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History

Geometric algebra is the Clifford algebra of a finite dimensional vector
space over real scalars cast in a form most appropriate for physics and
engineering. This was done by David Hestenes (Arizona State University)
in the 1960's. From this start he developed the geometric calculus whose
fundamental theorem includes the generalized Stokes theorem, the residue
theorem, and new integral theorems not realized before. Hestenes likes
to say he was motivated by the fact that physicists and engineers did not
know how to multiply vectors.

Researchers at Arizona State and Cambridge have applied these
developments to classical mechanics,quantum mechanics, general relativity
(guage theory of gravity), projective geometry, conformal geometry, etc.

— Typeset by Foil TEX — 1



Axioms of Geometric Algebra

Let V (p, q) be a finite dimensional vector space of signature (p, q) over
K. Then Va,b,c € V there exists a geometric product with the properties -

(ab)c = a(bc)
a(b+c) =ab+ ac
(a +b)c = ac+ be

aa € N

1
2 1 _
If a* # 0 then a = —0.
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Why Learn This Stuff?

The geometric product of two (or more) vectors produces something
“new” like the /—1 with respect to real numbers or vectors with respect
to scalars. It must be studied in terms of its effect on vectors and in
terms of its symmetries. It is worth the effort. Anything that makes
understanding rotations in a /N demensional space simple is worth the
effort! Also, if one proceeds on to geometric calculus many diverse areas
in mathematics are unified and many areas of physics and engineering are
greatly simplified.
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Hyperbolic Translation
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Inner, -, and outer, A, product of two vectors and their

basic properties

(ab + ba)

1
&.b:_
2

1

a/\b=§(ab—ba)
ab=a-b+aANb
aNb=—-bAa
62:(a+b)2
c? = a? + ab + ba + b?
2a -b=c* —a® —b?
a-beR
a-b=|a||blcos(0) if a* b* >0

Orthongonal vectors are defined by a - b = 0.
For orthogonal vectors a A b = ab.
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Now compute (a A b)°

(anb)® = —(anb)(bAa) (7)
= —(ab—a-b)(ba—a-b) (8)
= abba — (a - b) (ab+ ba) + (a - b)2) (9)
= —(a%? b)” (10)
= “b (1 — cos” (6)) (11)
= —a*b?sin® (0) (12)

Thus in a Euclidian space, a2,b* > 0, (a A b)2 < 0 and aAb is proportional
to sin (¢). If ¢ and e are any two orthonormal unit vectors in a Euclidian

space then (e||eL)2 = —1. Who needs the /—17
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Outer, A, product for » Vectors in terms of the
geometric product

1 TR
A Nar = Z ey iy - - i, (13)
11 r

yeenyl

arA...A(a;+bj))N...Na, =
A ANa; N ANaptar A A AL Aa,  (14)

al/\.../\aj/\ajﬂ/\.../\ar =
—a1 N...Najp1 ANa; AN...Na, (15)
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Useful Relation’s

1. For a set of r orthogonal vectors, eq,...,¢€,
e1N...Ne.=e€1...€, (16)
2. For a set of r linearly independent vectors, aq,...,a,, there exists a set
of r orthongonal vectors, eq,..., €., such that
apAN...Na,=e€j...e (17)
If the vectors, a1, ..., a,, are not linearly independent then
aiN\...Na, =0 (18)

The product a; A ... Aa, is call a “blade” of rank r. The dimension of
the vector space is the highest rank any blade can have.
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Basis Blades

The geometric algebra of a vector space, V (p, q), is denoted G (p, q)
or G (V) where (p,q) is the signature of the vector space (first p unit
vectors square to +1 and next g unit vectors square to —1, dimension of
the space is p + q). Examples are:

Type of Space

3D Euclidian
Relativistic Space Time
3D Conformal Geometry

A=,
—_ W Ol
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If the orthonormal basis set of the vector space is €1, ..., ey, the basis
of the geometric algebra (multivector space) is formed from the geometric
products (since we have choosen an orthonormal basis) of the basis
vectors. For grade r multivectors the basis blades are all the combinations
of basis vectors products taken r at a time from the set of N vectors.
Thus the number basis blades of r rank are (]:) the binonomial expansion
coefficient and the total dimension of the multivector space is the sum of
(V) over r which is 2V. Thus the basis blades for G (3,0) are:

