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Abstract

A new calculus, based upon the multivector derivative, is developed for Lagran-
gian mechanics and field theory, providing streamlined and rigorous derivations of the
Euler-Lagrange equations. A more general form of Noether’s theorem is found which
is appropriate to both discrete and continuous symmetries. This is used to find the
conjugate currents of the Dirac theory, where it improves on techniques previously used
for analyses of local observables. General formulae for the canonical stress-energy and
angular-momentum tensors are derived, with spinors and vectors treated in a unified
way. It is demonstrated that the antisymmetric terms in the stress-energy tensor are
crucial to the correct treatment of angular momentum. The multivector derivative is
extended to provide a functional calculus for linear functions which is more compact
and more powerful than previous formalisms. This is demonstrated in a reformulation
of the functional derivative with respect to the metric, which is then used to recover
the full canonical stress-energy tensor. Unlike conventional formalisms, which result in
a symmetric stress-energy tensor, our reformulation retains the potentially important
antisymmetric contribution.

1 Introduction

‘Clifford Algebra to Geometric Calculus!!l” is one of the most stimulating modern textbooks
of applied mathematics, full of powerful formulae waiting for physical application. In this
paper we concentrate on one aspect of this book, multivector differentiation, with the aim
of demonstrating that it provides the natural framework for Lagrangian field theory. In
doing so we will demonstrate that the multivector derivative simplifies proofs of a number of
well-known formulae, and, in the case of Dirac theory, leads to new results and insights.
The multivector derivative not only provides a systematic and rigorous method of for-
mulating the variational principle; it is also very powerful for performing the manipulations
of tensor analysis in a coordinate-free way. This power is exploited in derivations of the
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conserved tensors for Poincaré and conformal symmetries. While the results are not new, the
clarity which geometric calculus brings to their derivations compares very favourably with
the traditional techniques of tensor analysis.

A summary of geometric algebra and the multivector derivative is provided in Section 2,
with some applications to point-particle mechanics given in Section 3. Section 4 then develops
the main content of the paper, dealing with the application of the multivector derivative
to field theory. New results include the identification of currents conjugate to continuous
extensions of discrete symmetries in the Dirac equation. The derivation of their conservation
equations is easier than by any previous method. We also find a bivector generalisation of
the Euler homogeneity property, valid for any Poincaré-invariant theory. Derivations of the
canonical stress-energy and angular-momentum tensors lead to a clear understanding of the
significance of antisymmetric terms in the stress-energy tensor, which are shown to be related
to the divergence of the spin bivector. Conformal transformations are also considered, and we
show how non-conservation of their conjugate tensors is related to the mass term in coupled
Maxwell-Dirac theory.

Finally, Section 5 introduces a generalisation of the multivector derivative, appropriate for
finding the derivative with respect to a multilinear function. Some simple results are derived
and are used to formalise the technique of finding the stress-energy tensor by ‘functional
differentiation with respect to the metric’. The new formulation clarifies the role of repara-
meterisation invariance in this derivation and also provides a simple proof of the equivalence
(up to a total derivative) of the canonical and functional stress-energy tensors. The artificially
imposed symmetry of the metric differentiation approach is seen to be unnecessary, and some
implications are discussed.

2 The Multivector Derivative

In this section we provide a brief summary of geometric algebra. We will adopt the con-
ventions of the other papers in this series (henceforth known as Paper 11, Paper T1F¥ and
Paper IVI) which are also close to those of Hestenes & Sobczykl!.,

We write (Clifford) vectors in lower case (a) and general multivectors in upper case (A)
or, in the case of fields, as Greek (¢). The space of multivectors is graded and multivectors
containing elements of a single grade, r, are termed homogeneous and written A,. The
geometric (Clifford) product is written by simply juxtaposing multivectors AB.

We use the symbol (A), to denote the projection of the grade-r components of A, and
write the scalar (grade-0) part simply as (A). The interior and exterior products are defined
as

AT'BS - <A7’B5>|7’—5|

AT/\BS = <A7’B5>7’+s (21)
respectively, to which we add the scalar and commutator products
AxB = (AB) (2.2)

AxB = L(AB- BA).

The operation of taking the commutator product with a bivector (a grade-2 multivector) is
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grade-preserving. Reversion is defined by

(AB) = BA

a = a for any vector a,

(2.3)

and reverses the order of vectors in any given expression.

Most of this paper is concerned with relativistic field theory and uses the spacetime
algebra (STA). This is the geometric algebra of spacetime, and is generated by a set of four
orthonormal vectors {~,}, where

VYo = g = diag(+ — — —). (2.4)
The full STA is 16-dimensional and is spanned by
L, {’7#} {Jka iak}v {i7ﬂ}7 4 (2'5)
where
i = Yo 7273 (2.6)

is the pseudoscalar for spacetime and

Tk = kY0 (2.7)

are relativistic bivectors, representing an orthonormal frame of vectors in the space relative
to the time-like 7o direction. To distinguish between relative and spacetime vectors, we write
the former in bold type.

One of the main aims of this paper is to demonstrate the generality and power of the
multivector derivativell, which we now define. The derivative with respect to a general
multivector X is written as dx, and is introduced by first defining the derivative in a fixed
direction A as

0
AxOxF(X)= —F(X+1A)] . (2.8)
67- 7=0
An arbitrary vector basis {ex}, with reciprocal basis {e*}, can be extended via exterior mul-
tiplication to define a basis for the entire algebra {e;}, where .J is a general (antisymmetric)
index. With the reciprocal basis {e*} defined by e*-¢; = 5;“, the multivector derivative is now

defined as
8}( = Ze‘]ej*ax, (29)
J

so that dy inherits the multivector properties of its argument X, as well as a calculus from
equation (2.8).
The most useful result for the multivector derivative is

dx (X A) = Px(A), (2.10)

where Px(A) is the projection of A on to the grades contained in X. From (2.10) it follows
that .
Ox(XA) = Px(A)

D (XA) = Py(A). (2.11)
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Leibniz’ rule can now be used in conjunction with (2.10) to build up results for the action of
OJx on more complicated functions; for example

Ox (X X)H? = p(x X)(-2/2 X, (2.12)

