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Events and cosmological spaces through twistors
in the geometric (Clifford) algebra formalism
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Abstract

Events in Minkowski space-time can be obtained from the intersec-
tion of two twistors with no helicity. These can be represented within
the geometric (Clifford) algebra formalism, in a particular conformal
space that is constructed from a quantum system of two particles. The
realisation takes place in the multiparticle space-time algebra. This
representation allows us to identify an event with the wave-function
for a non-charged Klein-Gordon particle. A more general point can
also be obtained, if the space is complexified and the twistors have
non-zero helicity. In this case, such a point is no longer an event,
but it can be identified with the wave-function for a charged Klein-
Gordon particle. Other spaces of cosmological relevance can also be
constructed using the 2-particle representation of the conformal space,
as is the case for de Sitter and anti-de Sitter spaces. Furthermore, we
show that Friedmann-Robertson-Walker spaces, with and without big
bang, are fully described through two twistors, which are expressed
within our formalism in terms of entities belonging to quantum me-
chanics: the Dirac matrix 7y, a massless maximally entangled state
and its complex conjugate.

1 Introduction

This work is a continuation of the work presented in [I]. There, we described
the main physical and geometrical properties of 1-valence twistors within ge-
ometric algebra. We re-interpreted twistors as 4-d spinors, which allowed us
to obtain their properties as the observables of a quantum system described
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by the spinor. As a result this formalism simplified enormously many key
computations within the twistor theory.

In this paper we look at some aspects of 2-valence twistors. These are cru-
cial objects that are at the basis of taking the twistor space as the most fun-
damental entity, from which events in space-time are derived in the twistor
theory. In detail, 2-valence twistors encode the incident point of two twistors.
The properties of each of the incident twistors, determine whether or not the
incident point corresponds to an event in space-time or whether it belongs
to a more general space. In addition, the structure of the space is defined
through the infinity twistors, which are 2-valence twistors that correspond
to the metric for the space.

Here we give a novel definition of the 2-valence twistors mentioned above,
in terms of geometric algebra. 2-valence twistors are constructed as the outer
product of two 1-valence twistors, and such a product is defined in the 2-
particle space of multiparticle space-time algebra [I0) 1] in our formalism.
The incident point is represented in the conformal space. In the previous
paper [I] we showed how this space is defined in the geometric algebra for-
malism, giving rise to the conformal geometric algebra. In order to relate the
conformal point with the 2-valence twistor given by the outer product of two
twistors, we need to express the incident point in the 2-particle version of the
conformal geometric algebra. The construction of this representation for the
conformal space determines a crucial step in our formalism. This is achieved
through the massless projections of a relativistic entangled state [I4]. The
result of such a structure is that it enables us to relate conformal points,
2-valence twistors, and relativistic states. This gives rise to a central result
of this paper. We show that the incident point has the same structure as the
relativistic wave-function for a spin-0 particle, according to the Bargmann-
Wigner construction [4]. In particular, if the point belongs to the real space,
and therefore represents an event in space-time, the correspondent spin-0
particle has no charge. And if the point does not correspond to an event in
space-time, and therefore lives in a complexified space, it is related with the
spin-0 wave-function of a charged particle. The close relation between the
complex structure of the space and the charge of the particle, emerges here
from the results.

It is important to note, that although the wave-function in the Bargmann-
Wigner formalism is defined in the 2-particle space, the multispinor repre-
sents a single particle and not a system of two particles. This establishes a
difference between other formalisms, where free massive relativistic spinning
particles are described as a composite of massless interacting spinning par-
ticles, through the twistor phase space (see [B], [ and [6] for a review and a
generalisation to a charged particle coupled to an external electromagnetic
field). Other approaches for the construction of conformally invariant higher
spin fields using the twistor space can be found in [3, 2], however there is no
immediate relation between these and our formalism.



Coming back to the geometric algebra approach, the structure of the 2-
particle representation of the conformal space, leads to specific forms for the
infinity twistors. In order to construct different cosmological spaces, such as
Minkowski space-time, de Sitter and anti-de Sitter spaces, and a space with
big bang, we only need three objects within our formalism to express the
correspondent infinity twistors. These amount to the two massless projec-
tions of the relativistic singlet state, and to the vector vy of the space-time
algebra, represented by the Dirac matrix.

The work presented here is intended to be as far as possible self-contained,
using the conventions and formalism already established in [I]. In section 2,
we give the general background and results from the multiparticle space-time
algebra, and the two important applications relevant to this work. These
are specified in section 2.1, where we describe a maximally entangled state
[0, T, @], and in section 2.2, where we outline the conformal representation
of the space-time in the 2-particle space [14), [[3]. In section 3, we introduce
the 2-valence twistors describing the incidence of twistors. Some insights into
this were presented in [I3]. In section 3.1, we look at the way an event in
space-time emerges from the incidence of two twistors, within the conformal
geometric algebra. In addition, we describe in this subsection how the 2-
valence twistor has the same structure as the wave-function for a relativistic
spinless particle. In section 3.2, we illustrate the more general case, which
consists of two incident twistors that are not null, and therefore, do not
give rise to a point in the real space. We show that this point instead
belongs to the complexified space, and that its 2-valence twistor has an
equivalent form to the wave-function for a spinless particle, which in this
case has a charge. Finally in section 4, we look at the specific construction
of spaces relevant for cosmology. In detail, we define the following objects
in terms of the multiparticle space-time algebra: the infinity twistors for
Minkowski, de Sitter and anti-de Sitter spaces, and the bang twistor giving
rise to the initial singularity. This last section shows that such 2-valence
twistors are the conformal representation of the points at infinity in the 2-
particle background, which are given by the relativistic massless entangled
states.

