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Abstract

In previous w ork b y t w o of the presen t authors, t wistors w ere re-

in terpreted as 4-d spinors with a p osition dep endence within the for-

malism of geometric (Cli�ord) algebra. Here w e extend that approac h

and justify the nature of the p osition dep endence. W e deduce the

spinor represen tation of the restricted conformal group in geometric

algebra, and use it to sho w that the p osition dep endence is the result

of the action of the translation op erator in the conformal space on the

4-d spinor. W e obtain the geometrical description of t wistors through

the conformal geometric algebra, and deriv e the Robinson congruence.

This v eri�es our formalism. F urthermore, w e sho w that this no v el ap-

proac h brings considerable simpli�cations to the t wistor formalism, and

new adv an tages. W e map the t wistor to the 6-d conformal space, and

deriv e the simplest geometrical description of the t wistor as an observ-

able of a relativistic quan tum system. The new 6-d t wistor tak es the

rôle of the state for that system. In our new in terpretation of t wistors

as 4-d spinors, w e therefore only need to apply the mac hinery already

kno wn from quan tum mec hanics in the geometric algebra formalism,

in order to reco v er the ph ysical and geometrical prop erties of 1-v alence

t wistors.

1 In tro duction

T wistors are no w ada ys a v ersatile mathematical to ol, whic h can b e applied

to man y di�eren t areas. Recen tly , there has b een a renaissance in the ap-

plication of t wistors to other �elds than the w ell-kno wn in tegrable systems.

In string theory for example, new metho ds ha v e b een dev elop ed to compute

�
Electronic mail: e.arcaute@mrao.cam.ac.uk

y
Curren t address: Dept. Mathematics, Imp erial College London, South Kensington

Campus, London, SW7 2AZ, UK.

z
Electronic mail: a.n.lasen b y@mrao.cam.ac.uk

x
Electronic mail: c.doran@mrao.cam.ac.uk

1

http://arXiv.org/abs/math-ph/0603037v2


scattering amplitudes in Y ang-Mills theories making use of the t wistor space

[7, 41]. These pap ers (in particular [41 ]) ha v e had a v ery imp ortan t impact in

high energy ph ysics and sup ergra vit y theories, leading to extensiv e researc h

on these areas, see for example [6, 13, 14 , 12, 40, 4, 9, 5, 8].

The initial construction of t wistors w as motiv ated b y P enrose [29 , 30 , 36 ,

31, 32, 34, 33] to solv e one of the most imp ortan t and still unresolv ed prob-

lems within theoretical ph ysics: quan tum gra vit y . The t wistor formalism

relies on a complex structure of the ph ysical w orld, where massless free �elds

of general spin are tak en as holomorphic functions, and where the geometry

of space-time can b e related to the principle of sup erp osition in quan tum

mec hanics. The building blo c ks for this last relation are the follo wing cru-

cial asp ects of the theory and the conformal space. The t wistor algebra is

an extension of the spinor algebra, and the t wistor space is considered as the

most fundamen tal en tit y . The spaces needed for general relativit y and quan-

tum mec hanics, are b oth subspaces of this more general space. F or example,

ev en ts in space-time are deriv ed in a non-lo cal w a y through the incidence of

t wistors.

The main ob jectiv e of the presen t pap er is to re-in terpret t wistors and to

lo ok at some of the asp ects men tioned ab o v e, making use of a sp ecial case of

Cli�ord algebras: ge ometric algebr a . This is a real algebra, that allo ws for

ob jects suc h as tensors and spinors, to b e represen ted in a frame-free w a y .

Cli�ord algebras ha v e b een used to express spinors and t wistors for man y

y ears. These for example, ha v e b een realised as one-sided ideals of Cli�ord

algebras b y Cartan, Riesz [39], Chev alley , A tiy ah, Bott and Shapiro [3], and

P enrose. Sp eci�c approac hes to t wistors using real Cli�ord algebras, can

also b e found in the literature, see for example [1]. Here ho w ev er, w e follo w

a di�eren t approac h. This w ork is based on a previous pap er [28 ], where

the authors de�ned t wistors as 4-d spinors with a p osition dep endence, and

obtained some of the ph ysical prop erties of the particle that a 1-v alence

t wistor is enco ding. W e extend here this formalism, and consider only 1-

v alence t wistors, lea ving 2-v alence t wistors needed for the construction of

ev en ts in space-time to b e treated in [2]. Let us brie�y summarise the new

results con tained in this pap er.

In [28 ], the nature of the p osition dep endence giv en to the 4-d spinor w as

unkno wn. Here w e sho w that suc h a p osition dep endence is the outcome of

the action of a translation op erator on the spinor in the conformal space. W e

construct a represen tation of the t wistor in the 6-d conformal space, and de-

duce the spinor represen tation of the restricted conformal group, through the

action of the group on the 6-d t wistor. This result completes and amends the

spinor represen tation of the restricted conformal group within geometric al-

gebra, previously established in [16 ] and [27]. W e v erify the consistency of our

approac h, b y reco v ering the main geometrical structure that de�nes t wistors:

the R obinson c ongruenc e . F urthermore, w e are able to deriv e the simplest

geometrical represen tation for a t wistor as the observ able of a relativistic
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quan tum system, where the 6-d t wistor pla ys the rôle of the w a v e-function

for suc h a system.

The researc h describ ed here represen ts a no v el approac h to t wistors that

is in clear con trast with the applications men tioned in the �rst paragraph,

where holomorphicit y pla ys a fundamen tal rôle, and t wistors are used for

sp eci�c computational tasks only . F urthermore, the use of geometric algebra

brings new adv an tages b y simplifying the formalism.

This w ork is organised as follo ws. Section 1 is the presen t in tro duction.

Section 2 con tains a general review of the main imp ortan t results found in

[28], and it is divided in 3 subsections. In subsection 2.1 w e de�ne and ex-

plain the basic general rules of geometric algebra, and sp ecify the algebra for

the space-time. In subsection 2.2 w e giv e an outline of spinors follo wing the

construction in tro duced b y Hestenes [21]. Spinors corresp ond to ob jects that

b elong to the ev en subalgebra of the Cli�ord algebra for the space, and that

transform in a sp eci�c w a y under the action of the spin group. Although the

ev en subalgebra has the same dimension as the ideal of the algebra, this will

act as a �rst illustration of ho w our formalism di�ers in in terpretation and

manipulations with the con v en tional approac hes. In subsection 2.3 w e in tro-

duce the de�nition of a 1-v alence t wistor, and giv e the ph ysical prop erties of

the massless particle that it represen ts. Although the p osition dep endence

is justi�ed later on, this last asp ect sho ws that the new re-in terpretation

simpli�es greatly the formalism. In the next section (3), w e lo ok at the con-

formal geometric algebra. This is divided in t w o parts. The �rst subsection

is a review of ho w the conformal space is constructed, and ho w the conformal

transformations are de�ned within geometric algebra. In the second part,

w e giv e a no v el represen tation of the t wistor in the 6-d space, and use it

to deduce the spinor represen tation of the conformal transformations within

geometric algebra. This is ac hiev ed b y lo oking at the w a y the 6-d t wistor

transforms under the action of the conformal group de�ned in 3.1. This sec-

tion is crucial, b ecause it sho ws that the p osition dep endence is simply the

result of translating the origin in the conformal space to a general p osition

v ector. F urthermore, the geometrical prop erties of the t wistors that w e de-

riv e in section 4, are constructed through the conformal geometric algebra.

In 4.1 w e describ e n ull t wistors geometrically , and reco v er the exp ected n ull

ra y de�ned in [38]. In 4.2 w e lo ok at the geometrical description of non-n ull

t wistors, and deriv e the Robinson congruence. W e con�rm that the circles

b elonging to the congruence are geo desics, b y pro ving that these corresp ond

to d-lines in a non-Euclidean space. In the �nal subsection (4.3), w e sho w

that b y re-in terpreting a t wistor as a spinor in geometric algebra, w e are able

to pro ject it to the 6-d space and use it to obtain its geometrical descrip-

tion, for the simplest case, as one obtains the spin biv ector in a relativistic

quan tum system.