Grade
0 1 2 3
1 €1 €1€2 €1€2€3
€9 €1€3
€3 €2€3
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The multiplication table for the G (3,0) basis blades is

1 €1 €9 €3 €1€2 €1€3 €2€3 €1€2€3

1 1 €1 €9 €3 €1€2 €1€3 €2€3 €1€2€3
€1 €1 1 €1€9 €1€3 €92 €3 €1€2€3 €2€3

€9 €9 —€1€9 1 €2€3 — €1 —E€1€2€3 €3 —E€l€é;3
€3 €3 —e€1€3 —E€92€3 1 €1€2€3 —e€1 — €9 €1€2
€1€9 €1€9 —E€9 €1 €1€2€3 —1 —E€92€3 €1€3 — €3

€1€3 €1€3 —e3 —e1€2€3 €1 €o€3 —1 —€1€9 €2

€2€3 €2€3 €1€2€3 —es3 €9 —e€1€3 €1€2 —1 —e€1
€1€2€3 €1€2€3 €2€3 —€1€3 €1€9 —E€3 €92 —e1 —1

Note that the squares of all the grade 2 and 3 basis blades are —1. The
highest rank basis blade (in this case ejeses) is ususally denoted by I and
is called the pseudoscalar.
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The multiplication table for the G (1, 3) basis

blades is (Part 1)

1 Y0 Y1 ) 3 Y071 Y02 Y172
1 1 70 gl 72 73 7071 7072 Y172
Y0 Y0 1 Y071 Y072 Y073 71 2 Y0Y172
Y1 Y1 —7071 —1 Y172 Y173 Y0 —Y0Y172 -2
72 72 —7072 —7172 —1 7273 707172 70 71
73 Y3 —7073 —7173 —7273 —1 707173 707273 717273
Y071 7071 -1 ~70 707172 707173 1 —7172 ~7072
7072 7072 -2 Y0172 -0 Y0273 Y172 1 Y01
Y172 Y172 YOV1Y2 2 -7 Y1723 Y02 —Y071 -1
7073 Y073 -3 —Y0Y173 —Y07273 -0 Y173 7273 Y0Y17Y273
7173 Y173 Y0173 3 —Y17273 -7 Y073 —Y0Y17273 —Y273
7273 7273 Y0273 Y17273 V3 -2 Y0Y1Y273 7073 Y173
707172 Y0172 Y172 Y072 —7071 Y0717273 72 —71 —70
707173 707173 Y173 Y073 —70717273 —7071 73 —717273 —707273
Y0273 Y0273 7273 70717273 Y073 —Y072 17273 V3 Y0173
Y1273 Y17273 —Y0Y17273 —Y273 Y173 —Y172 707273 —Y07173 -3
70717273 | Y0Y17273 —Y17273 —Y07273 Y0173 —Y0Y172 Y273 —Y173 —Y073
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The multiplication table for the G (1, 3) basis blades is (Part I1)

7073 7173 Y273 Y012 Y0Y17Y3 Y0273 717273 70717273
1 Y073 Y173 Y273 707172 707173 707273 717273 70717273
Y0 Y3 YOY17Y3 707273 Y172 Y173 Y273 YOY1Y273 Y1273
71 —Y07173 -3 Y17273 Y02 7073 —Y0Y17273 —Y273 Y0273
72 —707273 —717273 —73 —7071 70717273 7073 Y173 —707173
3 Y0 7 2 —Y0Y17273 —Y071 —Y072 —Y172 YOV1Y2
7071 —7173 —7073 70717273 Y2 73 —717273 —7707273 Y273
7072 —7273 —Y0717273 —Y073 -7 Y1723 73 707173 —Y173
Y172 70717273 Y273 —7173 —70 707273 —707173 —73 —7073
7073 1 Y071 Y072 —Y17273 -1 -2 —Y0Y172 Y172
7173 -Y071 -1 Y172 —Y07273 -0 Y012 D) Y072
7273 —Y072 Y172 -1 Y0173 —Y0Y172 -0 -7 —Y071
07172 V17273 707273 ~707173 -1 7273 —7173 —7073 —73
Y0173 —71 —70 707172 —7273 —1 7172 7072 2
Y0273 -2 —Y07172 —70 Y173 —7172 —1 —7071 -1
Y1273 Y012 D) -7 Y073 —Y072 Y01 1 -0
70717273 Y172 Y072 —Y071 Y3 -2 71 Y0 -1
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Projection Operator