2 Results from the multiparticle space-time algebra

Quantum systems of many particles can be described through the multipar-
ticle space-time algebra. Furthermore this algebra can also be employed to
encode degrees of freedom in quantum and in non-quantum systems. For ex-
ample, later on we show that the conformal space is constructed making use
of it. As a result, the conformal transformations can be related to quantum
operations, and points in the space can be associated to a quantum state.
The algebra is built by taking a copy of the space-time algebra defined



in [I, for each particle of the system, or for each degree of freedom. As a
consequence, for an n-particle system we will obtain n sets of basis vectors
{74}, that anticommute for distinct particle spaces, and satisfy

VoV = 0 (1)

where 4, j denote the particle space, p and v run from 0 to 3, and 7,, =
diag(4+ — ——) is the metric for Minkowski space-time. This is called the mul-
tiparticle space-time algebra and is denoted by MSTA. It was first introduced
in [I0] for non-relativistic particles, and in [IT] for the relativistic case.

From now on, the index 2 on a multivector, e.g. M?, denotes the copy
of the multivector M in the particle space 2, while M corresponds to the
copy of M in the particle space 1. For the square operation, we will use
the following notation: (M)2. If the quantity is a scalar, the index 2 will
indicate the square operation, and therefore we will neglect the parenthesis.
For example for the metric: ds? = dT? + dV? — dW? — dX? — dY? — dZ?,
the index 2 is indicating the square operation.

2.1 Maximally entangled states

The relativistic generalisation of a singlet state can be decomposed as a su-
perposition of two relativistic massless states. These are essential objects
within this framework, since they play a fundamental role in the descrip-
tion of the conformal space in the 2-particle background, and hence in the
construction of the infinity twistors as well.

Next we define a maximally entangled state and give its relativistic gen-
eralisation.

The relative vectors described in [I] take the same form within the MSTA
as in their single-particle case, viz

Tk =0 (2)

where the super-index a denotes the particle space, and { represents the
frame velocity vector. These vectors form a basis for non-relativistic systems.
Restricting the system to two particles, the tensor product between them is

oR®T; < 00 = WNN = RN = 0% (3)

The commutation property confirms that the geometric product of relative

vectors living in different spaces in the MSTA, is equivalent to the tensor

product between them. Note that from now on it will be assumed that the

pseudoscalar belongs to the particle space of the multivector it is multiplying
to its right, e.g. Il'y,i = I’y,i and 1'20% = 1'032,.

The simplest construction of a 2-particle state in the MSTA, is given

by the product of two single particle spinors, ¢'1/2. However, this gen-

erates a space of 64 real dimensions, whereas we only expect 32 (for the



16-dimensional complex space). The reason for this, is that we have failed to
account for the fact that the quantum theory requires a single, global com-
plex structure. We must therefore ensure that post-multiplying the states
by either Io3 or Io3 results in the same state!. That is

Wlog =plos. (4)
A simple rearrangement now yields
1

Y = —ploilo? = ¢§(1 — loglo3). (5)

If we now define )
E=5(1- Ioylo3), (6)

we see that all states must satisfy
¥ =vE. (7)

The 2-particle correlator E is an idempotent, (E)? = E, that removes pre-
cisely half the degrees of freedom from a general product state, as required.
The complex structure is now provided by right multiplication by the mul-
tivector J, where

J = Elo} = Eloj = - (Iog + 103) . (8)

N |

It follows that (J)? = —E.
A simple example of a non-relativistic singlet state

R R A

can now be provided in terms of the MSTA
1
ARG

This state has the following property

(Ioy — 103)E. (10)

Io}x = —Ioix, k=1,...,3, (11)

which leads to rotational invariance. In detail, for any Pauli-even multivec-
tor M, i.e. such that it is of the form M = (M°) 4+ (M*)Io} (where the

coefficients (M?) and (M*) are scalars), we have
MYy = M?y. (12)

'Recall that in |T] we stated that the action of the bivector Ios to the right of the
spinor, was equivalent to multiplication by the unit imaginary.




Rotors, R, for the 3-d space are of the form of M, and obey RR = 1, therefore
the singlet state behaves as follows

x — R'R?*’y = Rlﬁlx =¥, (13)

which clearly shows rotational invariance. Note that a transformation in the
2-particle representation of the conformal space takes place by applying a
joint transformation in both spaces, i.e. we need to multiply by the rotor
in the particle space 1: R', and by the rotor in the particle space 2: R?, as
shown above.