The multivector derivative acts on objects to its immediate right unless brackets are
present, as in dx(AB) where dx acts on both A and B. If dx is only intended to act on B
we write this as dxy AB, where the overdot denotes the multivector on which the derivative
acts. Leibniz’ rule can now be given in the form

dx(AB) = 0x AB + dx AB. (2.13)

These conventions apply equally if the derivative is taken with respect to a scalar, where the
overdot notation remains a useful way of encoding partial derivatives. In situations where
the overdots could be confused with time derivatives, we replace the former with overstars.
The derivative with respect to spacetime position z is called the vector derivative, and is
given the symbol
0, =V =V,. (2.14)

Two useful results are

V(i-A,) = rA,
V(iAA) = (n—r)A, (2.15)

where n is the dimension of the space. The left equivalent of V is written as 6 and acts on
multivectors to its immediate left, although it is not always necessary to use V¥ since we can
use the overdot notation to write A ¥ as AV. The operator ¥ acts both to its left and right,

and is usually taken as acting on everything within a given expression, for example

AV B = AVB + AVBE. (2.16)

Finally, we need a notation for dealing with functions of multivectors. If F(X) is a
multivector-valued function of X (not necessarily linear) we write

AxdxF(X) = Fx(A) = F(A), (2.17)

which is a linear function of A (the X-dependence is usually suppressed). The adjoint to F
is defined via the multivector derivative as

F(B) = 04(F(A)B). (2.18)
It follows that
(AF(B)) = (E(A)B). (2.19)

A symmetric function is one for which F = F.
If f(x)is a function which maps between spacetime points, we define the differential

f(a) = a-V[(z), (2.20)

which is a linear function mapping vectors to vectors. This is extended to act on all mul-
tivectors through the definition

flanbA...Ne) = fla)ANf(D)...Af(e), (2.21)
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from which the determinant is defined as

F(I) = det(f)1, (2.22)

where [ is the highest-grade element (pseudoscalar) for the algebra. For linear vector func-
tions, equation (2.19) has the useful extensions

A-T(B) = TUf(A)B] r<s

f(A)-B, = fl[A-F(B)] r>s, (2.23)
from which the inverse functions can be constructed:
“HA) = det(f) (AN
[ (4) et(f) F(AI) -

[ (A) = det(f)" I f(IA).

These are all the definitions and conventions we require; further details and proofs can be
found in Hestenes & Sobczyk!!.

3 Point-Particle Lagrangians

Before turning to field theory, it is instructive to see how the formalism of Section 2 applies to
the simpler case of classical mechanics. This analysis introduces some of the concepts needed
in later sections as well as demonstrating how the multivector derivative can extend classical
mechanics through the use of multivector-parameterised symmetries.

To illustrate these techniques, we shall treat a classical model for a spin—% fermion. This
is a useful preliminary to the full Dirac theory and also demonstrates that internal spin-1 has
a satisfactory classical formulation without the introduction of Grassmann variables!® Gf.

3.1 Euler-Lagrange Equations and Noether’s Theorem

Consider a scalar-valued function ‘

L = L(i, ), (3.1)
where 1); are a set of general multivectors, and 77/)2 denotes differentiation with respect to some
scalar parameter, which we will usually take to be time. We shall assume here that L is not
a function of time explicitly, and depends on time only through ; and l/%

We wish to extremise the action

S= [ dtL(, o) (3.2)

t1

with respect to ;. We write the variables 1; in the form!”
Pilt) = 97 (1) + edi(t), (3.3)

where ¢; is a multivector of the same grade(s) as v, € is a scalar, and ) represents the
extremal path. We now take the derivative with respect to the parameter € and find that

&L = /;2 dt ((él*@%L —|— qﬁz*@%L)

_ /: dtgix (94,1 — 940, 1)) | (3.4)
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where 0y, is the multivector derivative with respect to ;. For the action to be stationary,
(3.4) must vanish for all ¢;, and we can read off the Euler-Lagrange equations

Dy, L — (D;,1) = 0. (3.5)

These extend naturally if higher-order derivatives are present. Equation (3.5) could altern-
atively have been derived by decomposing ; in an explicit basis, varying each component
separately, and recombining the separate equations. The multivector derivative approach
is manifestly quicker, more elegant and leads to a clearer understanding of the role of the
variables in any Lagrangian.

The multivector derivative facilitates a more general version of Noether’s theorem, by
allowing for transformations parameterised by multivectors. This makes it possible to derive
conserved quantities conjugate to discrete symmetries, something which cannot be done if only
infinitesimal transformations are considered. The standard results for scalar-parameterised
transformations are a special case of this more general result. Any transformation written
in geometric algebra is necessarily active, because the freedom from coordinates in geometric
algebra prevents us from writing down passive transformations. Passive transformations can
accordingly be eliminated from physics altogether and we contend that they should be.

The most general transformation parameterised by a single multivector M is

i = [(¥i, M), (3.6)

where f and M are, respectively, time-independent functions and multivectors. The trans-
formation f need not be grade-preserving, and can therefore provide an analogue to super-
symmetric transformations®. The symmetries we consider here will preserve grade, however,
as their associated geometry is much clearer. The differential notation of Section 2 is helpful
at this point and we define

S (i, M) = A% f (i, M). (3.7)
Defining now
L= L), (3.8)
we have

A*ﬁML’ = iA(;bZ,M)*8¢;L’+iA(¢Z,M)*8¢:L’
= [, (00 M)x Dy L' = 00y 1)) + 0y ([, (s M)y L) . (3.9)

If we now assume that the equations of motion are satisfied for ¢! (an assumption which must
be confirmed in any given instance) it follows that

AxOn L' =0, (f (i, M)#0,, 1) . (3.10)
We now differentiate out the A-dependence, yielding
oL = 0 (0af (i, M)+, L)

_— <5M;Zi*a-,ﬂ) , (3.11)
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where, as mentioned in Section 2, we have employed overstars rather than overdots to avoid
confusion with time derivatives. If " is independent of M the quantity daf (i, M)*0 -:L’ is
conserved, although both forms in (3.11) are useful in practice. Equation (3.11) is the general
result, appropriate to any transformation parameterised by a multivector. These can include
discrete symmetries, such as reflections, and our result therefore extends the conventional
theory based on infinitesimal transformations!™.