A multivector, the basic element of the geometric algebra, is made of
of a sum of scalars, vectors, blades. A mutivector is homogenous (pure)
if all the blades in it are of the same grade. The grade of a scalar is 0
and the grade of a vector is 1. The general multivector A is decomposed
with the grade projection operator (A). as (N is dimension of the vector
space):

A=Y (4), (19)

As an example consider ab, the product of two vectors. Then

ab = {ab), + (ab), (20)
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Expansion of geometric product and generalization of -
and A

If A, and B, are respectively grade r and s pure grade multivectors
then

ArBs = (ArBo) g+ (ArBs) g2t HArBodmin s av—(r4s)) (21)

A,r. . BS — <ATBS>|T‘—S| (22)
A, A By = (AB,), . . (23)

Thus if r+ s > N then A, AN B, = 0, also note that these formulas are
the most efficient way of calculating A, - B and A, A\ Bg.

Using equations 17 and 21 we can prove that for a vector a and a
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grade r multivector B,

0B, = (aB, ~ (~1)" Bya) (24)
a B, = % (aB,+ (=1)" Ba) (25)

If equations 24 and 25 are true for a grade r blade they are also true for
a grade r multivector (superposition of grade r blades). By equation 17
let B, = e1...e, where the €’s are orthogonal and expand a

a:aL—FZozjej (26)
j=1

where a | is orthognal to all the €’s. Then

aB, = g(—1)9_1aj61---éj---eTJraLel...er

g=1
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= a-B.+aNB, (27)

Now calculate

B,a = Z(—l)r_jozjel---éj---er—(—1)7“_1aiel...e,,n
j=1

= (D" D (-1 ager o Eer —aser e
j=1

= (-1)"'(a-B,—aAB,) (28)

Adding and subtracting equations 27 and 28 gives equations 24 and 25.
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Reflections

We wish to show that a,v € V — ava € V and v is reflected about a
if a2 =1.

1. Decompose v = v|| + vy where v is the part of v parallel to a and v
is the part perpendicular to a.
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2. av =av|+avy = vja—v_a since a and vy are orthogonal.

2 is a scalar.

3. ava = a? (’UH — UJ_) IS @ vector since a
4. ava is the reflection of v about the direction of a if a2 = 1.

5. Thus ay...a,va,...a1 €V and produces a composition of reflections
of vifa?=...=a’=1.

— Typeset by Foil TEX — 19



Rotations, Part 1

First define the reverse of a product of vectors. If R = a;...as then
the reverse is R = (a; . ..aS)Jr = a,...a1, the order of multiplication is
reversed. Then let R = ab so that

RR' = (ab)(ba) = ab*a = a*v* = R'R (29)
Let RRT = 1 and calculate (R’URT)2, where v is an arbitrary vector.
(RuR")” = RuR'RuR" = Rv’Rt = v*RR! = 1 (30)

Thus RuR' leaves the length of v unchanged.

Now we must also prove Rv;R' - Rus R = vy - v5. Since Rv1 R and
RuvsRT are both vectors we can use the definition of the dot product for
two vectors
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RuiR" - RvoRT

(RviRTRvaRY + RuoRTRuy RY)

1

2

1

5 (RUlUQRT + RUQUlRT)
1 i

== §R (Ul’UQ -+ ’U2’Ul) R

= R (Ul . UQ) RT
— vy -URR]

= V102

Thus the transfomation RuR' preserves both length and angle and must
be a rotation. The normal designation for R is a rotor.
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Rotations, Part 2

: 0 : :

The general rotation can be represented by R = e2" where u is a unit

bivector in the plane of the rotation and 6 is the rotation angle in the
plane. The two possible non-degenerate cases are u? = +1