The inner product is determined within the multiparticle space-time al-
gebra, and this indicates that it has the same form in its relativistic version.
This is defined by

(6, 8)s = (E)" ((d0) — (Bo.1)10%) (14)

where a corresponds to the particle space of the object it has to its right.
Throughout this work, it is the case that @ = 1 all the time. The factor of
(E)~!is introduced in order to ensure that the state | 1) ®| 1), given simply
by E in the MSTA, has unit norm.

The relativistic state ( is constructed by generalising x to a Lorentz
invariant state. This is ensured by the idempotent %(1 — I'1?) as follows.
The new state is constructed by multiplying the state x by this projector,
viz

¢ = ﬁxéu —I'1?%). (15)

Note that the factor of v/2 is included in order to obtain a normalised state,
viz

This new state is Lorentz invariant, since it has the following properties
M'¢ = M, (17)

where M is any element of the even subalgebra of the space-time algebra,
which means that it has elements of grade 0, 2 and 4. This relation leads to

¢ — R'R*¢=R'R'(¢=¢, (18)

where R is an even element of the space-time algebra such that RR = 1, and
could therefore be encoding a Lorentz transformation. This verifies Lorentz
invariance.

The relativistic singlet sate can be projected into two complementary

massless states lying in the ideals 1(1 + o3) and (1 — o3)

Gl+o)=e CGll-oy)=6 = ¢ =c+e  (19)



where explicitly

1 1
€= (loy —I03)5(1 + 03)5 (1 + 03) B, (20)
_ 1 1

€= (IU%—Ia§)§(1—0§)§(1—032,)E. (21)

The claim that they correspond to massless states is verified by looking at
their norm
(€,€)s =0, and (€,€)s =0, (22)

and noting that the states describing massless particles are equivalent to null
vectors in Minkowski space-time.

These two objects are mapped into one another by an operation that
denotes the complex conjugation operation in the 2-spinor formalism

€ = éoios. (23)
Furthermore, they are themselves relativistic singlet states, and therefore
they obey eq.([I¥]) as well. Next we show the crucial rdle that they play in
the 2-particle representation of the conformal space.

2.2 Conformal representation of space-time in the 2-particle
space

In this section we construct the conformal representation of Minkowski space-
time in the 2-particle framework. In order to state a clear connection between
our formalism and the conventional approach, we first repeat the argument
given in [T5] for the construction of a 6-d pseudo-Euclidean space E°®, and
then we present its description in the MSTA.

The two extra dimensions of the 6-d space are denoted by V and W, and
hence the metric of this space corresponds to

ds? = dT? +dV? —dw? — dX? — dy? — dz2, (24)

where T', V, W, XY and Z are scalar quantities. The relation between the
points of the 4-d space and those of this space is given by taking only the
points on the null cone of ES. The equation for the null cone of the origin is

T?+V2-W?2-X%2-YV?2-272=0. (25)

By intersecting this cone with the plane V' — W = 1 we obtain a space
identical to Minkowski space, where the metric is given by

ds®* = dT? — dX* — dY? — dZ*. (26)

The extra coordinates can be expressed in terms of the others as follows

V:W+1:%(1—T2+X2~I—Y2+Z2). (27)



A position vector in the 4-d space r = tyg+xvy1+yy2+ 273 can be represented
in £ using the property that every generator of the conic, corresponding to
a line in that space, intersects Minkowski space at a unique point or at points
corresponding to infinity for V' = W. The coordinates of the 4-d space are
therefore (details can be found in [T5])

s X Y z
“vow “Tvow YTv-ow fTvow

t (28)

Let us now proceed to reproduce this construction in terms of the 4-d
spinors defined in [I] and the MSTA (see [I3] and [T4]).

The conformal representation of a point in the space can be constructed
by taking the point at the origin in the conformal space, and then translating
it making use of a rotor 7, (see [d]). In the single particle space, the point at
the origin belonging to the conformal space, is given by a null vector, that is
chosen to be one of the two null vectors generators of the conformal space: n
(see [I]). We repeat this procedure here, although now, in this multiparticle
quantum background, the conformal space is constructed from the 2-particle
relativistic space. Since the singlet state ¢ is given in terms of two massless
states € and €, we can choose one of these two massless states to represent
the point at the origin, and we take this to be €. Its complex conjugate
€ will be identified with the point at infinity, which in terms of twistors,
corresponds to the infinity twistor giving rise to the metric for Minkowski
space-time.