If M is a scalar parameter, «, say, (3.11) reduces to the more familiar form

0L’ = 0, ((0utp})+ 0y L"), (3.12)
and if L’ is a-dependent, useful results are still obtained by setting a = 0:
0l g = 0 (D)0 L')| (3.13)
As an application of this we consider time-translation, for which
bilt,a) = it +a) (3.14)
= Oatilymy = i (3.15)

If all ¢-dependence enters L through the dynamical variables only, equation (3.13) gives

O:L = 0y(; %0y, L), (3.16)
and we define the conserved Hamiltonian as

H =0, L — L. (3.17)

Many of the results in this section generalise to to the case where the Lagrangian is
multivector-valued!™ &, ‘Multivector Lagrangians’ allow for large numbers of coupled scalar
Lagrangians to be combined into a single entity and both the Euler-Lagrange equations and
Noether’s theorem have satisfactory formulations in this case.

3.2 Point-Particle Lagrangians with Spin

As an interesting application of these results, we consider the classical model for spin—% par-
ticles®! introduced by Barut & Zanghil (this has also been analysed previously by one of
usl'%), The Lagrangian contains spinor variables and can be written in the STA asl’!

L = (diogh + p(i — ¥yoh) + eA(z) o). (3.18)

Our dynamical variables are z, p and 1, where t 1s an even multivector, and the dot denotes
differentiation with respect to some arbitrary parameter 7. In order to derive the equations
of motion we first consider the v equation,

-(iox)) = —iogh — 2900 + 29000 A

= oy = P, (3.19)
where P = p — eA and we have used (2.10). In deriving (3.19) there is no pretence that 1
and v are independent variables — we have just one variable and everything else is taken

care of by the multivector derivative.
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The p equation is simple: .
&= Py, (3.20)

2 = p%is not, in general, equal to 1, 7 cannot necessarily be viewed as the

although since z
proper time for the particle.
The = equation is

po= eVA(@)- (o)
= e(VAA)-z+ex-VA
= P = eF-i. (3.21)

We can now use (3.13) to derive some consequences for this model. The Hamiltonian is
given by

H = i#0;L+p+0,L — L
= P, (3.22)

and is conserved absolutely. The 4-momentum and angular momentum are conserved only if
A =0, when (3.18) reduces to the free-particle Lagrangian

Lo = (hioxh + p(d — py0t))). (3.23)
The 4-momentum is found by considering translations,
=z 4+ aa, (3.24)

and is simply p. The component of p in the & direction gives the energy (3.22). The angular
momentum is found by considering rotational invariance, so we set

J— 6&B/2$6—QB/2
p/ — eaB/Zpe—aB/Z (325)
w/ — 6aB/2¢

(spinors have a single-sided transformation law under rotations) in which case L{ is inde-
pendent of a. It follows that the quantity

(B-2)*0:Lo + L(By)*0,Lo = B-(xAp + Liosd) (3.26)

is conserved for arbitrary B. The angular momentum is therefore pAz — %@/}ia;ﬂ/;, which
exhibits the required spin—% behaviour. The factor of % originates from the transformation
law (3.25).

We can also consider transformations in which the spinor is acted on to the right. These
correspond to gauge transformations, though a wider class is now available than for the
standard column-spinor formulation. These transformations quickly yield interesting results
when used in conjunction with (3.13). For example,

W = ipeio? (3.27)
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can be used to show that <¢77/~)> is constant, and
P! = pe®?? (3.28)

leads to the equation ) )
0 (1)) = —2P-(pys1)). (3.29)

These may be combined to give

0,() = 20P- (150, (3.30)
Finally, the duality transformation

P = he™ (3.31)

yields o )
2(posth) = 0-(Yosh) = 0. (3.32)
In fact, the Lagrangian (3.18) is unsatisfactory for a number of reasons. It is not repara-
meterisation-invariant, so that it is not possible to define a proper time; it is not gauge-
invariant; and it predicts a zero gyromagnetic moment!'¥. Indeed, it is clear from (3.21)
that something already has gone wrong, since we expect to see p rather than P coupling
to F-z. However, the derivation of a suitable angular momentum is sufficient reason to

continue constructing Lagrangians of this type, in an effort to find one having all the required
properties. This subject will be taken further in a later paper.

4 Field Theory

The potential of the multivector derivative is more fully realised when the formalism of
Section 3.1 1s extended to encompass field theory. It provides great formal clarity by allowing
spinors and tensors to be treated in a unified way (c.f. the approach of Belinfantel'!l) and it
inherits the computational advantages of geometric algebra. This is manifest in derivations
of the stress-energy and angular-momentum tensors for Maxwell and coupled Maxwell-Dirac
theory. The formalism provides a clearer understanding of the role of antisymmetric terms
in the stress-energy tensor, and their relation to spin.

Noether’s theorem is also formulated in terms of the multivector derivative, and this is
used to derive new conjugate currents in Dirac theory, using the spacetime algebra approach
to spinors described in Paper 1IPl. This greatly simplifies the derivations of many results for
local observables in the Dirac theory.

4.1 Euler-Lagrange Equations and Noether’s Theorem

In this section we will restrict our attention to relativistic field theory (though the results are
easily reproduced for the non-relativistic case). Consider a scalar-valued Lagrangian density

L = L, Vi), (4.1)

where ; is a multivector. Here we have assumed that £ can be written as a function of
Y; and Vib; only, which must be confirmed; an example is provided by electromagnetism in
Section 4.3. The action is defined as

s :/|d4:z;|£, (4.2)
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where |d*z| is the invariant measure. Proceeding as in Section 3.1, we write
vi(w) = ¥i(w) + edif2), (4.3)

where ¢; contains the same grades as . We now find that
0.5 = / (42| (6% Oy, L+ (Vi) D, L) (4.4)
The last term here can be written, employing the overdot notation of Section 2, as
(ViOvy, L) = V- ($i0gy, L)1 — ¢ix <(3w,./3) 6) (4.5)
and, assuming the boundary term vanishes, we find that
0.5 = [ \d*e|6 (a%.ﬁ By, L) 6) . (4.6)

From (4.6) we can read off versions of the Fuler-Lagrange equations appropriate to the
multivector character of ;. If ¢; only contains grade-r terms, for example, we deduce that
the grade-r part of the quantity enclosed in brackets vanishes:

(0. L = (Dwy, L) V), = 0. (4.7)

If, on the other hand, ¢ is a general even multivector (as is the case for the Dirac equation)
our FEuler-Lagrange equation is

OuL = (0vyL) V, (4.8)

or

0;L = V(g L)- (4.9)

(V¢)
Equation (4.7) allows for vectors, tensors and spinor variables to be handled in a single
equation: a considerable unification!