Ju _ (Euclidian plane) u?=—1: cos(
| (Minkowski plane) u?=1: cosh

'+ vk ) O

Decompose v = v|| + (v — UH) where v is the projection of v into the
plane defined by u. Note the v — v is orthogonal to all vectors in the u
plane. Now let u = e, e where ¢ is parallel to v and of course e, is in
the plane u and orthogonal to ¢). v — v|| anticommutes with ¢ and e
and v anticommutes with e (it is left to the viewer to show RRT = 1).
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Euclidian Case

For the case of u? = —1
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Since v — v|| anticommutes with ¢ and e, it commutes with R and
RuR" = RyyR" + (v —vy) (33)

So that we only have to evaluate

RuyR" = | cos 5 ) tevepsin( o) Juy(cos (5 ) +ejersin g (34)
(3] #esrsn(5) o (o () rereson )

Since v = [v)] €
Ry R = v (cos (0) e +sin(0) e, ) (35)

and the component of v in the u plane is rotated correctly.
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Minkowski Case

For the case of u? = 1 there are two possiblities, vﬁ > 0 or vﬁ < 0.

In the first case eﬁ =1 and €2 = —1. In the second case eﬁ — —1 and
e = 1. Again v — v|| is not affected by the rotation so that we need only
evaluate
; 0 , 0
RUHR = cosh 5 —|—€J_€|| sinh 5 v|| X
0 0

(COSh (5) + e sinh (5)) (36)

Note that in this case ‘UH’ = |vﬁ‘ and

Rt — ’Uﬁ > 0: |v)| (cosh () e + sinh () e, )
oy et = { ’Uﬁ <0: ‘UH‘ (cosh (0) e — sinh (0) €L) (37)
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Spinors

The general definition of a spinor is a even (all odd grade components
are zero) multivector, 1, such that vy)T € V VYo € V. The most
important case of spinors is for G (1,3) (relativistic quantum mechanics).
We can write the general spinor for G (1,3) as

Y =a+ Pu+ I (38)

where 1 is a unit bivector (note that for G (1,3) I" = I and v commutes
with I since the grade of I is even). Then

Yoyt = (oz—l—ﬁu—i—v[)v(oz—kﬁuT—kle)
= (a+~D)*v+ FPuvut
= (& + 1" + ayI) v + fPuvu! (39)
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Thus YT € V — ay = 0. Either a =0 or vy = 0. If v = 0 the the
spinor can be expressed as (p > 0)

= \/pets (40)

so that YT = p and 1 rotates v and dialates it by a factor of p. If & = 0
then

B g _ u? = —1: f]( h(g)—l—lusmh(g))
v =vrle _{ w?=1: /pl (cos (%) + Tusin (%)) } (41)

In this case ¥ = —p and 9 rotates v, dialates it by a factor of p,
and reflects it. The case of a spinor for G (p, q) in general is a bit more
complicated.

— Typeset by Foil TEX — 27



Quaternions

Any multivector A € G (3,0) may be written as
A=a+a+ B+ 31 (42)

where a,0 € R, a € V(3,0), B is a bivector, and [ is the unit
pseudoscalar. The quaternions are the multivectors of even grades

A=a+B (43)
B can be represented as

B =qai+ 3j+k (44)
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where i = ege3, J = ejes, and k = ejes, and
i‘=j=k*=ijk=—1. (45)

The quaternions form a subalgebra of G (3,0) since the geometric product
of any two quaternions is also a quaternion since the geometric product
of two even grade multivector components is a even grade multivector.
For example the product of two grade 2 multivectors can only consist of
grades 0, 2, and 4, but in G (3,0) we can only have grades 0 and 2 since
the highest possible grade is 3.
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Linear Transformations

Let f be a linear transformation f : V — V with f(aa+ (b) =

af (a) + Bf (b) Ya,b €V and a, 3 € R. Then define the action of f on
a blade of the geometric algebra by

flaxN...Nar)= f(a))N... N\ f(ar) (46)
and the action of f on any two A, B € G (V) by
faA+BB)=af(A)+Bf(B) (47)

Since any multivector A can be expanded as a sum of blades f(A) is
defined. This has many consequences. Consider the following definition
for the determinant of f, det (f).