In [I] we derived the conformal representation for translations on 4-d
spinors. These can also be expressed in terms of a generator, which defines
a map of 4-d spinors into 4-d spinors

6 = #(9) = ~roTsz(1+ 09), (29)

where r is the position vector in 4-d, and ¢ is a 4-d spinor. Using this map,
we see that we can write the translation rotor as 7, = 1 + 7. Furthermore,
noting that (#)2 = 0, the operator can be expressed as T} = e’ leading to

1}(¢)::e*¢::<¢-—r¢173%(14-03) (30)

If we now take the point at the origin in the 2-particle system, given by
€, and translate it to r using the 2-particle version of 7., we get the following
object L

Yv=T.T2€=¢€" € €, (31)

which gives the conformal representation of the 4-d position vector r in the
2-particle space. The new vector corresponds to a conformal null vector.
This is a consequence of the construction, since conformal transformations



preserve angles, and hence the inner product is conserved, which means that
1 has vanishing norm

("ba"ﬁ)s = (E’E)s =0. (32)

Using now the relation between the coordinates of E® and M, the general
point in 6-d is

2

by = (V—W)e e, (33)
or explicitly
v, =(V-=W) (—|r|2e—r1EI'y§—r2€I'y§+E). (34)

In the following section we derive this element from the intersection of
two rays, which encode the simplest geometric representations of twistors.

3 Incidence of twistors

Events are objects derived non-locally from twistors. The intersection of
two loci describing geometrically a twistor each, will represent a point in the
complexified space-time. This will be an event in Minkowski space-time if
the loci are given by real rays. Therefore, it will be an event if both twistors
are null.

The representation of twistors in terms of geometric algebra was de-
scribed in [T]. Let Z and X be two different twistors, that can be expressed
as follows

Z =T () =+ Iz (1 +05), (35)
X =T (9) = 6+ rélrsg (1 +05), (36)

where ¢ and ¢ are 4-d spinors given by

w:w%(1+03)+7ﬂag%(1 —oy), (37)
6 =651+ a3) + nlor5 (1~ 03). (39)

This is the Weyl representation, which implies that w, 7, £ and 7 are Pauli
spinors.

3.1 Event in the space-time

The 2-valence twistor encoding the incidence of two twistors is defined as
the outer product of the two twistors (see [I5]). In the previous section we
saw how the outer product between spinors is defined within the MSTA.



The 2-valence twistor denoted by R'? in the geometric algebra framework,
is defined as follows
RY? = (7'X* - X'Z*)FE, (39)

where E is the correlator operator of the 2-particle space, and the indices 1
and 2 denote the particle space.
If X and Z are null, R'? represents an event if their respective rays
intersect
(XZ)s = 0. (40)

This orthogonality condition is the incidence relation.
For the case of null twistors such that

w=0, £=0, (41)

the quantities will take a subindex N. These special null twistors are repre-
sented by null rays passing through the origin, which is therefore the inter-
secting point in this situation. The 2-valence twistor in this case is denoted
by: RJI\%. This gives the position vector in the conformal space, of the event
relative to the general point at which the spinor fields are taken. If the
observer lies at a general point r, since the intersection takes place at the
origin, the position vector encoded in R]l\? should be given by —r. Let us now
show that this 2-valence twistor actually is the conformal representation of
such a point in the 2-particle space, by comparing it with 1, defined in the
previous section.

In the conventional setting, the 2-valence twistor is given by (this is

eq.(6.2.18) in p.65 of [15])

, _1_AB c ;A ,
RP = 7oXP _ X 7P = npmP ( g€ Tel” ¥'B ) (42)
—1ir A/ € A'B/

Let us express it in terms of components in order to relate the conventional
and the geometric algebra approaches. This is done by looking at the corre-
spondence between primed and unprimed indices: Z? = Zy and Z3 = Zy/,
which leads to

RAP — WD,T;D’(—%EABTCTC) (43)
Rp = npmPir’ (44)
RoP = mpm™ (—ira®) (45)
Rap = npmP earp (46)

where A, B, A’, and B’ run from 0 to 1.
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These components correspond in the geometric algebra formalism, to the
projections of R}\? into the different ideals

REZ(+ob)3(1+03) = —lrf {mn}" (47)
RES 1+ od)3 (1 - of) = r'elnd {mn)” (15)
RES(1 - od)5(1+ o) = %153 {mn)’ (19)
RES(-oh)5( - od) =€ {mn)’ (50)

If we decompose 9, given by eq.(B4) in terms of these ideals, we get

Yz (1 o) 2 (14 03) = —lsf? (V= 7) 61)
Yrg(L+ b (1= o3) = —rlelnd (V — W) (52)
Uyl = o})5(1 +03) = —r2€ 13 (V = W) (53)
bry(1—oh)3(1—ad) =€ (V- W) (54)

Comparing R]l\? and 1, we see that if the following correspondence holds
{0} = V-W, (55)

the two are equivalent: 1, stands for the conformal representation of r in
the 2-particle space and R]l\? for that of —r. The correspondence given by
eq.(B3) is consistent, and can be further justified as follows. V. — W # 0
has to be valid in order to obtain a finite point according to eq.(B4]). And
the condition {w,n}* # 0 ensures that 7 and 1 are not proportional. This
last condition ensures that the two null rays are not parallel and therefore
intersect at a finite point. To see this, recall that m and 7 are the respective
projection parts of the twistors, and the flagpole direction of the projection
part of a null twistor gives the direction of its ray. Eq.(BI) has therefore
been verified.
R1? can be written in compact notation (the equivalent of eq.(B3) for )
as follows
RV = e_’qle_’qzé{w, n", (56)

or explicitly as
RY = (=|rfPe +r'elys +r’eIy3 + &) {mn}". (57)

In the particular example that we considered, the rays intersected at the
origin. If we want the intersection to take pace at a general point g, we

11



just need to translate the origin to that point. Under this translation the
2-valence twistor becomes

Ry =TaTpeRy

_ _ _ . (58)
= (=|r —ql’e + (r —q)'eIys + (r — q)*e I3 +€) {m,n}".