Noether’s theorem for field Lagrangians can also be derived in the same way as in Sec-
tion 3.1. We begin by considering a general multivector-parameterised transformation,

¥ = f(i, M). (4.10)
With £ = £(4/, Vi8!), we have
AxOnL = [, (i MYxDy L + (Vf (65, M)y L)
= V[, M) )1 + iA(;bi,M)*(aw:ﬁ’—(aw;E’) 6’). (4.11)

If we now assume that the 1! satisfy their equations of motion (which must again be verified)
we find that
oL = 4NV ([ (s, M)Oygy L)1 (4.12)

This is the most general result. It applies even if 1! is evaluated at a different spacetime
point from ;, when

pilz) = f(¢i(h(z)), M). (4.13)
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If we now take M to be a scalar, a, we find that
0L = V-(@agb;@vd,;/:'h (4.14)
so that, if £ is independent of «a, the current

j = (0a0j0v L) (4.15)

a=0
satisfies the conservation equation
V.3 =0. (4.16)

An inertial frame relative to the constant time-like velocity =g sees charge

) :/|d3:c|j-70 (4.17)

as conserved with respect to its local time.
If £ is dependent on «, useful consequences can be derived from the important formula

0oLl g = V- <8a¢fav¢g£’>1‘ (4.18)

a=0

4.2 Spacetime Transformations and their Conjugate Tensors

In this section we use (4.18) to analyse the consequences of Poincaré and conformal invariance.
This enables us to identify conserved stress-energy and angular-momentum tensors, while
further demonstrating the effectiveness of the multivector derivative.

We first consider translations:

= x4+ an

W) = o) 1)
and, assuming £’ is only z-dependent through the fields, (4.18) gives
n-VL=V-(n-Vip0vy, L)1. (4.20)
From this we define the adjoint to the canonical stress-energy tensor as
T(n) = (n-Vipdgy, L —nLl) (4.21)
which satisfies B
V-T(n)=0. (4.22)
The canonical stress-energy tensor is the adjoint function, which, from (2.18), is
T(n) = V{thidgy, Ln) — nL. (4.23)

It follows from (4.22) that

T(V)n =0 for all n,
= T(V) = 0, (4.24)
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so that T'(n) is a conserved tensor. In the vy frame there is now a conserved 4-vector

p= [ IdalT (), (4.25)

which is identified as the total momentum. The total energy is

E= / 2|70 T(70)- (4.26)

We next consider rotations, assuming initially that all fields v; transform as vectors. We

define

J— 6—ozB/2$6aB/2

¢/(1,) — eaB/QL/Ji(x/)e_aB/Z,

k3

(4.27)

which again we regard as an active rotation of fields from one spacetime point to another.
This differs from (3.25) in the relative direction of the rotation for the position vector x and
the fields v;, resulting in a sign difference in the contribution of the spin. In order to apply
(4.18) we use

aaL/J,”a:O = BX’Q/)Z — (B.T)V@/JZ (428)

and

0L ,_y=V-(z-BL). (4.29)
Together, these yield the conserved vector
which satisfies

V-I(B) = 0

= J(V)-B = 0 forall B
= J(V) = 0. (4.31)

The adjoint function J(n) is, therefore, a conserved bivector-valued function of position,
which we identify as the canonical angular-momentum tensor. The calculation of J(n) is a
simple application of (2.18):

= <77/J2 X (av¢i£n)>2 — x/\V{;/;iavwle + :z:/\(nﬁ)
— T(n) Az + (i % (Deu,Ln))a. (4.32)

If one of the fields ¢, say, transforms single-sidedly (as a spinor), then (4.32) contains a term
(3%0vyLn)s.

The first term in (4.32) is the routine pAz component, and the second term is due to the
spin of the field. The general form of J(n) is therefore

J(n)=T(n)Az+ S(n). (4.33)
By applying (4.31) to (4.33) and using (4.24), we find that

T(V)Ai + S(V) = 0. (4.34)
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The first term in (4.34) can be written as —9,AT' (a), which returns the characteristic bivector!
B of T'(n). The antisymmetric part of T'(n) can always be written in terms of this bivector
as

Ta(a) = $B-a, (4.35)
so that
T(a)AO, = 5(B-a)\d, = B. (4.36)
Equation (4.34) now gives o
B=-5(V), (4.37)

so that, in any Poincaré-invariant theory, the antisymmetric part of the stress-energy tensor
is a total divergence. In order for (4.32) to hold, however, the antisymmetric part of T'(n)
must be retained, since it cancels the divergence of the spin term: although T4(n) is a total
divergence, AT 4(n) certainly is not.

By inserting (4.23) into (4.32) and setting J(V) = 0, we find the interesting equation

(¥i X (0, L) + (Vo) X (O, L£))2 = 0, (4.38)

which is satisfied by any Poincaré-invariant theory. If spinor terms are present, the left-hand
side includes terms of the type

3 (0i(0. L) + (Vi) (0w, L)) (4.39)

Equation (4.38) is a generalised Euler homogeneity condition, and is a consequence of the
assumed isotropy of space.