The con v en tions in this w ork are as follo ws. Greek indices run from 0
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to 3, while Latin indices run from 1 to 3. The signature of the space is

c hosen suc h that the timelik e v ector has p ositiv e norm, and the space-lik e

v ectors negativ e. The sp eed of ligh t is set to unit y c = 1 and so is the Planc k

constan t ~ = 1 .

2 Bac kground Review

2.1 Space-time algebra

In this section w e in tro duce our main mathematical to ol, whic h follo ws

Hestenes approac h to Cli�ord algebras, where no sp eci�c represen tation is

sp eci�ed (see [20, 24 , 22 ] for example). Details of the con ten t of this section

can b e found in [16].

Ge ometric algebr a (GA) is a Cli�ord algebra o v er the �eld of real n um-

b ers. Its bilinear pro duct is giv en b y the ge ometric pr o duct de�ned as follo ws

ab= a � b+ a ^ b; (1)

where a and b are ob jects of grade 1 (v ectors), a � b has grade 0 (a scalar),

and a ^ b returns an ob ject of grade 2 (a biv ector). The �rst op eration in

the geometric pro duct corresp onds to the inner pr o duct :

a � b =
1
2

(ab+ ba); (2)

and the second one to the outer pr o duct :

a ^ b =
1
2

(ab� ba): (3)

Elemen ts of the geometric algebra are in general a linear com bination of

ob jects of di�eren t grade called multive ctors . The op erator de�ned b y: h ik ,

pro jects the ob ject of grade k from the m ultiv ector. This allo ws us to express

the general m ultiv ector A as follo ws

A = hAi + hAi 1 + : : : =
X

k

hAi k ; (4)

where h i = h i0 corresp onds to the scalar pro jection.

The normalised elemen t of highest grade of the algebra is called the pseu-

dosc alar and it is denoted b y I . The reason for this is that it squares to � 1 in

most of the ph ysical spaces of in terest. One suc h a space is Mink o wski space-

time, whic h can b e generated through the sp ac e-time algebr a . This algebra

is spanned b y four orthonormal v ectors f 
 � g whic h ha v e as matrix represen-

tation the Dirac matrices, and therefore ob ey the Dirac algebra accordingly


 � � 
 � =
1
2

(
 � 
 � + 
 � 
 � ) = � �� = diag (+ � �� ); (5)
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where � and � run from 0 to 3.

The recipro cal v ectors are


 0 = 
 0; 
 k = � 
 k ; k = 1 ; : : : ; 3: (6)

The basis elemen ts of the algebra are constructed through the geometric

pro duct, and these constitute in total 24 = 16 elemen ts, viz

1
1 scalar

f 
 � g
4 v ectors

f 
 � ^ 
 � g
6 biv ectors

f I
 � g
4 triv ectors

I
1 pseudoscalar

(7)

where the pseudoscalar I = 
 0
 1
 2
 3 represen ting the directed v olume ele-

men t, is suc h that I 2 = � 1.

F or non-relativistic ph ysics, a basis for the 3-d space can b e created from

the ab o v e v ectors, b y de�ning r elative ve ctors . These are biv ectors giv en b y

r ^ v , where r is the p osition v ector, and v is the v elo cit y of the observ er.

T aking v = 
 0 (since c = 1 ), the biv ectors ha v e the follo wing form

� k = 
 k 
 0; k = 1 ; : : : ; 3: (8)

Note that the pseudoscalar is the same for the algebra of the 3-d and 4-d

spaces. In a 3-d space the biv ectors f � kg can b e treated as v ectors that ob ey

the P auli algebra

� i � j = � i � � j + � i ^ � j = � ij + I� ijk � k ; (9)

where � ij is the Kronec k er delta, and � ijk is the Levi-Civita sym b ol (p erm u-

tation sym b ol). This relation can b e v eri�ed using eq.(8 ) and (5).

Ev en elemen ts R of the algebra suc h that R eR = 1 are called r otors . (Note

that the tilde o v er R corresp onds to the r everse op eration, whic h consists in

rev ersing the order of the elemen ts in eac h outer pro duct of a m ultiv ector.)

An y m ultiv ector A of the algebra is transformed in exactly the same w a y

under their action

A 7! A0 = RA eR: (10)

Ho w ev er, rotors and spinors  transform single-sidedly according to their 4�
symmetry , viz

 7!  0 = R : (11)

Rotors mainly enco de rotations, and for spaces of Loren tzian signature (1; q)
or (p;1), these can b e generalise to an y dimension since the rotor can b e

written as follo ws

R(� ) = � e� �B= 2; (12)

where � denotes the in�nitesimal parameter con trolling the angle of rotation,

and B denotes the plane where the rotation is taking place. More complex

transformations can also b e de�ned b y rotors. An example of these are
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the prop er ortho c hronous Loren tz transformations, whic h can b e obtained

through the follo wing rotor

R = e� B̂=2e�I B̂=2; (13)

where the �rst exp onen tial generates the b o ost and the second one the rota-

tion. The biv ector B̂ enco des the b o ost, and the rotation tak es place in the

plane p erp endicular to the motion: I B̂ . The parameter � is the di�erence of

v elo cities b et w een the frames (in units of c), and � is related to it as follo ws

tanh � = �; (� < 1): (14)

Rotors form a subgroup of the spin group, whic h consists of ev en-grade

m ultiv ectors S 2 G(p; q) suc h that

SaS� 1 2 G1; 8a 2 G1; S eS = � 1; (15)

where G(p; q) denotes the geometric algebra for a space with signature (p; q) ,

and G1
stands for the subspace of elemen ts of grade 1 of the algebra. The

spin group Spin(p; q) is a 2-to-1 map of the group of orthogonal transforma-

tions with unitary determinan t SO(p; q) . T aking in to accoun t that R� 1 = eR ,

rotors constitute the spin subgroup suc h that R eR = 1 , and this is designated

b y Spin+ (p; q) . It is a double-co v er represen tation of the restricted orthogo-

nal group SO+ (p; q) , whic h is the subgroup of transformations con tin uously

connected with the iden tit y .

2.2 Spinors

Within geometric algebra, spinors b elong to the ev en subalgebra and to the

spin group (see [20 , 23, 18 , 16]). In the 3-d space they are called P auli spinors,

and they are prop ortional to rotors. The relation b et w een the con v en tional

notation and our de�nition is

j� i =
�

� 0

� 1

�
=

�
a0 + ia3

� a2 + ia1

�
$ � = a0 + ak I� k ; k = 1 ; : : : ; 3; (16)

where the co e�cien ts a�
(for � = 0 ; : : : ; 3) are scalars. Note that the Ein-

stein summation con v en tion is applied when t w o indices rep eat themselv es,

unless otherwise stated. Using the ab o v e equiv alence, w e can write the cor-

resp onding spin-up and spin-do wn basis states

j "i $ 1; j #i $ � I� 2: (17)

In terms of these, the spinor � in eq.(16) can b e expressed as

� = ( a0 + a3I� 3) + ( � I� 2)( � a2 + a1I� 3); (18)

6



whic h indicates that the rôle of the unit imaginary is tak en b y the biv ector

I� 3 . Therefore, b orro wing the same notation to express the comp onen ts in

terms of GA, according to eq.(18) these corresp ond to

� 0 = a0 + a3I� 3

� 1 = � a2 + a1I� 3
(19)

Ev ery time w e encoun ter I� 3 in an expression for spinor comp onen ts, w e

just replace it b y the unit imaginary i in order to obtain the con v en tional

notation. In general, if a giv en spinor � is expressed in its geometric algebra

represen tation, its comp onen ts are reco v ered through the follo wing op eration

� 0 = h� i + h� � I� 3i I � 3 = h� i 0;I� 3 = h� i s

� 1 = hI� 2 � i + h� I� 2 � I � 3i I � 3 = hI� 2 � i s
(20)

where the subindex s in the pro jector op erator indicates that the scalar and

I� 3 terms are pro jected from the spinor � . The op erator h is corresp onds to

the pro jector used to construct the inner pro duct.