If we now set the observer at the origin: r = 0, we recover 1),. Furthermore,
according to equations (BY), BH) and (BH), the 2-valence twistor can be
expressed in terms of the 4-d spinors: ¢ and ¢, in the following way if the
fields are taken at the origin

Rorg = (0'¢° — 6'¢?)E. (59)
Note that this is equivalent to set the observer at the origin.
In terms of the intersection point ¢, which corresponds to an event in
space-time, this is
Ryl =TTy e{mn}". (60)

The construction given above enables us to express any general 2-valence
twistor R'? in terms of its value at the origin

(61)

where R(l,fg is given by eq.(BY), and r denotes the position vector of the
general observer.

The nature of the incidence of twistors within the geometric algebra
framework has been elucidated. If the massless particles encoded by the
twistors Z and X are spinless, and the projection parts of these are not
proportional to each other, a conformal representation in the 2-particle space
of a point in Minkowski space-time can be constructed according to eq.([Bd),
@) and (EI). The point is an event in space-time, because it belongs to
the real Minkowski space. This reality condition and the structure of the
2-valence twistor can be linked with a wave-function for a spinless particle
that is not charged.

In [I3] we reproduced the formalism of Bargmann and Wigner [H] and
adapted it for a spin-0 particle. The argument is the following. We take a 2-
particle relativistic wave-function, which is a function of the four space-time
coordinates z*

U =U(z")E, (62)

that satisfies the Dirac equation for each of the particle spaces
VWi =m¥, and VW43 =mU. (63)

From the most general relativistic 2-particle state, we take the antisymmetric
part. This corresponds to

U= (a+I'B)e + (0 +T'p)e + (ur — Tvh eIyt + (u? — Iwhely2, (64)

12



where «, 3, 6 and p are scalars, and v and v are vectors. If U satisfies the
Dirac equation, we obtain: o = 6 and § = —u. Furthermore, we recover the
Klein-Gordon equation for the complex scalar field defined by: ¢ = o+ I,
with potential: V = u + Iv. Note that the same wave-function can be used
for the massless case.

If the field is uncharged: ¢ = «, we see that the wave-function given by
eq.(@d) and the 2-valence twistor R]l\? representing an event in Minkowski
space-time can be identified! The reality condition for the locus represented
by R'? is therefore equivalent to require an uncharged Klein-Gordon field in
v,

3.2 Point in the complexified space

A more general locus can be constructed through the 2-valence twistor if no
reality condition is imposed. This corresponds to a point in the complexified
space defined by CM. In this case, the twistors need not to be null nor to
satisfy the incidence relation. The locus is obtained by simply demanding
that the primary parts of the twistors vanish.

Within our real algebra framework, we need to define a structure that ac-
counts for the complexity of the space. Such a structure is achieved through
the pseudoscalar of the algebra for multivectors. The ‘complex space’ is
therefore obtained by replacing the position vector by its ‘complexified’ ver-
sion, viz

r — r+1s, (65)

where [ is the pseudoscalar, » = t,v9 + 71 + yrY2 + 23 and s = tgy9 +
Tsy1 + YsY2 + 2s¥3- The equation for the twistor Z therefore becomes
1
7 — Zc=¢+(r+fs)1/1lfyg§(1+03), (66)

and similarly X becomes X.. The locus in the complexified space is encoded
in the 2-valence twistor, which is given by

R =(Z,X{ - X Z2)E. (67)

This can be found by requiring the primary parts of the twistors to vanish.
These are given by (see [I])

1 1
WP:ZC§(1+O-3) and €P:Xc§(].+0'3), (68)

and they correspond to 2-spinors, which means that they are of the form:
(a® + a*Iok)%(1 4 03), where the coefficients a® and a” are scalars. The
spinors will therefore vanish if their coefficients vanish, and this leads to the

13



following system of equations

(Zc%(l +03)) =0 (69)

<Xc%(1 +o3)) =0 (70)

(Ze(1+ 0310, = 0 (1)

(Xe5(1+03)) 10, =0 (72)

where £ = 1,...,3. This is a system of 8 equations with 8 variables:

tr, Tr, Yr, zr and ts, Ts, Ys, 2s, and the solutions are denoted by g0
and sgo1. The complex point defined by k = ryo + IS0 encodes the position
vector of the locus from an observer at the origin. Let us now verify that
the 2-valence twistor at the origin is the conformal representation of such a
point.