While all fundamental theories should be Poincaré-invariant, an interesting class go bey-
ond this and are invariant under conformal transformations. The conformal group contains
two further symmetries, of which the first is scale invariance. (In fact dilation symmetry
does not imply full conformal invariance, and the results below are appropriate to any scale-
invariant theory.) We define

W) = enila) (440)
so that
Vipi(z) = elBFOT apy(z'). (4.41)

If the theory is scale-invariant, it is possible to assign the conformal weights d; such that the

left-hand side of (4.18) reduces to

0.L'|._y = V-(zL). (4.42)
Equation (4.18) now takes the form
V-(2L) = V-{(dih; + 2-Vip;)dvy, L)1, (4.43)
so that
= V- (dipidvu, L)1 = —V-(T(z))

(
) (4.44)
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Thus, in a scale-invariant theory, the trace of the canonical stress-energy tensor is a total
divergence. The current conjugate to dilations is

j = {dithiOvy, L+ T(z))1. (4.45)
By using the equations of motion, equation (4.44) can be written, in four dimensions, as
d2<¢28¢1£> + (dz + 1)<V¢28W1£> =4L, (4.46)

which is an Euler homogeneity requirement and can be taken as an alternative definition of
a scale-invariant theory.
The further generator of the conformal group is inversion:

=zt (4.47)

As it stands this is not parameterised by anything, and cannot be applied to (4.18). In
order to derive a conserved tensorl'?, (4.47) is combined with a translation to define a special
conformal transformation!!l:

¢ = h(z)
= (:r:_l + an)_l
= z(1+ an;n)_l, (4.48)
from which it follows that
= h(a)=(1+ a:z;n)_la(l + cm;z;)_l, (4.49)

and h is therefore a spacetime-dependent rotation/dilation. This can be used to postulate
transformation laws for all fields (including spinors, which transform single-sidedly) such that

£ = £(6, ) = det BE(:("), Varts(«')), (4.50)
and hence
8aE'|a:0 = O, det hL| _, + det h(0a") -V L(1i(2"), VI/??[JZ'(CEI)MO[:O ) (4.51)
It can be shown that
Oadeth| _,=—8z-n (4.52)
and
(042")- V@ = —(znz)-V, (4.53)
whence
0oL ,_g = —V-(znzLl). (4.54)

Special conformal transformations therefore lead to the tensor

T(xnz) = ((Oat)i)mo Dvui L1, (4.55)

whose adjoint is a tensor of the form

zT(n)x — K(n), (4.56)
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which is conserved in a conformally-invariant theory.

By adding a total divergence, T'(n) can be redefined to give a T'(n) which is symmetric
and traceless. In this case (4.45) can be written as 7'(x) and (4.56) becomes zT"'(n)z. We
now have a set of four tensors, T7'(x), T'(n), 2T'(n)x and J(n), which are all conserved in
conformally-invariant theories. This yields a set of 1 +4 44+ 6 = 15 conserved quantities —
the dimension of the conformal group. All this is well known, of course, but we believe this
is the first time that geometric algebra has been systematically applied to this problem. In
doing so we have simplified many of the derivations, and generated a clearer understanding
of the results.

4.3 Electromagnetism

As an application of the results of Section 4.1 and Section 4.2 we consider the electromagnetic
Lagrangian('®!

L=—-A-J+1F-F, (4.57)

where A is the vector potential, /' = VA A, and A couples to an external current .J which is
not varied. To find the equations of motion we must first write F'- F' as a function of V A:

FF = (VA= (VA

(VAVA — VA(V A)). (4.58)

1
4
1
2

Since A is a pure vector, the appropriate form of the Euler-Lagrange equations is (4.7)

= V-F = (4.59)

With the identity VAF = VA(VAA) = 0, this yields the full Maxwell equations VF = .J.
To calculate the free-field stress-energy tensor, we set J = 0 in (4.57) and work with

L=-YFF), (4.60)

so that (4.23) gives . .
T(n) = V{((nAA)-F) — in(F?). (4.61)
This expression is physically unsatisfactory, because it is not gauge-invariant. In order to
find a gauge-invariant form of (4.61), we writel'¥
V(AF-n) = (VAA)-(F-n)4 (Fn)-VA
= F-(F-n)—(F-V)-nA (4.62)
and observe that, since V-F = 0, the second term is a total divergence and can therefore be
ignored. We are left with['’]
Tem(n) = F-(F:n)— %nFF
= lPnF, (4.63)
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which is both gauge-invariant and symmetric. As a check, the energy in the 74 frame is given

by

[1deltoFnf) = [|d/4(B+iB)(E-iB)

- /|d3;z:|%(E2 + B, (4.64)

in agreement with standard formulations!™.
The angular momentum is found from (4.32):

J(n) = (V(AFn) — In(F®)Az + AA(Fn), (4.65)

where we have used the stress-energy tensor in the form (4.61). This expression therefore
suffers from the same lack of gauge invariance, and is fixed up in the same way, using (4.62)
and

(F-n)NA =2\ ((F-V)nA) = —zA((FV)nA), (4.66)

which is a total divergence. This leaves simply
J(n) = Tem(n) Az, (4.67)

and conservation is ensured by the result Tem(V) = 0 and the symmetry of Te,. The angular
momentum in the vy frame is now

/ || T (o) At = / &°z| (Pt — Y(E” + B*)e + x P), (4.68)

where P is the Poynting vector —i(E x B). The relative 3-space vector terms in (4.68) give
the centre of energy, and the relative bivector term is the angular momentum (recall that the
x signifies the commutator product (2.2) and not the vector cross product).

By redefining the stress-energy tensor to be symmetric, the spin term in the angular
momentum has been absorbed into (4.63). For the case of electromagnetism this has the
advantage that gauge invariance is manifest, but it also suppresses the spin-1 nature of the
field. Suppressing the spin term in this manner is not always desirable, as we shall see with
the Dirac equation.

The Lagrangian (4.60) is not only Poincaré-invariant; it is invariant under the full con-
formal group of spacetime. To see this, consider an arbitrary transformation h, so that

¥ = h(z)

Alz) = h(A(z). (4.69)
It follows that
VAA(z) = B(Va)NR(A(2'))
= E(VI//\A(CL'I))

since h commutes with the exterior derivative. The transformed action is therefore

/|d4w|%<ﬁ(F($’))2> =/|d4$’|(detﬁ)_1<F(:ﬂ’)-@(F($’))>, (4.71)
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and h generates a symmetry if

hR(B) = Adet(h)B (4.72)

for any bivector B, where X is an arbitrary scalar constant. The set of transformations h
satisfying (4.72) generates the conformal group, as we observe by writing (4.72) as

H(A)-B(B) = \det(h)A-B (4.73)

where A and B are bivectors; this relation holds for any A which satisfies

h(a)-h(b) = e q. b, (4.74)
with a, b vectors. Equation (4.74) provides a standard definition of the conformal group!'l.
All translations satisfy (4.72) trivially, since b = 1. Reflections and rotations also satisfy
(4.72) immediately, since for both of these hh = 1 and det b = 1.

