
a blade of the geometric algebra by

f (a1 ^ : : : ^ ar ) = f (a1) ^ : : : ^ f (a1) (68)

and the action off on any twoA; B 2 G (V) by

f (�A + �B ) = �f (A) + �f (B ) (69)

Since any multivectorA can be expanded as a sum of bladesf (A) is
de�ned. This has many consequences. Consider the followingde�nition
for the determinant off , det (f ).

f (I ) = det ( f ) I (70)
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First show that this de�nition is equivalent to the standardde�nition of
the determinant (againe1; : : : ; eN is an orthonormal basis forV).

f (er ) =
NX

s=1

ars es (71)

Then

f (I ) =

0

@
NX

s1=1

a1s1es

1

A ^ : : : ^

0

@
NX

sN =1

aNs N es

1

A

=
X

s1;:::;s N

a1s1 : : : aNs N es1 : : : esN (72)

But
es1 : : : esN = " s1:::s N

1:::N e1 : : : eN (73)
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so that

f (I ) =
X

s1;:::;s N

" s1:::s N
1:::N a1s1 : : : aNs N I (74)

or

det (f ) =
X

s1;:::;s N

" s1:::s N
1:::N a1s1 : : : aNs N (75)

which is the standard de�nition. Now compute the determinant of the
product of the linear transformationsf and g

det (fg ) I = fg (I )

= f (g (I ))

= f (det (g) I )

= det ( g) f (I )

= det ( g) det ( f ) I (76)
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or
det (fg ) = det ( f ) det (g) (77)

Do you have any idea of how miserable that is to prove from the standard
de�nition of determinant?

Another linear algebraic relation in geometric algebra is

f � 1 (A) =
If

�
I � 1A

�

det (f )
8A 2 G (V) (78)

where f is the adjoint transformation de�ned bya � f (b) = b � f (a)
8a; b 2 V and you have an explicit formula for the inverse of a linear
transformation!

{ Typeset by FoilTEX { 38



Quaternions

Any multivectorA 2 G (3; 0) may be written as

A = � + a + B + �I (79)

where �; � 2 < , a 2 V (3; 0), B is a bivector, andI is the unit
pseudoscalar. The quaternions are the multivectors of evengrades

A = � + B (80)

B can be represented as

B = � i + � j + 
 k (81)
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wherei = e2e3, j = e1e3, and k = e1e2, and

i2 = j 2 = k2 = ijk = � 1: (82)

The quaternions form a subalgebra ofG(3; 0) since the geometric product
of any two quaternions is also a quaternion since the geometric product
of two even grade multivector components is a even grade multivector.
For example the product of two grade 2 multivectors can only consist of
grades 0, 2, and 4, but inG(3; 0) we can only have grades 0 and 2 since
the highest possible grade is 3.
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Spinors

The general de�nition of a spinor is a multivector, 2 G (p; q), such
that  v y 2 V (p; q) 8v 2 V (p; q). Practically speaking a spinor is the
composition of a rotation and a dialation (stretching or shrinking) of a
vector. Thus we can write

 v y = �RvR y (83)

whereR is a rotor
�
RRy = 1

�
. Letting U = Ry we must solve

UvUy = �v (84)

U must generate a pure dialation. The most general form forU based on
the fact that the l.h.s of equation 84 must be a vector is

U = � + �I (85)
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so that
UvUy = � 2v + ��

�
Iv + vI y� + � 2IvI y = �v (86)

Using vI y = ( � 1)
(n � 1)( n � 2)

2 Iv , vI y = ( � 1)n � 1 I yv, and II y = ( � 1)q we
get

� 2v + ��
�

1 + ( � 1)
(n � 1)( n � 2)

2

�
Iv + ( � 1)n + q� 1 � 2v = �v (87)

If
(n � 1) (n � 2)

2
is even� = 0 and � 6= 0 , otherwise�; � 6= 0 . For the

odd case
 = R (� + �I ) (88)

where� = � 2 + ( � 1)n + q� 1 � 2. In the case ofG(1; 3) (relativistic space
time) we have� = � 2 + � 2, � > 0.
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Geometric Algebra of the Minkowski Plane

Because of Relativity and QM the Geometric Algebra of the Minkowski
Plane is very important for physical applications of Geometric Algebra so
we will treat it in detail.