The projections of R})fg into the different ideals are
R 5 (4 03)5(1+03) = —kk ¢ {m, 7}’ (73)
R 5+ ah)5 (1 —of) =~k € o} {mn)" (74)
R (= o} g+ 03) =~k € 17 {mn}" (75)
R 51— od)3(—od) =¢ {mn}’ (76)

where k = 11 + Isgo1 and k = rgo1 — Isgol. These equations show that R(l)?g is
actually the conformal representation of k in the 2-particle space. Note that
the coefficient |r|? in eq.(T) was replaced by kk in eq.(Z3), since we need to
take into account the complex structure of CM. The 2-valence twistor can

therefore be expressed as follows
Ryl =TTy e{m,n} . (77)

If the observer lies at any point r + I's in CM, the general 2-valence twistor
is

12 _  —(rT4Itsl) (241252 12
R!2 = ¢=( ) = )Rorg’

(78)

where the ‘hat’ over the complex vector r+1s denotes the operator of eq.(29).
The twistor has therefore the same form in both spaces, it is just a matter
of specifying the position vector in the real space M or in the complex space
CM in the translation rotor.

Let us re-express the twistor, making use of the following

—kk = a + Ib, (79)
{m,n}" =c+dlos, (80)
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where a,b,c,d € R, and are such that

a= _|Tsol|2 + |Ssol|27 (81)
b= —2 rg - Ssol- (82)

Réfg can as a result be expressed in the following form
Ryl = (s+ I'v)e + VeIys + VZely; + (c— I'd)e. (83)

The scalars ¢ and v are given by

¢ =ac—bd, (84)
v =ad+ bc, (85)

and the ‘complex vector’ V is defined as follows

V=w+1Iqg, and V =w - Iq, (86)

where
W = —¢ Tgol + d S0, (87)
g =d Tl + C Ssol. (88)

Note that we used the following properties of the massless states
elog=1e, and €loz=—Ie, (89)

in order to simplify eq.(83). We can now identify R(l)fg given by eq.(B3)) with
the spin-0 wave-function given by eq.(6d), if the following correspondence

within the scalars holds

and the following one within the vectors holds
U= —CTgl +d Sso1, and v =d rg + C Ssol. (92)

The above generalisation to the complexified space CM is therefore related
to allowing the Klein-Gordon field to be charged.

So far we have focused on Minkowski space-time. In order to work in
different spaces, we need to introduce a metric into the space. This can be
achieved through the infinity twistors. In the next section we see how to
construct these, and their cosmological applications.
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4 Cosmological spaces

The cosmological spaces that we will contemplate in this section, are special
cases of the Friedmann-Robertson-Walker (FRW) spaces (see for example
[12]). These are of interest because all FRW spaces are isotropic, i.e. they
have the property of being spherically symmetric about every point. We will
therefore construct the equivalent of the infinity twistor within geometric
algebra for Minkowski, de Sitter and anti-de Sitter spaces. Furthermore, to
fully describe the cosmological structure of the space, the initial singularity
when present has to be accounted for. This is the case of Minkowski spaces,
where a bang twistor is introduced. For the de Sitter and anti-de Sitter
spaces, there is no initial singularity, but by introducing two other twistors,
the full structure of the space is given.

4.1 Minkowski

The infinity twistor introduces a ‘metric’ structure into the space. This
means that it gives the necessary conditions for the 2-valence twistor to
represent a point in the space, and a distance can also be determined in
terms of it. For the Minkowski case, this is given by (see [I5])

[od — < “ro > (93)

and it defines the structure of the space in the following way. If the point R
is real (i.e. if Rag o< Rag), it represents a finite point if the following inner
product is non-null

Rl = 2 wpm™, (94)

which implies that mps and np/ are not proportional.
In the case of a spin-frame we have the following normalisation 7pn”" =
1, and eq.([@]) becomes
R4 = 2. (95)

Let @ and R be two points in M given by the position vectors ¢* and r®.
The distance between these two is obtained as follows

4Q° R, 0 a
Q'yé]l éRpO'?[ = _(q -r )(qa - Ta), (96)
% po

and if the 2-valence twistors are normalised according to eq.(@3l), we have
QaﬁRaﬁ =—(q" —7")(qa — Ta)- (97)

In terms of the multiparticle space-time algebra, we can identify the
infinity twistor with a relativistic massless singlet state. In section we
chose € to represent the point at the origin, which leaves us with its complex
conjugate € as a good candidate for the point at infinity.

16



We therefore decide to take as the infinity twistor for Minkowski space-
time
Iy =ce. (98)

The condition to obtain a finite point, which corresponds to eq.(@dl), becomes
in this formalism

(I, R?), = 5 {mm}", (99)

while in terms of the construction of the 6-d point 1, given in section 221
we have

(i, )s = 5(V = W), (100

These two equations confirm the relation given by (B3).