The remaining conformal transformations are dilations and inversions, as we studied in
Section 4.2. Dilations clearly satisfy (4.72) and, as a check, the trace of the canonical stress-
energy tensor is a total divergence:

8,T(n)=—F-F=(AV F), (4.75)
The conserved current conjugate to dilations can be written in the form
LFaF — F-V(z-A) (4.76)

but, since the second term is already a total divergence, we can write the conserved vector
as Tem(z). This is conserved since Tey(n) is traceless.
The final conformal transformation is inversion,

_ X
h(z) = 27'= —

xax

1
detﬁ = ;,

which again satisfies (4.72). The current conjugate to this is given by (4.56), and is
tTem(n)z. (4.78)

The complete list of conserved tensors in free-field electromagnetism is therefore Ty (),
Tem(n), 2Tem(n)z, and Tem(n) Az, and it is a simple matter to calculate the modified conser-
vation equations when a current is present.

4.4 Dirac Theory

The multivector derivative is particularly powerful when applied to the Dirac equation. To
proceed, we must first eliminate column spinors and matrix operators from Dirac theory, and
work instead with multivectors in the STA. This reformulation is carried out in Paper 11,
where it is shown that the Lagrangian for the Dirac equation becomes

L = (Vipivay) — e Apyorh — mipyh), (4.79)
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where 1 is an even multivector and A is an external field (which is not varied). The appro-
priate form of the Euler-Lagrange equations is (4.9), giving

Vipins — 2eApyg — 2mip = =V (i)
= Vipios — eAy = mabo, (4.80)

which is the familiar STA form of the Dirac equation!® 1€,

We now analyse the Dirac equation from the Lagrangian (4.79), employing the Noether
theorem described in Section 4.1. There are two classes of symmetry, according to whether
or not the position vector x is transformed. For the rest of this section we will consider
position-independent transformations of the spinor ¥. Spacetime transformations are dealt
with in Section 4.5.

The transformations we study at this point are of the type

O = peM, (4.81)

where M is a general multivector and a and M are independent of position. Operations on
the right of v arise naturally in the STA formulation of Dirac theory, and should be thought
of as generalised gauge transformations. In the standard Dirac theory with column spinors,
however, transformations like (4.81) cannot be written down simply, and many of the results
presented here are much harder to derive.

Applying (4.18) to (4.81), we find that
V- (h Mingh)y = 0uL]_g s (4.82)

which is a result we shall exploit by substituting various quantities for M. If M is odd,
equation (4.82) yields no information, since both sides vanish identically. The first even M
we consider is a scalar, A, so that (¢ Miyst)); is zero. It follows that

Oq (eQaAE) =0
a=0
=L = 0, (4.83)

so that, when the equations of motion are satisfied, the Dirac Lagrangian vanishes.
We next consider a duality transformation. Setting M = i, equation (4.82) gives

~V-(ps) = —mda(e*pe”)|
= V-(ps) = —2mpsinf, (4.84)

?

where i) = pe® and the spin current ps is defined as 77[)’}/377[). The role of the 3-parameter in
the Dirac equation remains unclear'> ' although (4.84) relates it to non-conservation of the
spin current. Equation (4.84) is already known['?l but it does not seem to have been pointed
out before that the spin current is the conjugate current to duality rotations. In conventional
versions, these would be called ‘axial rotations’, with the role of 7 is taken by 5. However, in
our approach, these rotations are identical to duality transformations for the electromagnetic
field — another unification provided by geometric algebra. The duality transformation e is
also the continuous analogue of discrete mass conjugation symmetry, since 1 +— ¥z changes
the sign of the mass term in £. Hence we expect that the conjugate current, ps, is conserved
for massless particles.
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Finally, taking M to be an arbitrary bivector B yields

V- (0B (in3))) = 2ViB-ysh — eAp B-yoy))
= 2 <6A¢(03B03 — B)’}/()?I}> , (4.85)

where we have used the equations of motion (4.80). Both sides of (4.85) vanish for B = toy, 10,
and o3, with useful equations arising on taking B = o1, 03 and 103. The last of these, B = 103,
corresponds to the usual U(1) gauge transformation of the spinor field, and gives

V-(pv) =0, (4.86)

where pv = ;/)7077/; is the current conjugate to phase transformations, and is strictly conserved.
The remaining transformations, e*”* and e“?2, give

V-(pe1) = 2epA-e;

V-(pes) = —2epA-eyq, (4.87)

where pe,, = 77/)’}/#77/;. Although these equations have been found beforel'®!, the role of pe; and
pes, as currents conjugate to right-sided e*”? and e®?' transformations, has not been noted.
Right multiplication by oy and o3 provide continuous versions of charge conjugation, since
the transformation ¢ — oy takes (4.80) into

Vipios + e Ah = ma. (4.88)

It follows that the conjugate currents are conserved exactly if the external potential vanishes,
or the particle has zero charge.

Many of the results in this section have been derived by David Hestenes!'® ¢! through
an analysis of the local observables of the Dirac theory. The Lagrangian approach simplifies
many of these derivations and, more importantly, reveals that many of the observables in the
Dirac theory are conjugate to symmetries of the Lagrangian, and that these symmetries have
natural geometric interpretations.