Note that � e� = � , where � is a scalar. This enables us to write the spinor

in terms of a rotor R as follo ws: � = � 1=2R , since R eR = 1 . This form justi�es

wh y spinors b eha v e as op erators within our formalism, as w e will see later

on.

Lo oking no w at the relativistic scenario, w e are in terested in t w o partic-

ular spinors: 4-d spinors and 2-spinors (or W eyl spinors). The former ha v e

the same algebraic structure as Dirac spinors, and hence ha v e 8 degrees of

freedom, while the latter although relativistic, ha v e only 4 degrees of free-

dom. Dirac spinors and 4-d spinors are t w o di�eren t en tities, ev en though

they ha v e the same algebraic structure, b ecause they do not transform in

the same w a y under the conformal group as w e will see. Ho w ev er, they share

other imp ortan t prop erties that will allo w us to de�ne quan tum mec hanical

observ ables in the same w a y for b oth of them. 4-d spinors can b e expressed

in terms of the 2-spinors in the same w a y that Dirac spinors can, and this is

called the W eyl represen tation. In the literature, di�eren t approac hes can b e

found for represen tations of 2-spinors in terms of Cli�ord algebras (see for

example [19]). Here w e follo w the approac h �rst in tro duced in [28 ], and later

on in [17 , 15, 16]. W eyl spinors are irreducible represen tations of SL(2; C)
(see [11] for example). The fundamen tal represen tation denoted b y ( 1

2 ; 0),

corresp onds to the left-handed W eyl spinor: j! i = ! A
, where A = 0 ; 1. In

terms of GA this is

! A $ !
1
2

(1 + � 3); (21)

where ! is a P auli spinor, i.e. of the form of eq.(16 ). The pro jector to the

righ t of ! is a c hiral op erator that ensures that the spinor main tains its four

degrees of freedom after undergoing Loren tz transformations.
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The complex conjugate represen tation is giv en b y (0; 1
2) , and it corre-

sp onds to the righ t-handed represen tation whic h liv es in a di�eren t mo dule.

This spinor transforms in a di�eren t w a y to the left-handed one. W e c ho ose

to de�ne the op eration of complex conjugation b y righ t m ultiplication b y

� 1 , since this c hanges the ideal whic h de�nes the mo dule. The righ t-handed

spinor j! i = �! A 0
is therefore giv en in terms of GA b y

�! A 0
$ !

1
2

(1 + � 3)� 1 = !I� 2
1
2

(1 � � 3): (22)

T o obtain a represen tation of the 2-spinor in terms of comp onen ts, it is

necessary to de�ne a spin-fr ame . This is giv en b y a pair of spin-v ectors o
and � , whic h are normalised

f o; �g = 1 : (23)

The op eration f ; g denotes the inner pro duct whic h is de�ned further on.

Explicitly , the spin-v ectors are o = (1 ; 0) and � = (0 ; 1). In terms of GA, the

map of eq.(17 ) tells us that the corresp onding P auli spinors of the spin-frame

are: o = 1 and � = � I� 2 , whic h de�ne the spin-frame for 2-spinors as follo ws

oA $
1
2

(1 + � 3); (24)

�A $ � I� 2
1
2

(1 + � 3): (25)

The expression for a general spin-v ector in terms of its comp onen ts is

! = ( ! 0; ! 1) or ! A = ! 0oA + ! 1�A : (26)

These are reco v ered from the GA represen tation as follo ws

! 0 = 2h! 1
2(1 + � 3)i s

! 1 = 2hI� 2 ! 1
2(1 + � 3)i s

(27)

while the comp onen ts of its complex conjugate �! A 0
, de�ned b y eq.(22), are

�! 00
= 2h! 1

2(1 � � 3)i �
s

�! 10
= 2hI� 2 ! 1

2(1 � � 3)i �
s

(28)

where the pro jector h i�s = h i0;� I� 3 denotes the complex conjugate.

The inner pro duct b et w een 2-spinors is an an tisymmetric quan tit y , whic h

tak es the follo wing form in terms of comp onen ts

! A � A = ! 0� 0 + ! 1� 1 = ! 0� 1 � ! 1� 0; (29)

where the relation b et w een represen tations of comp onen ts

! 0 = ! 1; ! 1 = � ! 0; (30)

8



w as used. Note that this relation is alw a ys v alid for an y 2-spinor ! A
.

The geometric algebra represen tation of the inner pro duct corresp onds

to

! A � A = � + i� $ f !; � g = � + �I� 3 = hI� 2e!� i s; (31)

and the complex conjugate is simply denoted b y f !; � g�
.

W e pro ceed to de�ne the W eyl represen tation of the 4-d spinor, viz

j i =
�

j! i
j� i

�
$  = !

1
2

(1 + � 3) + �I� 2
1
2

(1 � � 3): (32)

Its algebraic similarit y with the Dirac spinor, enables us to reco v er the bilin-

ear co v arian ts, in the same w a y that w e reco v er those for the Dirac spinor,

b y applying the mac hinery of quan tum mec hanics in the geometric algebra

formalism. W e can therefore de�ne the `Dirac adjoin t' of this 4-d spinor, and

this is

h� j $ e ; (33)

whic h denotes a fully Loren tz-co v arian t op eration. The comp onen ts of  can

b e reco v ered using the follo wing pro jections

 0 = ! 0 = 2h 1
2(1 + � 3)i s

 1 = ! 1 = 2hI� 2  1
2(1 + � 3)i s

 2 = �� 00 = � �� 10
= � 2h 1

2(1 � � 3)i s

 3 = �� 10 = �� 00
= � 2hI� 2  1

2(1 � � 3)i s

(34)

It is imp ortan t to b ear in mind that ev ery time the biv ector I� 3 app ears in

an expression for comp onen ts, w e need to replace it b y i , the unit imaginary ,

in order to reco v er the con v en tional notation.

The spinors tak e the rôle of op erators within the geometric algebra for-

malism. This is elucidated when the observ ables of a system are found.

One of the fundamen tal asp ects to reco v er suc h observ ables in the relativis-

tic framew ork, is the action of the Dirac matrices on the spinor. In our

matrix-free represen tation, suc h an action is equiv alen t to


̂ � j i $ 
 �  
 0; (� = 0 ; : : : ; 3) (35)

i j i $  I� 3; (36)


̂ 5j i $  � 3; (37)

where  is a Dirac or a 4-d spinor.

Another fundamen tal asp ect is the inner pro duct. F or P auli, Dirac and

4-d spinors this is giv en b y

( ; � )s = he � i s = he � i � h e �I� 3i I � 3: (38)

9



In the space-time, this op eration leads to a space with signature (2; 2), and

with a structure equiv alen t to a complex space. This is a crucial p oin t for

future iden ti�cation of t wistors with 4-d spinors in our formalism, since these

are exactly the prop erties of the t wistor space.

Let us no w illustrate ho w the spinors corresp ond to op erators in GA b y

reco v ering some observ ables. Ev en though w e are considering 4-d spinors

denoted b y  , the bilinear co v arian ts that w e will �nd b elo w will b e denoted

and called in the same w a y as their analogues in the Dirac theory , since b oth

ob jects ha v e exactly the same prop erties. The Dirac curren t for example, is

obtained as follo ws

J � = h� j
̂ � j i $ ( ; 
 �  
 0)s = he 
 �  
 0i = 
 � � J ; (39)

where J =  
 0 e denotes the Dirac curren t in the geometric algebra formal-

ism. In terms of comp onen ts, v ectors are represen ted as follo ws within GA

J = J � 
 � = J � 
 � ; (40)

whic h tells us that J � = J � 
 � or J � = J � 
 �
. Equation (39) indicates that

 acts as a rotor, and giv es the instruction to rotate 
 0 in the direction of

the curren t, and dilate it.