fI)=det(f)I (48)
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First show that this definition is equivalent to the standard definition of
the determinant (again ey, ..., en is an orthonormal basis for V).

fler) = Z Grs€s (49)

Then
N N
f() = Z A1s€s | Aot A Z ANsyCs
s1=1 sy=1
= Z A1sy - - ONsy€sy---Csy (50)

817 '7SN
But

€sy .- Csy =E1 NV€1...eN (51)
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so that

f)= Z et v arsy - ansy (52)
S1yeeey SN
or
det (f) — Z gi.l....]éNaflﬂ -+ - ANsp (53)
81,---»SN

which is the standard definition. Now compute the determinant of the
product of the linear transformations f and g

det (fg)I = fg(I)
= f(g(I))
= f(det(g)I)
= det(g) f({)
= det(g)det (f) I (54)
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det (fg) = det (f) det (g) (55)

Do you have any idea of how miserable that is to prove from the standard
definition of determinant?

Another linear algebraic relation in geometric algebra is

oy LEITA)
P =8

VAe G (V) (56)

where f is the adjoint transformation defined by a - f(b) = b- f(a)
Va,b € V and you have an explicit formula for the inverse of a linear
transformation!

— Typeset by Foil TEX — 33



References

1. Cambridge site: www.mrao.cam.ac.uk/~clifford
2. Arizona State site: modelingnts.la.asu.edu

3. Chris Doran and Anthony Lasenby, “Geometric Algebra for Physicists,”
Cambridge University Press, 2003.

4. David Hestenes and Garret Sobczyk, “Clifford Algebra to Geometric
Calculus,” Kluwer Academic Publishers, 1984.

5. David Hestenes, “New Foundations for Classical Mechanics (Q"d
edition),” Kluwer Academic Publishers, 1999.

— Typeset by Foil TEX — 34



Conformal Geometry

In Conformal Geometry the vector space V (p,q) is enlarged to
V(p+1,q+ 1) with a mapping function F': V (p,q) = V(p+1,q+ 1)
such that F (z)> = 0Vz € V (p,q). F (z) is a null vector. The motivation
for this is that translations, rotations, dialations, and inversions in V (p, q)
can all be encoded as rotations in V (p 4+ 1,q 4+ 1). The geometric algebra
of G (p+ 1,q + 1) makes handeling the rotations very simple. The starting
point of conformal geometric is the stereographic projection of the line as
show:

)
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The points 1 and x5 are mapped into the unit vectors r; and 5. A little
algebra shows that for a general point x on the line

€2 (57)

But this representation is not homogenous since T2 # 0. Rename e, to e
to distinguish it from the basis vector(s) of the space being described (in
this case the line) and scale and add the vector € to equation 57 to get

X=2ze1+ (1—-z)e+ (1+2°)e (58)
where

e =1, e? = —1, e-e=10

and X? = 0 and the vector space V (1,0) has been extended to V (2,1).
To put equation 58 into standard form define
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F(z)=2*n+2zx—n, Yz €V (p,q) (59)
Note that
F(z)-F(y) = (z’n+2z—n)-(y’n+2y—n)
= 2% —2y*+4dx -y
= 2(z-y) (60)

so that the inner product in V (p + 1, ¢ + 1) encodes the distance between
two points in V (p,q). Note that F'(z) - F' (y) = 0 implies that x = y,
such are the wonders of null vectors.
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Conformal Transformations

Conformal transformations consist of translations, rotatations,
dilations, and inversions in V (p, q). In the conformal space V (p + 1,q + 1)
all these transformations can be represented by rotations and reflections.

1. Translations: a € V (p, ) is the translation vector then

__na

F(z')=€e2F(x)e 2 wherez' =z +a (61)

2. Rotations: B is a unit bivector in G (p,q) and ¢ the rotation angle
th

o F(2)=eTF (z)e 2 (62)

3. Dilations: a € R then 2’ = e %z

F(y=e2 F(x)e 2 (63)
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4. Inversion: ' = %
x
F(z')=eF (x)e

(64)

Composition of transformations is as expected. If T (a) = e2, R (B, ¢) =

B¢ aee

e2,and D (a) =e 2 and we wish to translate, rotate, dilate, and invert

(in that order) the composite transformation f is
f=eD(a) R(B,¢)T (a)
and
F(2') = fF () f1

where
fh= T(@)TR(B,qﬁ)TD (oz)TeT, Note that e’ = ¢
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Geometric Primitives

Geometric primitives are formed from the repeated application of the
exterior product to null vectors in V (p + 1,q + 1) (conformal space).