4.5 Spacetime Transformations in Maxwell-Dirac Theory

We now consider spacetime symmetries in the Dirac theory, and derive the canonical stress-
energy tensor and angular-momentum tensors. In doing so, we include the free-field term for
the electromagnetic field, and work with the coupled Lagrangian

L = ((V)ivat — eAvyorh — mipih + L F?), (4.89)

in which ¢» and A are both dynamical variables. Including both fields ensures that the
Lagrangian is Poincaré-invariant.
From (4.23) and (4.83), the stress-energy tensor is

T(n) = V{$irsn) + V(AFn) — InF-F, (4.90)

which once again is not gauge-invariant. We can manipulate the last two terms as in Sec-
tion 4.3, the only difference being that we now pick up a term from V-F = .J (J = eyyorp),
giving

Tma(n) = V{hinsgn) —n-JA+ LFnF, (4.91)



Lasenby, Doran & Gull / Multivector Derivatives 20

which is now gauge-invariant. Conservation of (4.91) can be confirmed using the equations
of motion (4.80) and (4.59). The first and last terms are the free-field stress-energy tensors,
and the middle term, —n-J A, arises from the coupling. The stress-energy tensor for the Dirac
theory in the presence of an external field A is conventionally defined by the first two terms
of (4.91), since the combination of these is gauge-invariant.

Only the free-field electromagnetic contribution in (4.91) is symmetric; the other terms
each contain antisymmetric parts. The overall antisymmetric contribution is

Ty = YT(n)—T(n)
= n(V-(Lips))
— (=Y A(ps)), (1.92)

and is therefore completely determined by the exterior derivative of the spin current!!?.

The angular momentum is found from (4.32), using the rearrangement carried out in
Section 4.3, and is

J(n) = Tna(n)Az + %z'ps/\n, (4.93)

in full agreement with (4.92). The ease of derivation of (4.93) compares favourably with the
traditional operator approach. Tt was crucial to the derivation that the antisymmetric
component of Tiq(rn) was retained, in order to identify the spin-1 contribution to J(n). In
(4.93) the spin term is determined by the trivector ¢s, and the fact that this trivector can be
dualised to the vector s is a unique property of four-dimensional spacetime.

The sole term breaking conformal invariance in (4.89) is the mass term <m¢7])>, and it is
useful to consider the currents conjugate to dilations and special conformal transformations,
and show how their non-conservation results from this term. For dilations, since the conformal
weight of a spinor field is 2, (4.45) yields the current

jd = de(:l?) (494)
(after subtracting out a total divergence). The conservation equation is

Vji = 0Op-Tma(n)
= (mydh). (4.95)

For special conformal transformations, we know from (4.49) and (4.69) that the A-field
transforms as

Al(z) = (1+ an;r:)_lA(:z:')(l + oz:r;n)_l, (4.96)

and, since this is a rotation/dilation, we postulate for ¢ the single-sided transformation
P'(z) = (1 + anz) *(1 + azn) (2. (4.97)
In order to verify that (4.50) is satisfied, we need the result
V ((1+anz)*(1 + azn)™') = 0. (4.98)
From (4.55) we find that the conserved tensor is

T.(n) = 2Tma(n)z + n-(txA(ps)), (4.99)
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and the conservation equation is
T.(V) = 2(mynd)z. (4.100)

In both (4.95) and (4.100) the conjugate tensors are conserved as the mass goes to zero, as
expected.

5 Multivector Techniques For Functional Differentiation

In the previous section we dealt with Lagrangians which are functions of multivector-valued
fields. In this section we will outline how to extend the formalism to include multivector-
valued functions as the dynamical variables in the Lagrangian. This is, in fact, crucial to
a complete formulation of gauge theory within geometric algebra, which will be presented
elsewhere.

In order to generalise the results of Section 4.1, it is necessary to extend the multivector
derivative so that it becomes possible to differentiate with respect to a multivector-valued
function. The resulting operator defines a ‘functional calculus’ for linear functions, and
provides a clear understanding of the meaning of ‘functional differentiation with respect to
the metric’.

The advantage of the present approach is that only a slight elaboration of the techniques
outlined in Section 2 is required; no new notation or conventions are needed. The quantities
we wish to calculate are of the type

Dy [(Ar), (5.1)

where b is a vector, A, is an grade-r multivector, and f is a linear vector function. Recall that
f(b) is a shorthand notation for f(b,z) = b-V f(z), so that in writing (5.1) we must assume
that f(b) and f(A,) are evaluated at the same spacetime point . This can be enforced by
the inclusion of a Dirac delta-function, but that is not necessary for the manipulations carried
out here.

To obtain an explicit formula for the derivative (5.1), we first project out from A, those
terms which include the vector 6. The appropriate projection operator is

Py(A,) = (A, -5 Y)b = bA( 1 A,), (5.2)
so that
I L (Ar) = s [(BA(DT-A,))
= ) (LOINL(B7"-A,)) (5.3)

It is easily shown (for example, by expanding in a basis) that the factor f(A,-b7") does not
depend on f(b), so, recalling (2.15), we obtain

Ope [(Ar) = (n—r +1)f(b7"- Ay), (5.4)

where n is the dimension of the space. We can extend (5.4) in a number of ways, and will
from now on take b to be a unit (time-like) vector (b=' = b). Employing the obvious result

Oz f(b)-a = a, (5.5)
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we find that

Osmfla)c = b-a@i(b)i(b)-c
= b-ac. (5.6)

This may be compared with the result of standard functional calculus, in which the derivative
of a scalar by a 2-tensor gives a 2-tensor (in this case ¢(b) = b-ac). Equation (5.6) extends to

Doy ([(end)-By) = Oy (S (e)-(J(d)-Ba)) = Dy (S (d)-(f(c) Ba))
= f(b-(cAd))- By, (5.7)
so that
D5y (f(A)Bz) = [(b-(A)2)- Bo, (5.8)
where B, is an arbitrary bivector. Proceeding in this manner, we find the general formula
Oy (S(A)B) =3 ([ (b-Ar)Br)r. (5.9)
Equation (5.9) can be used to derive formulae for the functional derivative of the adjoint.
The general result can be expressed as

D) (Ar) = (F(b-X.) A )1 Ox, (5.10)
and when A is a vector, this admits the simpler form

If [ is a symmetric function then [ = f, but we cannot exploit this for functional differenti-
ation, since [ and [ are independent for the purposes of calculus.