Another quan tit y of in terest is the relativistic generalisation of the spin

v ector, whic h is the relativistic angular momen tum. This is called the spin

biv ector in GA, and w e �nd it as follo ws

S�� =
1
2

h� ji
1
2

[
̂ � ; 
̂ � ]j i $ �
1
2

( ; 
 � ^ 
 �  I� 3)s = � S�(
 � ^ 
 � ) (41)

where

S =
1
2

 I� 3 e ; (42)

is the spin biv ector. Since this ob ject is in no sp eci�c represen tation, in order

to iden tify it with its con v en tional analogue, w e need to express it in terms

of comp onen ts. F rom the ab o v e equation w e see that w e c hose to de�ne the

comp onen ts for second rank tensors as follo ws

S�� = � S � (
 � ^ 
 � ); (43)

although an y other c hoice could ha v e b een made.

The t wistor algebra, whic h is an extension of the spinor algebra, can

b e tak en as the fundamen tal structure for quan tum mec hanics and general

relativit y [38], b ecause the tensor algebra can b e deriv ed from the spinor

algebra. F or example, the group prop ert y that SL(2; C) is the univ ersal

co v ering group of the restricted Loren tz group SO+ (3; 1), enables us to rep-

resen t n ull v ectors through the outer pro duct of left- and righ t-handed W eyl
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spinors. In detail (see [37 ]), the spinor system is built up from t w o mo d-

ules GA
and GA 0

whic h are related to eac h other b y a relation of complex

conjugation. The tensor algebra can b e constructed using the outer pro duct

of com binations of the di�eren t mo dules. Here w e are in terested in de�ning

the �agp ole , whic h is a future p oin ting n ull v ector K AA 0
, that represen ts the

2-spinor up to a phase. This is a fundamen tal ob ject to describ e the t wistor

ph ysically and geometrically . On one hand, the geometrical information of a

t wistor can b e sp eci�ed through the �agp ole directions of the primary part

of the t wistor. And on the other, the �agp ole of the pro jected part giv es

the momen tum of the massless particle that the t wistor is enco ding. Within

GA, the �agp ole of a spinor ! A
is de�ned as follo ws (see [16 ] and [15])

K AA 0
= ! A �! A 0

$ K =
1
2

! (
 0 + 
 3)e!: (44)

This has an in teresting form within this formalism, since it corresp onds to the

Dirac curren t J = �
 0 e� = K asso ciated to the w a v e-function � = ! 1
2(1+ � 3) .

The comp onen ts of K as a v ector can b e reco v ered through eq.(40 ). Ho w ev er,

this v ector can also b e represen ted in terms of 2� 2 Hermitian matrices, whic h

is the con v en tional represen tation of K AA 0
. The represen tation w e c ho ose

here is

K AA 0
= K � � � =

 
K 000

K 010

K 100
K 110

!

=

 
K 0 + K 3 K 1 � iK 2

K 1 + iK 2 K 0 � K 3

!

; (45)

where � 0 = 1 and � k are the P auli matrices as usual. This represen tation

is the same used b y [11 ], although it di�ers from the one sp eci�ed in [37],

so sp ecial care has to b e tak en when comp onen ts are compared. (The rep-

resen tation w e use can b e obtained follo wing the metho d dev elop ed in [37],

although the stereographic pro jection has to b e tak en this time from the

South P ole.)

2.3 T wistors and their ph ysical prop erties

The re-in terpretation of a t wistor as a 4-d spinor in the geometric algebra

formalism can tak e place, b ecause the p osition dep endence that a t wistor

has and a spinor normally do es not, is in tro duced here through the action of

an op erator on the 4-d spinor. Suc h an op erator corresp onds to a translation

in the conformal space, as w e will see later on.

T wistors (see [38]) are ob jects b elonging to a 4-d complex space, whic h

can b e describ ed through the solutions to the equation

r (A
A 0! B ) = 0 : (46)

F or non-c harged �elds in Mink o wski space M , the solution is

! A =
o
!

A
� ir AA 0 o

� A 0

� A 0 =
o
� A 0

(47)
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where

o
!

A
and

o
� A 0

are constan t spinor-�elds whose v alues coincide with those

of ! A
and � A 0

at the origin, and r AA 0
is a v ector �eld on M . This solution

is enco ded in a twistor as follo ws

Z � = ( ! A ; � A 0): (48)

In terms of GA, the t wistor is represen ted through the follo wing construction

Z = T� r ( ) =  + r I
 3
1
2

(1 + � 3); (49)

where  is the 4-d spinor giv en b y eq.(32), and the op erator T� r is the spinor

represen tation in the conformal space of a translation to � r . This will b e

elucidated later on.

The 2-spinor ! A
with the lo cational prop erties is called the primary p art

of the t wistor, and the constan t 2-spinor � A 0
its pr oje ction part. Eac h of

these parts pla ys an imp ortan t rôle in the geometrical and ph ysical in terpre-

tation of t wistors as w e will shortly see. In terms of GA, the primary part

corresp onds to

! A $ ! P = ( ! + r�I� 2I
 3)
1
2

(1 + � 3) = Z
1
2

(1 + � 3) (50)

where ! 1
2(1 + � 3) is just a constan t spinor-�eld, and w e can v erify that its

v alue coincides with that of ! P at the origin as established. Its comp onen ts

can b e reco v ered making use of eq.(27), ho w ev er note that r AA 0
m ust b e

expressed according to eq.(45 ). On the other hand, the pro jection part is

� A 0 $ Z
1
2

(1 � � 3) = �I� 2
1
2

(1 � � 3): (51)

F or comparison of this GA ob ject with the con v en tional formalism, w e need

to resort to comp onen ts. Eq.(28 ) giv es us a w a y to reco v er those for � A 0
,

and using eq.(30 ) w e can obtain those for � A 0
.

The comp onen ts for the t wistor are con v en tionally ev aluated at the ori-

gin, see eq.(6.1.21) on p.48 of [38 ]. Therefore, within the GA framew ork

these corresp ond to eq.(34 ), viz

Z 0 =  0; Z 1 =  1; Z 2 = Z00 =  2; Z 3 = Z10 =  3: (52)

T aking a t wistor as a `translated' 4-d spinor, enables us to �nd its ph ysical

prop erties in the same w a y w e �nd the observ ables of a quan tum system

describ ed b y  . T o do this w e need to de�ne the inner pro duct. This is

the same as for 4-d spinors giv en b y eq.(38), since the conformal op eration

de�ned b y Tr preserv es it as w e will see later on. This is therefore

X � �Z � $ h eXZ i s = he� i s; (53)
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where

X = � + r�I
 3
1
2

(1 + � 3); (54)

and

� = �
1
2

(1 + � 3) + �I� 2
1
2

(1 � � 3): (55)

The observ ables obtained through this op eration are therefore conformally

in v arian t. One suc h a quan tit y is the helicity , whic h is de�ned as

s = �h eZZ i s

= �h e  i :
(56)

This is fully indep enden t of an y p oin t in space-time and asserts a handedness

that divides the t wistor space in to three regions according to s > 0, s < 0,

or s = 0 .

All the ph ysical states in quan tum �eld theory can b e lab elled according

to the eigen v alues of t w o Casimir op erators: the momen tum and the P auli-

Lubanski spin v ector. The linear momen tum is a future-n ull v ector �eld,

whic h in terms of 2-spinors represen ts the �agp ole direction of the pro jection

part of the t wistor. A ccording to eq.(44 ) this is

pAA 0 = �� A � A 0

l

p =
1
2

� (
 0 + 
 3)e� =
1
2

 (
 0 � 
 3) e =
1
2

Z (
 0 � 
 3) eZ (57)

whic h is a co v arian t quan tit y as w ell.

The angular momen tum has a p osition dep endence giv en b y a conformal

Killing v ector �eld, whic h for the massless case corresp onds to the �agp ole

directions of ! A
. W e will so on see that these directions ha v e an imp ortan t

geometrical in terpretation. They corresp ond to the tangen ts to the lines of

the congruence that de�nes a t wistor up to a scalar factor. In terms of GA,

the angular momen tum tak es the same form as in the quan tum theory

M =
1
2

ZI� 3 eZ; (58)

whic h in terms of the p osition and the momen tum is

M = M 0 � r ^ p; (59)

where

M 0 =
1
2

 I� 3 e (60)

is the angular momen tum at the origin as exp ected, since it corresp onds to

the spin biv ector of the spinor  , de�ned b y eq.(42). This last equation
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con�rms that M giv en b y eq.(58 ) is of the form of a quan tum observ able.