1. Points: If A and B are null vectors in the conformal space then the
solutions to

GAX=AANBAX =0, X?=0 are exactly 4 and B (68)

2. Circles/Lines: If A, B, and C are null vectors in the conformal space
then the solutions to

LANX=ANBACAX =0, X?=0 are circles (69)

with points a, b, and c on the circle. If C' = n the circle becomes a
straight line (n is the point at infinity).
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The circle parameters are

L2
p? = — 5 radius, Xo = LnL center. (70)
(L An)

3. Spheres/Planes: If A, B, C, and D are null vectors in the conformal
space then the solutions to

PANX=AANBACADAX =0, X?=0 are spheres (71)

with points a, b, ¢, and d on the sphere. If D = n the sphere becomes
a plane (n is the point at infinity). The sphere parameters are
PQ
p? = 5 radius, Xo = PnP center. (72)
(P An)
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Intersections

The dual operation for pure grade multivectors (denoted by *) in the
conformal space is defined by

C* = IC (73)

where I is the pseudo-scalar for the conformal space. The intersection
of two lines and/or two circles defined by tri-vectors L; and L, (2D
geometry) is given by the bi-vector

B = (L7 ANLY". (74)

B represents zero, one, or two points depending upon the sign of B2,
Likewise if one has a line/circle represents by the trivector L and a
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plane/sphere represented by the quad-vector P (3D geometry) the points
of intersection are given by the bi-vector B

B = (L* A P*) (75)

Finally (for 3D space) the intersection of two planes/spheres denoted by
quad-vectors P; and P is given by the tri-vector L (line or circle)

L= (P{ NPy (76)

The intersection of lines/circles in 3D space does not have such simple
formulas and must be approached indirectly by analyzing the intersection
of planes defined by circles and their intersection with each other or with
lines.
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Non Euclidian Geometry

The unit circle in 2D space, G (3,1), is defined by the tri-vector Ie.
The angle of intersection of the unit circle with a general line L that is
perpendicular to the unit circle is given by

(le) - L=1(eNL)=0. (77)

This implies L = A A B A e.
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With typical L’s (D-lines) as shown.

We now need a non-euclidian distance function. The first step is to

determine a rotor that maps D-lines into D-lines. For this we require that

the rotor R = € map e = ReR' where U = U|U is a bi-vector. e

must be an invarient point of the transformation.

Thus we need

(D@D D) m

If U2 >0 c() = cosh() and s() = sinh () or if B> <0 ¢() = cos() and
s() = sin (). Equation 78 is true if eU = Ue. If we let U = Le we have
Le = eL which implies Ue = eU = L thus

v

U=Le=(ANBAe)eand U = 0]

(79)
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Note that U? = L?. After some laborious algebra we find that

[’ = (A-B’—-2(A-B)(A-e)(B-e)
— 4(a—1b) ((a—b)2+(1—a2) (1—b2)> (80)

So that L? > 0 V a%,b° < 1lorV a%b*> > 1 and we must use the

o

hyperbolic functions in expanding e 2. Now we must determine what «
correspondes to the transport of A to B along the D-line connecting A

and B. With our definition of R (a) we have e = R (a)eR (a)'. Now
consider the equation

.

X (o) = R(a) AR ()" (81)

We have X (0) = A and must determine if there is an « such that
B = X (). Or equivalently is there a solution to B - R (o) AR ()" =0
since B is a null vector.
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After a lot of algebra we determine that

d(A,B) = 2sinh™" <\/2(AT4€S(BB-6)>

. . 1.—1 la — b’2
= 2sinh (\/(1 ~ B (1) ) . (82)

For three points A, B, and C on the same D-line we have

d(A,C)=d(A, B)+d(B,C) (83)

since

R(d(A,C))=R(d(A,B)) R(d(B,C)). (84)
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