Let the orthonormal basis vectors for the plane be
 0 and
 1 where
 2
0 =

� 
 2
1 = 1 .5 Then the geometric product of two vectorsa = a0
 0 + a1
 1

and b = b0
 0 + b1
 1 is

ab = ( a0
 0 + a1
 1) (b0
 0 + b1
 1) (89)

= a0b0
 2
0 + a1b1
 2

1 + ( a0b1 � a1b0) 
 0
 1 (90)

= a0b0 � a1b1 + ( a0b1 � a1b0) I (91)
5I = 
 0
 1
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so that
a � b = a0b0 � a1b1 (92)

and
a ^ b = ( a0b1 � a1b0) I (93)

and
I 2 = 
 0
 1
 0
 1 = � 
 2

0 
 2
1 = 1 (94)

Thus

e�I =
1X

i =0

� i I i

i !
(95)

=
1X

i =0

� 2i

(2i )!
+

1X

i =0

� 2i +1 I
(2i + 1)!

(96)

= cosh (� ) + sinh ( � ) I (97)

sinceI 2i = 1 .
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In the Minkowski plane all vectors of the forma� = � (
 0 � 
 1) are
null

�
a2

� = 0
�
. One question to answer are there any vectorsb� such that

a� � b� = 0 that are not parallel toa� .

a� � b� = �
�
b�

0 � b�
1

�
= 0

b�
0 � b�

1 = 0
b�

0 = � b�
1

Thus b� must be proportional toa� and the are no vectors in the
space that can be constructed that are normal toa� . Thus there are no
non-zero bivectors,a ^ b, such that (a ^ b)2 = 0 . Conversely, ifa ^ b 6= 0
then (a ^ b)2 > 0.

Finally for the condition that there always exist two orthogonal vectors
e1 and e2 such that

a ^ b = e1e2 (98)

we can state that neithere1 nor e2 can be null.
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Lorentz Transformation

We now have all the tools needed to derive the Lorentz transformation
with Geometric Algebra. Consider a two dimensional time-like plane with
with coordinatest6 and x1 and basis vectors
 0 and 
 1. Then a general
space-time vector in the plane is given by

x = t
 0 + x1
 1 = t0
 0
0 + x0

1
 0
1 (99)

where the basis vectors of the two coordinate systems are related by


 0
� = R
 � Ry � = 0 ; 1 (100)

6We let the speed of lightc = 1 .
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and R is a Minkowski plane rotor

R = sinh
� �

2

�
+ cosh

� �
2

�

 1
 0 (101)

so that
R
 0Ry = cosh (� ) 
 0 + sinh ( � ) 
 1 (102)

and
R
 1Ry = cosh (� ) 
 1 + sinh ( � ) 
 0 (103)

Now consider the special case that the primed coordinate system is moving
with velocity � in the direction of
 1 and the two coordinate systems were
coincident at timet = 0 . Then x1 = �t and x0

1 = 0 so we may write

t
 0 + �t
 1 = t0R
 0Ry (104)

t
t0(
 0 + �
 1) = cosh (� ) 
 0 + sinh ( � ) 
 1 (105)
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Equating components gives

cosh (� ) =
t
t0 (106)

sinh (� ) =
t
t0� (107)

Solving for� and
t
t0 in equations 106 and 107 gives

tanh ( � ) = � (108)

t
t0 = 
 =

1
p

1 � � 2
(109)

Now consider the general case ofx; t and x0; t0 giving

t
 0 + x
 1 = t0R
 0Ry + x0R
 1Ry (110)

= t0
 (
 0 + �
 1) + x0
 (
 1 + �
 0) (111)
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Equating basis vector coe�cients recovers the Lorentz transformation

t = 
 (t0+ �x 0)
x = 
 (x0+ �t 0)

(112)
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Commutator Product

The commutator product of two multivectorsA and B is de�ned as

A� B �
1
2

(AB � BA ) (113)

An important theorem for the commutator product is that for agrade 2
multivector, A2 = hAi 2, and a grader multivector B r = hB i r we have

A2B r = A2 ^ B r + A2� B r + A2 � B r (114)

From the geometric product grade expansion for multivectors we have

A2B r = hA2B r i r +2 + hA2B r i r + hA2B r i j r � 2j (115)
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Thus we must show that

hA2B r i r = A2� B r (116)

Let e1; : : : ; en be an orthogonal set for the vector space whereB r =

e1 : : : er and A2 =
nX

l<m =2

� lm el em so we can write

A2� B r =

 
nX

l<m =2

� lm el em

!

� (e1 : : : er ) (117)

Now consider the following three cases

1. l and m > r whereel em e1 : : : er = e1 : : : er el em

2. l � r and m > r whereel em e1 : : : er = � e1 : : : er el em
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3. l and m � r whereel em e1 : : : er = e1 : : : er el em

For case 1 and 3el em commute with B r and the contribution to the
commutator product is zero. In case 3el em anticommutes withB r and
thus are the only terms that contribute to the commutator. All these
terms are of grader and the theorem is proved.

Additonally, the commutator product obeys the Jacobi identity

A� (B � C) = ( A� B ) � C + B � (A� C) (118)

This is important for the geometric algebra treatment of Liegroups and
algebras.
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