Its comp onen ts can b e reco v ered making use of eq.(43 ).

The P auli-Lubanski spin v ector is de�ned as follo ws within GA

S = � 2I (p ^ M ) = 2 p:(IM ): (61)

F or massless particles this can b e expressed as

S = � phe  i = ps; (62)

where s is the helicit y of the particle.

No w that w e ha v e seen ho w to obtain essen tial ph ysical quan tities from

t wistors, w e can rev erse our pro cedure. A sp eci�c t wistor Z can b e recon-

structed up to a phase if w e kno w p and M . This is easy to see b y replacing

Z with ZeI � 3 �
(where � is a scalar), and v erifying that the quan tities remain

unc hanged.

In this section w e ha v e sho wn ho w to reco v er within our framew ork the

ph ysical prop erties of the massless particle that the t wistor is enco ding, if

this is re-in terpreted as a 4-d spinor. The formalism led to expressions al-

ready kno wn from relativistic quan tum mec hanics. In the next section w e

will de�ne the conformal space and deriv e the spinor represen tation of the

conformal transformations, justifying the form of the t wistor as a `translated'

4-d spinor. F urthermore, the conformal space is crucial for the geometrical

in terpretation of t wistors.

3 Conformal geometric algebra

3.1 Conformal space and its transformations

The conformal space consists in the addition of t w o new directions, e and �e,

p erp endicular to the basis v ectors of the original space V(p; q) ,

e2 = 1 ; �e2 = � 1; e � �e = e � x = �e � x = 0 ; (63)

where x 2 V(p; q) . Therefore, for a v ector space V of signature (p; q) , w e get

a v ector space V(p+ 1 ; q+ 1) , where t w o n ull directions n and �n are formed

from the additional v ectors

n = e+ �e; �n = e � �e: (64)

Note that,

n � �n = 2 and x � n = x � �n = 0 : (65)

Eac h p osition v ector x 2 V(p; q) is as a consequence represen ted in the

conformal space b y a n ull v ector X 2 V (p+ 1 ; q+ 1) , through a map that is

sp eci�c to the geometry of the space.

14



The construction of the Euclidean conformal map within geometric alge-

bra w as �rst giv en b y [24 ], and this is de�ned as follo ws (see [16])

X = FE

� x
�

�
=

1
2� 2 (x2n + 2 �x � � 2 �n); (66)

where � is a p ositiv e scalar, a fundamen tal length scale, in tro duced in order

to obtain a consisten t dimensionless ob ject.

F or the h yp erb olic space, the map is giv en b y [26 ]

X = FH

� x
�

�
=

1
� 2 � x2 (x2n + 2 �x � � 2 �n): (67)

The prop erties of the space are determined through the c onformal tr ans-

formations , whic h are transformations that preserv e angles. These de�ne a

group C(p; q) , whic h is a double-co v er represen tation of SO(p+1 ; q+1) , and

has its same dimension. There is a subgroup of transformations that can b e

de�ned in terms of in�nitesimal parameters. These sp ecify the restricted

group C+ (p; q) , where only in v ersions are excluded. The transformations of

C+ (p; q) can b e expressed in terms of rotors, since the group of rotors is a

double-co v er represen tation of the restricted orthogonal group.

The results presen ted here are tak en from [16], mo di�ed to include the

scale factor � in order to ha v e the correct dimensionalit y .

T ranslations

The op eration w e w an t is

x 7! x0 = x + a (68)

where x; a 2 V(p; q) . This is ac hiev ed in the conformal space with the

rotor

Ta = exp
� na

2�

�
= 1 +

1
2�

na; (69)

since

Ta FE

� x
�

�
eTa = FE

�
x + a

�

�
: (70)

Note that this rotor lea v es the p oin t at in�nit y , giv en in the Euclidean

space b y n , in v arian t: Tan eTa = n .

In the h yp erb olic space, the translation rotor is giv en b y (see [26])

Tx =
1

p
� 2 � x2

(� + �ex): (71)

The form of this rotor indicates that as x approac hes the v alue of

� , the p oin t is translated to in�nit y . This implies that � is setting

the b oundary of the represen tation, whic h in 2-d corresp onds to the
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circle of circumference of the disc. This represen tation is kno wn as the

Poinc ar é disc , and it is a con v en tion to tak e a unit disc: � = 1 .

An imp ortan t prop ert y of a curv ed space, is that general translations

do not comm ute: TxTy 6= TyTx , unless x and y are parallel.

Rotations

Rotors R in c harge of rotations b elong to the space-time algebra. As

a consequence, the p oin t in the conformal space is rotated in the same

w a y as the m ultiv ectors of the space-time algebra. Therefore, according

to eq.(10), the transformation is the follo wing

FE

�
R

x
�

eR
�

= RFE

� x
�

�
eR: (72)

Note that the p oin t at in�nit y is left in v arian t under the action of the

rotor.

If instead of a rotation ab out the origin, w e w an t a rotation ab out the

p oin t a 2 V (p; q) , the op eration is ac hiev ed with the new rotor

Ra = TaR eTa; (73)

whic h is equiv alen t to translating a bac k to the origin, p erforming the

rotation, and then translating it forw ard again. The co v ariance of the

theory is therefore manifested, since the origin is not a sp ecial p oin t.

Dilations

A dilation in the origin is giv en b y

x 7! x0 = e� � x; (74)

where � is a scalar. The rotor enco ding suc h a transformation in the

conformal space is

D � = e
�N

2 = cosh
� �

2

�
+ sinh

� �
2

�
N; (75)

where N = e�e. The transformation in the conformal space is

e� � D � FE

� x
�

�
eD � = FE

�
e� � x

�

�
: (76)

If w e w an t a dilation ab out a p oin t a, w e pro ceed as w e did for the

rotations, and obtain a new rotor, viz

D 0
� = TaD � eTa = e� �A ^ n

2 ; (77)

where A = FE
� a

�

�
.
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In v ersions

This op eration cannot b e de�ned in�nitesimally , and therefore, cannot

b e expressed in terms of a rotor.

T aking in to accoun t the scale factor, the op eration w e need to consider

is

x
�

7!
�x
x2 : (78)

Under in v ersions the p oin t at the origin and at in�nit y are exc hanged.

This can b e ac hiev ed through re�ections, where the v ector e is tak en

to b e the unit v ector to the plane. This op eration leads to

� eFE

� x
�

�
e =

x2

� 2 FE

�
�
x

�
: (79)

Note that this is the correct op eration, since v ectors in the conformal

space are represen ted homogeneously , therefore X and �X corresp ond

to the same v ector x , for an y non-n ull scalar � .

F urthermore, in v ersions in an arbitrary p oin t a are obtained b y replac-

ing the v ector e b y TaeeTa .

Sp ecial conformal transformations

This op eration is de�ned as an in v ersion follo w ed b y a translation, and

another in v ersion. The p osition v ector is transformed to

x
�

in v.�! x i =
�x
x2

trans. �! x it =
�x
x2 +

a
�?

y
in v.

x0 =
�

� 2x + ax2

�x 2

� � 1

= x
�

� 2 + ax
=

�
� 2 + xa

x

(80)

The generator of this transformation is also a rotor

K a = eTae = 1 �
�na
2�

; (81)

whic h leads to the follo wing conformal v ector

K aFE

� x
�

�
eK a =

�
1 +

2
� 2 a � x +

1
� 4 a2x2

�
FE

�
x

�
� 2 + ax

�
: (82)

In conclusion, the op erators ac hieving restricted conformal transforma-

tions in GA b elong to the conformal rotor group Spin+ (2; 4). This group is

a double-co v er represen tation of the restricted orthogonal group SO+ (2; 4),

whic h in its turn is a double-co v er represen tation of the restricted conformal

group C+ (1; 3), see [16] p.384. Therefore, our rotor group is a 4-fold co v er-

ing of the latter. This is a k ey p oin t, b ecause Spin+ (2; 4) is isomorphic to

SU(2; 2), the t wistor group.
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3.2 T wistors in the 6-d conformal space

T wistors are a spin-1/2 represen tation of the restricted conformal group. W e

can therefore map the t wistors in to the 6-d conformal space-time algebra,

apply the rotors to the 6-d new ob jects and deduce the spinor represen tation

for the conformal group. F urthermore, w e will see in the next section, that

the geometrical description of the simplest t wistor can b e constructed as an

observ able of this sp ecial 6-d spinor in the conformal space.