Our final results concern the functional derivative of the inverse function, given by (2.24).
We first need the result for the derivative of the determinant, as defined by (2.22):

(1) = [(b-1)
i@i(b)det(f) = i(b])]_l
= det(f)]

This again coincides with the standard formula for functional differentiation of the determin-
ant by its corresponding tensor. The present proof, which follows directly from the definitions
(2.22) and (2.24) and the formula (5.4), is considerably more concise than by conventional
matrix/tensor methods. The result for the inverse is now found to be:

(b). (5.12)

Iy (A) = By ((det ) f(ADTT)
= 1] ((bAA) =T (b)-T(A), (5.13)
and the analogue of (5.9) is

Dy (T (A)M) = Eaf (det /)" f(A D)7 M,)

= Z -7 M, T (b)) (5.14)
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In both cases we have made repeated use of (2.23).

An extension of these results can be expected to provide a rich elaboration of multivector
calculus. Some further developments will be given in a forthcoming paper, but here we
concentrate on a single application — the stress-energy tensor.

5.1 The Stress-Energy Tensor Revisited

Functional differentiation with respect to the metric has become the standard method for

[18,19] 56 we need to

deriving the stress-energy tensor in the context of general relativity
examine how this is incorporated into our framework. As an example we take free-field

electromagnetism, for which the standard approach involves writing the Lagrangian as
%F-F = %F‘“’F’Mgwgl,p, (5.15)

where F'* are the components of F' with respect to an arbitrary frame. In order to imagine
varying ¢,, we do not need to introduce any concept of curved space, since all that is required
is an understanding of how coordinate frames are defined in flat space. Following the approach
of chapter 6 of Hestenes & Sobczyk!!l, we introduce a set of scalar coordinates {z"}, so that

z = z(2°...2%). From this we define a coordinate frame as

ey = Opnt, (5.16)
which induces the metric

Guv = €€ (5.17)
The reciprocal frame is defined as

e’ = Vat, (5.18)
and it is easily verified that

et-e, = 6. (5.19)

The metric is now understood as the tensor mapping the reciprocal frame to the coordinate
frame:

gle!') =e,. (5.20)
The metric is therefore tied to a given spacetime frame and so, in order to vary the metric,

we must vary this frame. This is achieved by a linear redefinition of the spacetime point at
which the coordinate fields x* are evaluated, so that

#(z) = z"(h(z))

ey @_1(%).

(5.21)

Variation of the metric therefore gives us information about the variation of the action under
reparameterisation, so we define

¥ = h(z),
() = P(),
where h = h is a general linear function which need not be symmetric. The action is now

$ = [ldal(i(a), Vi)
= [ 1a@/l(det )7 £(0I(!), (T ar) b)), (5.23)

(5.22)
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Since we have chosen h to be linear, h is not a function of position. We can therefore
unambiguously relabel the parameter in (5.23) so as to give

S = /|d4x|<detm-lﬁw;(:c),%(vw;@))
- /|d4:c|(det@)_1/3’. (5.24)

The form of ! depends on the variable, with

o= k() — vector field,

v = W — spinor field. (5.25)

The cost of making the action integral invariant under active transformations of spacetime
is the introduction of a new tensor variable h, which is similar to the vierbein of general
relativityl'l. The h-tensor has no kinetic term and variation of S with respect to A yields

h(e")# 9y S|, = / 2| h(D,) #Ohiy ((det W)TLT)| (5.26)
Upon defining
Onny ((det B)T'L)| = T(n), (5.27)
equation (5.26) becomes
58 = /|d4x|@(8n)*T(n)
= [ |d'ali(z)-T(V)
— —/|d4x|h(x)-T'(\'7). (5.28)

However, if the equations of motion are satisfied, 65 must vanish for arbitrary h, so that
variation with respect to h leads to the conservation equation

T(V) =0, (5.29)

and the tensor T'(n) is identified as the functional stress-energy tensor. To see that this is
equivalent to the canonical tensor, we use (5.12) in (5.27) to give

T'(n) = Opm)L'

—nL. (5.30)

h=1

The first term in (5.30) can be written as

Oy (04 0y £ + (R(V )]+ D0 L) _

= V(thigy, Ln) + Oni+ (04, £ + Vgy,L) (5.31)

h=1

and, assuming the equations of motion are satisfied, the second term in (5.31) becomes

(On(my ¥t v (Ovy, L)), which is a total divergence. On comparing (5.31) with (4.23) we see
that the tensors now agree, up to a total divergence.
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We illustrate this with free-field electromagnetism and Dirac theory. For electromagnet-
ism, we have

T(n) = 30hwh(F)-B(F)|_ —nF F

— lpnF, (5.32)

which agrees with (4.63). The functional derivative approach automatically preserves gauge
invariance, since £’ is gauge-invariant. The derivation of the symmetric tensor (5.32) has
nothing to do with any imposed symmetry on h; it follows purely from the form of £. We can
see that this approach does not necessarily yield a symmetric stress-energy by considering
the free-field Dirac Lagrangian, for which we find

T(n) = ?@(@@(V)W%@
= V(irsn), (5.33)

in agreement with (4.91).
Traditional derivations of the stress-energy tensor by differentiating with respect to the

metric always finish up by imposing symmetry as a constraint on T(n)[w’ 20]

. In our approach,
however, we have differentiated with respect h, which is a ‘square root’ of the metric tensor
¢ and is in general asymmetric. It is therefore natural that our approach can give rise to
asymmetric terms, which is very gratifying since we have already seen that these are central

to the correct treatment of spinl?" 22 23],

6 Summary and Conclusions

Geometric calculus is the natural language for the study of Lagrangian field theory. Geometric
algebra clarifies the physics, and the multivector derivative simplifies the algebra. Passive
transformations are eliminated, and only active transformations, in which the particles (or
experiments) are transferred from one spacetime point to the other, are discussed. The
geometric algebra approach allows for spinor and vector variables to be treated in the same
way and, applied to the Dirac theory, leads to the identification of new conjugate currents.

Functional differentiation with respect to linear functions can also be handled within
multivector calculus, leading to powerful ways of manipulating the ‘vierbein’ fields of general
relativity. The functional stress-energy tensor is not necessarily symmetric, and the symmetry
of the electromagnetic stress-energy tensor is a consequence solely of gauge invariance.

In future work, a more complete formulation of gauge theory will be presented utilising
the techniques introduced in this paper. This will include treatments of both electroweak
symmetries and gravity.
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