Let us now recover the distance function. Let Q}\% and R}\? represent the
2-valence twistors encoding the position vectors of the points ¢ and r. The
distance between these points is given by

__ (Q¥.BR)s
2(In, Q)3 (I, RYY)s

=(q—7)-(g—r). (101)

And if a spin-frame is considered, we can apply a normalisation condition
given by {71‘,’!7}* = 1, which is equivalent to V — W =1, to get

Q% R)s =50 -7 (g -7) (102)

Note that this relation is identical to its analogue in the single particle space

Fea) - Fi(r) = —5la = r/? (103)

where Fg(q) and Fg(r) are normalised conformal representations of the po-
sition vectors ¢ and r in a flat space (see [9], [I3] and [1]).

4.2 de Sitter

De Sitter space (see for example [I2]) is a space with topology: R'x.S3. It can
be visualised in P® as a hyperboloid. To do this, Penrose and Rindler [T5] use
the coordinates of the 6-d pseudo-Euclidean space E®, given in section 222
and restrict them to the hyperplane T' = @), where @ is a constant. Instead
of that hyperplane, we will use V = @, since V has the same signature as
T and for future symmetry with anti-de Sitter space. The condition for the
infinity twistor is given by

<

T,sR* =2~

O

(104)
_ D"

(1 —rer®)mpm

Ql ~
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The distance function between two points in terms of twistors for this
space is of the form

P3RBT 5170
—op 0 ) (105)

_ “1(4_
d(p,r) = Q cosh (1 P 9T, R

Imposing a spin-frame, i.e. 7pmP" = 1, this expression can be simplified
using
2
LI = ok (106)
and eq. (), to get
2P, gRaﬁ
d(p,r) = Qcosh™! <1 — = > 107
) (1= pap?)(1 = rar) (107)

De Sitter space has a general negative curvature, which allows us to
describe it in terms of a hyperbolic space. In [9), the point at infinity for
such a space in the single particle representation, was taken as the sum of
the two null vectors introduced to construct the conformal representation of
a space. Therefrom, we choose to define the infinity twistor for de Sitter
space in the 2-particle representation, as the sum of the two massless singlet
states

Igs =€ +E. (108)

The equation for the condition of a finite point is
1 *
(Tas, Ri)s = 5 (L= ") {mn}", (109)

and we can confirm that it is of the form of eq. ().
The derivation for the distance function in the single particle space can
be found in [9]. This corresponds to

(110)

d(q,r) = cosh™ <1_ Fr(q) - Fu(r) )

(e Fu(q))((e- Fu(r))

where e is the point at infinity in the hyperbolic space, F(q) is the conformal
representation of the point ¢, and F(r) is that of r, in the hyperbolic space.
In terms of the 2-particle space this is

( }\%’R]l\%)s(]dSaIdS)s>
(Ias, QK% (Tas, R )s

If a spin-frame is introduced it can be further simplified to

~ cosh-1 2(q—r)-(g—r)
dtar) =con™ 1+ L) e

d(q,r) = cosh™ (1 - (111)
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since the infinity twistor is such that

(las, las)s = 1. (113)

Note that eq.([T2) is in agreement with the definition of a distance function
in a hyperbolic space (see [8] and [9]). Furthermore, eq.([I7) takes also that
form if eq.([02) is employed.

4.3 anti-de Sitter

This space has topology: S' x R3. Following the same procedure as above,
the coordinates are restricted this time to the hyperplane W = Q. The
relation that determines the condition to obtain a finite point is given in this
space by

IR = 2%
1 (114)
= — 5+ rar o
and the distance function takes the following form
P, 3 RPL 5170
~1 af3 ~é
= 11— 11
dtpr) = Quos (1= 2T (115)
Setting a spin-frame, and applying the following simplifications
2
d
Ll =~ 55 (116)
and eq.([Td)), we get
2P, 3R*P
d(p,r) = Qcos™* (1 oy 11
) = Qoos (14 et ) (117

The infinity twistor for this space in the multiparticle space-time algebra
framework, can be taken as a linear combination of the massless relativistic
singlet states as well. We define this to be

I,gs =€ —e. (118)
This choice leads to the following equation for the condition of a finite point

1 *
(Iad87R]1\/2)8 = _5(1 + ‘T|2){7T777} ) (119)

which we see corresponds to eq.([T4).
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The distance function for this space can be constructed through the 2-
valence twistors as follows

12 R12) (I ds T dS)
d(q,r :cos_1<1—(N’ N5\ 7ads) 74 8) 120
(@) (Tads, @3 (Tads, RYP)s (120)
This can be simplified using normalisation conditions, and we get
- 2(q—r)-(g—r)
d(q,r) = cos 1<1— , 121
(@-r) T+ TP+ [aP) (2

where the infinity twistor is such that

(Tads; fads)s = —1. (122)

If eq.(I02) is replaced in eq.(Id), this takes the form of eq.([2I). This
confirms that the distance functions are equivalent.