The t wistor is mapp ed in to a 6-d ob ject as follo ws

� = ZW1W2; (83)

where W1 and W2 are the follo wing pro jector op erators

W1 =
1
2

(1 � I
 3e); W2 =
1
2

(1 � I
 0�e): (84)

Let us no w lo ok at the induced transformations on the t wistor Z , b y

transforming � under the conformal group. W e tak e � = 1 .

Rotations

These are straigh tforw ard, since the rotor is de�ned in the 4-d space,

and therefore the transformation v eri�es

R� = R(ZW1W2)

= ( RZ )W1W2:
(85)

In this case the rotor acts in the usual w a y and do es not tak e a di�eren t

form

Z 7! R0(Z ) = RZ; (86)

where R0 denotes a rotation in the origin. T o obtain rotations ab out

an arbitrary p oin t, w e need to use translations.

T ranslations

Let us apply the translation rotor de�ned b y eq.(69 ) to the 6-d t wistor

Ta� = Ta(ZW1W2)

= ZW1W2 �
a
2

Z (e+ �e)W1W2:
(87)

If w e compute the action of the v ectors e and �e on the pro jectors, w e

�nd that

eW1W2 = I
 3W1W2 and �eW1W2 = � I
 0W1W2; (88)
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and therefore

Ta� = ZW1W2 � aZI
 3
1
2

(1 + � 3)W1W2

=
�

Z � aZI
 3
1
2

(1 + � 3)
�

W1W2:
(89)

This tells us that the spinor represen tation for translations is

Ta(Z ) = Z � aZI
 3
1
2

(1 + � 3); (90)

since

Ta� = Ta(Z )W1W2: (91)

Eq.(90 ) therefore con�rms that the t wistor Z corresp onds to a trans-

lated 4-d spinor to � r within the geometric algebra framew ork.

Note that this op eration lea v es the inner pro duct in v arian t, as ex-

p ected. If w e set

 0 = Ta( ) and � 0 = Ta(� ) (92)

it follo ws that

( 0; � 0)s = (  ; � )s; (93)

where  and � are general 4-d spinors.

Dilations

The action of the rotor for dilations de�ned b y eq.(75 ) on � is

D � � = D � (ZW1W2)

= cosh
� �

2

�
ZW1W2 + sinh

� �
2

�
Z (� � 3)W1W2

= Ze� �� 3=2W1W2:

(94)

This tells us that general 4-d spinors are transformed under dilations

as follo ws

D � (Z ) = Ze� �� 3=2; (95)

since

D � � = ( D � Z )W1W2: (96)

Note that the ab o v e op eration represen ts a dilation in the origin. If w e

w an t dilations ab out a general p oin t, w e need to apply translations as

w ell.
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In v ersions

This transformation is not part of the restricted conformal group, and

therefore it is not giv en in terms of a rotor op erator. F urthermore it

do es not ha v e a unique represen tation. F or this case, w e lo ok directly

at the spinor represen tation �rst. W e ha v e a freedom of c hoices for

the op erator Ô de�ning the in v ersion, for example com binations of I� 2

and I� 1 . The op erator Ô needs to b e anti-unitary and suc h that

D � (Z Ô) = D � � (Z )Ô: (97)

W e c ho ose I� 2 , whic h leads to

Z 7! Z 0 = ZI� 2; (98)

and this agrees with eq.(97) since I� 2 an ticomm utes with � 3 .

Let us no w �nd the appropriate transformation of � that w ould lead

to ZW1W2 7! ZI� 2W1W2 according to eq.(98 ). The c hoice is not

unique since the in v erse transformation of Z is neither unique. This

is a b eha viour exp ected from � , since it is a spinor. W e c ho ose the

follo wing op eration

� e� I
 1 = � eZW1W2I
 1

= ZI� 2W1W2
(99)

whic h clearly w orks.

Sp ecial conformal transformations

This transformation is ac hiev ed through the rotor giv en b y eq.(81). Its

action on the 6-d t wistor leads to

K a� = K a(ZW1W2)

= ZW1W2 + aZI
 3
1
2

(1 � � 3)W1W2

=
�

Z + aZI
 3
1
2

(1 � � 3)
�

W1W2:

(100)

Spinors therefore transform under sp ecial conformal transformations

as follo ws

K a(Z ) = Z + aZI
 3
1
2

(1 � � 3); (101)

since

K a� = ( K aZ )W1W2: (102)

Note that due to the single-sided op eration of the rotor, w e get a �a w

in the sign of the transformation coming from the an ti-unitarit y of
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in v ersions, viz

� in v.�! � e� I
 1
trans. �!

�
1 +

1
2

(e+ �e)a
�

(� e� I
 1)

= � e
�

1 �
1
2

�na
�

� I
 1

?
y

in v.

�
1 �

1
2

�na
�

�( � 1) = � K a� :

(103)

This sho ws that w e cannot ha v e a faithful represen tation of the re-

stricted conformal group in terms of spinors.

Suc h a �a w naturally also tak es place for 4-d spinors

Z in v.�! ZI� 2
trans. �! ZI� 2 � aZI� 2I
 3

1
2

(1 + � 3)
?
y

in v.

� Z � aZI
 3
1
2

(1 � � 3) = � K a(Z ):

(104)

This �a w in the sign is therefore indicating that these spinors are a

4-v alued represen tation of the restricted conformal group. This agrees

with the de�nition of a 1-v alence t wistor as a 4-v alued spinor represen-

tation of the restricted conformal group.

Spinors are formed from ev en elemen ts of the space-time algebra, and

the rotors of the restricted conformal transformations are constructed from

biv ectors of the form 
 � 
 � for spatial rotations and b o osts, and of the form

e
 � and �e
 � for the rest. W e ha v e found that w e can summarise the ab o v e

transformations, b y stating the represen tation of the action of these biv ectors

on a general 4-d spinor  

e
 � $ � 
 �  I
 3 (105)

�e
 � $ � I
 �  
 0: (106)

These are the accurate maps to use, and this amends the ones previously

established in [27 ] and [16 ], whic h only di�er b y a min us sign.

The formalism describ ed in this section is the k eystone to the geometric

algebra approac h to t wistors, since not only it justi�es the p osition dep en-

dence of the t wistor as a 4-d spinor, whic h comes ab out just b y translating

the origin to a general p osition v ector, but also, the conformal geometric al-

gebra allo ws us to construct the geometrical structure of t wistors in a simple

w a y .
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4 Geometrical description of t wistors

In this section w e repro duce the results found in [38 , 29] for the geometrical

description of t wistors, making use of our formalism, where t wistors are 4-d

spinors.

The information in a t wistor can b e enco ded geometrically , de�ning the

t wistor up to a scalar. W e encoun ter t w o di�eren t t yp es of t wistors according

to their scalar pro duct, whic h describ es the helicit y eq.(56). If this one

v anishes the t wistor is called nul l and otherwise non-nul l .

F urthermore, the t wistor can b e represen ted geometrically in t w o di�eren t

w a ys whic h are equiv alen t, since they are the dual of eac h other. One of them

consists in obtaining the lo cus represen ting the t wistor in the complexi�ed

(or real) space-time, while its dual is giv en b y the �agp ole �eld of the primary

part of the t wistor whic h is called the R obinson Congruenc e .

4.1 Null t wistors: heZZ i = 0

The case of a n ull t wistor is the simplest, and its represen tation can b e

obtained in the real space-time. This is a n ull ra y , whic h p oin ts in the

�agp ole direction of � , and passes through the p oin t q whic h lies along the

�agp ole direction of ! . This represen tation is ac hiev ed for the case when the

primary part of the t wistor is n ull. Let us see this in detail. Using eq.(50),

w e get the follo wing equation for the lo cus

! P = 0 , !
1
2

(1 + � 3) + r�I� 2I
 3
1
2

(1 + � 3) = 0 : (107)

W e can m ultiply this equation on the righ t b y 
 0e! to obtain

!
1
2

(
 0 + 
 3)e! = � r�� 2
1
2

(1 � � 3)e!: (108)

The left-hand side of this equation is the �agp ole direction of ! , according

to eq.(44 ), and w e will denote it b y K . A particular solution q can b e found

if w e ev aluate the equation at s = 0 , whic h is the condition for n ull t wistors,

and this is

q =
K
�

; (109)

where

� = � I� 3f !; � g�
�
�
�
s=0

: (110)

The general solution can b e expressed as

r = q + hp; (111)

where h is a real scalar and p is the momen tum giv en b y eq.(57 ). This can

b e v eri�ed easily , since

p
�

�� 2
1
2

(1 � � 3)e!
�

= 0 : (112)
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The solution giv en b y eq.(111 ) therefore represen ts the p osition v ector of a

n ull straigh t line, a r ay . This is in the direction of the �agp ole of � and

passes through the p oin t q, whic h can b e pictured as the p osition v ector of

the p oin t of in tersection of the line with the n ull cone at the origin. Note

that the ra y remains in v arian t under rescaling: Z 7! Z 0 = �Z , where � is

just a scalar of the space-time algebra. This indicates that the t wistor can

only b e determined b y its ra y up to prop ortionalit y .

The case that w e just considered, is for sp ecial n ull t wistors, suc h that

their primary part is zero. If instead w e consider no w the case where the

pro jection part v anishes, it is not p ossible to �nd a �nite lo cus. F or a non-

trivial t wistor, the lo cus can b e tak en as the `ligh t cone at in�nit y'.

4.2 Non-n ull t wistors: heZZ i 6= 0

In this case the lo cus, giv en b y a n ull line as w ell, is in the complexi�ed

space. A real realization can b e obtained through the dual picture, whic h

corresp onds to the system of al l nul l lines which me et the lo cus [29 ]. This

system is the R obinson Congruenc e , and is de�ned b y the �eld of �agp ole

directions of the primary part ! P .

The congruence can b e visualised b y taking a particular example, since

an y t w o Robinson congruences can b e transformed one in to the other b y

a P oincaré transformation. W e will obtain a congruence of ra ys that twist

ab out one another without shear, in a righ t-handed w a y if the helicit y is

p ositiv e and in the other sense otherwise. F urthermore, w e will con�rm the

geo detic prop ert y of these circles, b y sho wing that these corresp ond to d-lines

in a non-Euclidean space.

Let us use the same example of [38 ] p.59-63 to see ho w the congruence

is found in terms of GA. The particular t wistor denoted here b y Zeg, corre-

sp onds to

Zeg =  eg + r egI
 3
1
2

(1 + � 3); (113)

where

 eg = � I� 2s
1
2

(1 + � 3) + I� 2
1
2

(1 � � 3); (114)

and

r = t
 0 + x
 1 + y
 2 + z
 3: (115)

In this example s denotes the helicit y . This can b e v eri�ed using eq.(56)

�h eZegZegi s = s: (116)

Let us no w �nd the �eld of �agp ole directions of the primary part of the

t wistor, since this giv es the tangen t �eld to the Robinson congruence. The

primary part is

! P = Zeg
1
2

(1 + � 3) = ( � I� 2s + rI� 2I
 3)
1
2

(1 + � 3); (117)
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and its �agp ole de�ned b y eq.(44) will b e denoted b y K . In order to get

a 3-d picture of the tangen t �eld, and therefore of the congruence, w e need

to pro ject K in to a h yp erplane. W e c ho ose to do suc h manipulations in the

conformal space making use of the results found in c hp.10 of [16], since the

computations are easily ac hiev ed there. W e �rst obtain the line in the K
direction, and then w e pro ject it. The line in the conformal space is of the

form

L = Ke�e+ r ^ K ^ n; (118)

where r is the p osition v ector of a p oin t in the line, e and �e are the added

v ectors to construct the conformal space, eq.(63 ), and n is the n ull v ector of

eq.(64). This line is pro jected in to the h yp erplane t = � , whic h is represen ted

in the conformal space b y

P = ( 
 0 + �n )I 6; (119)

where I 6 = 
 0
 1
 2
 3e�e is the pseudoscalar of the 6-d space. The pro jected

line in the plane is

L P = L + PLP; (120)

since PLP corresp onds to the re�ection of the line L with resp ect to the

plane P .

The direction of the line can b e reco v ered easily if the line passes through

the origin. This is so b ecause according to eq.(118 ) w e see that at the origin

w e ha v e: L o = Ke�e. Thereup on, let us translate the line L P and mak e it

pass through the origin to reco v er its direction. The translation rotor that

w e need here to mak e the line pass through the origin is (recall eq.(69 ))

RBo = 1 �
1
2

nr (t = � ); (121)

where r (t = � ) is just the p osition v ector r ev aluated at the in tersection

t = � . The direction of the pro jected tangen t can no w b e obtained

Tdir = ( RBo L P eRBo )e�e: (122)

T o plot this v ector �eld (its normalised v ersion: Tndir ), w e need to set v alues

for � and s. Let us tak e for example � = 0 and s = 1
2 . The follo wing plots

are obtained �g.1 .

If w e compare this tangen t �eld with the �gure of the Robinson congru-

ence of [38] on p.62, w e see that it has the exp ected form. F urthermore it is

imp ortan t to note that the congruence adv ances in opp osite direction to the

z axis, i.e. in the pro jected direction of the �agp ole of �� A
, whic h corresp onds

to the pro jected momen tum.

In order to mak e eviden t the rôle of the helicit y in the t wisting of the

curv es, let us plot t w o di�eren t �gures for exaggerated helicities: 10 and

� 10. Fig.2 sho ws the pro jected tangen t �eld view ed at 45�
for the t w o cases.
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(a) View at 45�
(b) F ron tal view

Figure 1: Pro jected tangen t �eld from t w o di�eren t views 1(a) and 1(b) .

W e can see that the t wisting of the lines is righ t-handed for p ositiv e helicit y ,

�g.2(a) , and in the opp osite direction for negativ e helicit y , �g.2(b) .

The curv es with tangen t �eld Tndir are constructed as follo ws. First w e

tak e the relativ e v ector of r , in order to b e able to visualise the curv es in 3-d

space, and parametrise it, viz

r rel (� ) = r (� ) ^ 
 0 = x(� )� 1 + y(� )� 2 + z(� )� 3: (123)

The tangen t �eld de�nes the v elo cit y

@rrel (� )
@�

= v(� ) = Tndir (� )( t = 0) ^ 
 0; (124)

and hence the acceleration is giv en b y: a(� ) = @v(� )
@� .

After v erifying that the motion is con�ned to a plane, circular and with

constan t acceleration, w e can de�ne the cen tre of the circle as follo ws

cT = r rel (� ) + j� j
a(� )

ja(� )j
; (125)

where j� j is the magnitude of the radius of the circle, whic h for this sort of

motion is 1=ja(� )j , since the v elo cit y is jv(� )j = 1 .

T o obtain the circle w e need to rotate the radius � = r rel (� ) � cT from

� = 0 to � = 2 � . The p osition v ector of an y p oin t in the circle is therefore

r circ = cT + R� eR; (126)
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(a) P ositiv e helicit y: s = 10 (b) Negativ e helicit y: s = � 10

Figure 2: T angen t �eld at 45�
for p ositiv e and negativ e helicities.

where R is the rotor in the plane

R = cos
�

�
2

�
+ B sin

�
�
2

�
: (127)

B is the biv ector enco ding the plane where the rotation tak es place

B = v(� ) ^
a(� )
ja(� )j

; (128)

and w e see that it is normalised: B 2 = � 1.

T o get a plot of the circle w e tak e sp eci�c v alues of x = Nx , y = Ny ,

z = Nz and s, with � 2 [0; 2� ]. This circle is part of a family of circles

around a torus. T o get more mem b ers of this family w e tak e

x = Nx cos(� );

y = Ny sin(� );

z = Nz;

(129)

and v ary � from an initial angle � i to � f = � i + 2 � . The follo wing plots

are obtained for t w o di�eren t sets of initial co ordinates and helicities. These

circles do not in tersect at all. Fig.3 sho ws the congruences

1

from t w o di�eren t

p ersp ectiv es.

The Robinson congruence has therefore successfully b een reco v ered within

the formalism of geometric algebra. W e no w con�rm the geo detic prop ert y of

1

The lines in the plots w ere c hosen as tubular for the sak e of p ersp ectiv e, in order to

b e able to distinguish eac h family of circles.
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(a) View at 45�
(b) Upp er view

Figure 3: Congruences of circles from t w o di�eren t p ersp ectiv es.

the curv es, b y sho wing that these corresp ond to d-lines in the non-Euclidean

space.

The conformal represen tation of the p osition v ector ucirc in a non-Euclidean

space, is giv en according to eq.(67) b y

X circ =
1

s2 � u2
circ

(u2
circ n + 2sucirc � s2�n) (130)

where ucirc = r circ � 
 0 for consistency with the non-Euclidean space. Note

that the helicit y s is iden ti�ed with the fundamen tal length scale � in tro duced

to mak e the n ull v ectors X in the conformal space dimensionless. This is

crucial in our formalism, since for cosmological scenarios, this constan t is

iden ti�ed with the cosmological constan t [26 ]! Therefore suc h a constan t

tells us ab out the fundamen tal structure of the space, and in this case, the

helicit y is the resp onsible of the underlying geometry of the t wistor.

Let us no w translate the circles to the origin in order to con�rm their

nature as d-lines. The rotor ac hieving translations in the conformal space is

of the form of eq.(71 ), therefore for this sp eci�c task it corresp onds to

T� ucirc =
1

q
s2 � u2

circ

(s � �eucirc ): (131)

The new p osition v ector in the conformal space is thereup on

X 0
circ = T� ucirc X circ eT� ucirc : (132)

F rom this w e can reco v er the 3-d p osition v ector u0
circ as follo ws

u0
circ =

3X

k=1

s
X 0

circ � 
 k 
 k

X 0
circ � n

: (133)
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Figure 4: Congruence of d-lines at the origin.

If w e plot the family of circles obtained from this p osition v ector, pro ceeding

in exactly the same w a y as b efore, w e �nd a cone through the origin! See

�g.4 .

This result con�rms that the circles of the Robinson congruence are of

geo detic nature, since the geo desics in a h yp erb olic space are represen ted

conformally as circles that b ecome straigh t lines at the origin (see for example

[35], [10] and [25 ]).

4.3 Null ra y as an observ able of the 6-d space

Re-in terpreting a t wistor as a 4-d spinor within geometric algebra, has al-

lo w ed us to apply the mac hinery already kno wn from quan tum mec hanics, to

reco v er the ph ysical prop erties of the massless particle enco ded in a t wistor.

In this section, w e w an t to sho w that a further adv an tage of this new in ter-

pretation, is that the geometrical prop erties of a t wistor can also b e obtained

as quan tum observ ables. This tak es place in the conformal space, and there-

fore, the quan tum system is de�ned b y the 6-d t wistor � .

Let us consider the simplest geometrical description, whic h is the n ull ra y

represen ting a particular n ull t wistor. The equation for the ra y is eq.(111),

and this can b e expressed in the conformal space b y making use of eq.(118),

whic h giv es us

L = q ^ p ^ n + pe�e: (134)

An y ob ject prop ortional to L will de�ne a line passing through q in the

direction p.

W e set the observ er at the origin, whic h means that � is replaced b y

	 =  W 1W2; (135)
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where  is the 4-d spinor in eq.(49). Since the helicit y is the ob ject that

de�nes the geometry of the t wistor in space-time, let us see if w e can �nd

the ra y in terms of the spin biv ector. A ccording to eq.(42), this w ould b e of

the form

L  = (	 I� 3 e	) ^ n: (136)

W e can expand this expression taking in to accoun t the results found in 2.3

for  , and w e obtain

L  =
1
2

(M 0 ^ n + pe�e); (137)

where M 0 is the angular momen tum at the origin giv en b y eq.(60 ).

The total angular momen tum of a t wistor, giv en b y eq.(59 ), is zero when

the t wistor is n ull. In this case the angular momen tum at the origin M 0 can

b e expressed in terms of the momen tum p and the p osition v ector q, viz

M 0

�
�
�
�
s=0

= q ^ p

�
�
�
�
s=0

: (138)

The observ able tak es no w the follo wing form

L  =
1
2

(q ^ p ^ n + pe�e); (139)

whic h leads to

L = 2L  ; (140)

if the condition for n ull t wistors is satis�ed.

In conclusion, the ra y represen ting a particular n ull t wistor can b e ob-

tained as an observ able of a quan tum system in 6-d, where the state is

describ ed b y the spinor 	 , and the observ able is related to the spin biv ector.

Let us lo ok at in teresting features of this, b y mo ving around our observ-

able.

If w e apply a translation w e �nd

L 0
 = TaL  eTa

= (	 0I� 3 e	 0) ^ n

=
1
2

[(q + a) ^ p ^ n + pe�e]

(141)

where 	 0 = Ta	 . This new ra y is still in the direction of p, but passes no w

through the p oin t q + a.

If w e no w apply an in v ersion to the 6-d spinor, let us see ho w the ra y

transforms

L 0
 = (	 0I� 3 e	 0) ^ n

= � e[(	 I� 3 e	) ^ �n]e

=
1
2

[P ^ K ^ n + Ke�e]

(142)
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where K is the �agp ole direction of ! as b efore, and P corresp onds to the

p oin t of in tersection of the new n ull ra y with the n ull cone. This is giv en b y

P =
1
�

p; (143)

where � is de�ned b y eq.(110 ), and is the same co e�cien t as the one for the

p oin t q giv en b y eq.(109). This indicates that the `in v erted' new ra y , whic h

is in the direction K passing through P , is p erp endicular to the old one, and

therefore it b elongs to the family of ra ys that are dual to this observ able.

5 Conclusions

Throughout this w ork w e ha v e sho wn that t wistors can b e consisten tly re-

in terpret in terms of 4-d spinors with a p osition dep endence, within the

framew ork of geometric algebra. The manipulations of these ob jects are

simpli�ed enormously within our framew ork, since w e already kno w ho w 4-d

spinors b eha v e in relativistic quan tum mec hanics. This is one of the main

adv an tages and motiv ations of the formalism. Imp ortan t asp ects of t wistors,

suc h as the ph ysical prop erties of the massless particle that a t wistor is

enco ding, can b e reco v ered applying the mac hinery of quan tum mec hanics

to the `translated' 4-d spinor. F urthermore, the conformal geometric algebra

enables us to obtain in a simple w a y the geometrical prop erties of the t wistor.

W e ha v e also sho wn, that a t wistor can b e extended to the 6-d space in the

form of a 6-d spinor, with the utilit y to reco v er its geometrical prop erties as

observ ables of a quan tum system determined b y the 6-d spinor.

It can b e argued in this ligh t, that although signi�can t simpli�cations of

the formalism ha v e b een ac hiev ed, w e migh t b e con tradicting the initial pur-

p ose of t wistors, as fundamen tal ob jects from whic h the space of quan tum

mec hanics and general relativit y can b e constructed, if t wistors are tak en

from the b eginning as 4-d spinors. Ho w ev er, in [2] w e will sho w that within

our formalism, p oin ts in the conformal space can b e deriv ed through t wistors.

F urthermore, w e will sho w that our formalism can bring together m ultipar-

ticle quan tum systems, conformal geometry and w a v e-functions for spin-0

particles. The relev ance of this is that geometric algebra acts as a unifying

to ol. The goal in the future is to construct w a v e-functions of di�eren t spin

within geometric algebra in a uni�ed w a y , in order to pursue sup ersymmetry .
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