Events in different spaces have therefore been successfully reproduced
through 2-valence twistors, in the multiparticle space-time algebra. The
spaces considered are of cosmological relevance. Further description of these
spaces through twistors is given in the next section.

4.4 Bang twistor

For some FRW models there is an initial singularity, the big bang. This is
not the case for anti-de Sitter and de Sitter spaces.

The energy-momentum tensor of the FRW solutions has the form of a
perfect fluid (see for example [I2]). Expansion (or contraction) of the uni-
verse arises from the field equations and assuming conservation of energy.
If we take a positive density p, a non-negative pressure p and a null cos-
mological constant A, assuming the observed expansion of the universe, an
initial singularity in space-time arises from the Raychaudhuri equation. This
singularity is also present in models with g+ 3p > 0 and A <0, =0, or > 0
but very small.

The metric of the general FRW model can be expressed as (see [15])

ds® = dU? — [R(U)]?d? (123)

where U is the cosmic time and dQ? is the metric of a 3-d space of constant
curvature k:
_dg® + ¢*(d0* + sin? 0d¢?)
Rk

The flat case k = 0, corresponds to Minkowski space-time. The twistor
accounting for the singularity in the space is the bang twistor B*?. The
structure of this space can be fully described with it and the infinity twistor,
although not in a unique way. These relate as follows

d0?

(124)

I.sB* =0,  B.sB* =4. (125)
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The inner product of B*? with a general point in the space is given by
1
NG
describing the expected singularity at the initial time 7" = 0.
The above relation is telling us that the twistor is in direct connection
with the t#me variable. For this reason, we choose to identify it in the geo-

metric algebra framework with the vector ~g. In its 2-particle representation
it has the following form

BogR® =T (126)

1
B = —5(welv +75e 173), (127)
and the singularity at the origin is obtained as expected
1 1 ¥
(B, RY)s = —5T = —st{mn}". (128)

We note that the singularity is in the past for an observer at a general
position 7.
The bang and infinity twistors have the following relations

1
(Im,B)s =0, and (B,B)s= T (129)
which are in agreement with eq.([[2Z3) (up to a scalar factor).
For the two other cases, k = 1 and k£ = —1, the structure of the space
can be given by two twistors such that
for k=1, Tl = 2, (130)
for k=—1,  T,pJ% =2. (131)
For k = 1, I*? and I*? are ‘complex conjugate’ simple skew twistors, and for
k= —1,1% and J*? are real simple skew twistors, and they can be defined
such that

Bag = Haﬁ + Eag (k) = 1), Baﬁ = ]Iag +Jaﬁ (k} = —1). (132)

In terms of coordinates, these new twistors are given by

1 1-
T —iV = —I,3R*", T +iV=—I,3R*? k=1), 133
\/5 B \/5 B ( ) ( )

1 1
T—-W=—IR*®  T+W=-—"—-J,3RY k=-1). 134
V2 g V2 g ( ) (134)

In order to find their GA equivalent, let us rewrite these in terms of 4-d
components

lagR* = V2 {t - %(1 - mﬂ)} mpm”, (k=1), (135)

/

1
T,sR* =2 {t + 5(1 + rara)} mpm?’, (k=-1). (136)
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The case where k = 1, can be treated as a space of de Sitter type, which
although it has general negative curvature, its spatial curvature is positive.
In terms of GA the infinity twistor for such a space is given by: Iqs =€ +€.
Therefore, the twistor I can be defined in terms of a combination of that
object and the bang twistor. If we choose

1 1

I= §B+Z(€ +€)J, (137)

1-1p 1( +€)J. (138)
= 5 1 € € s

where J corresponds to the unit imaginary in the MSTA (given by eq.(®)),
we obtain

GRY). = 1{~t- 30— IrPiol} {rn} (139)

and
B=1+1I, (140)

which is in agreement with the conventional treatment. Note that this for-
mulation introduces a complexified space with the presence of J. Therefore,
we get the following relations for the inner products

_ 1

(ILD)s =0, and (LI)= 3’ (141)

since I represents the complex conjugate to I.

Finally, the case where k = —1 is equivalent to the anti-de Sitter space.
This has negative spatial curvature and its infinity twistor is given by lyqs =
€ — e. This allows us to make the following choice for the skew twistors

1 1
I[=-B—-(¢6 — 142
and
1=ipile_g (143)
=5 1€ —€)
This choice leads to the following relations
1 1
(I, R}, = 4{ —t+3 (1 +|r? }{n n" (144)
1
(L)s = 3 and B=1+17, (145)

which up to a scalar factor are in agreement with eq.([31), ([32) and (I3G).
Furthermore, I and J are null twistors.

It is interesting to see that these FRW spaces can be fully described by 3
entities from quantum mechanics: g, the relativistic singlet state ¢ and its
complex conjugate €. No direct application of these cosmological twistors
seems to emerge, but a clear link between different areas suggests that this
is a fruitful path worth exploring.
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5 Conclusions

In paper [I], we showed that the introduction of the position dependence
into the 4-d spinor, in order to define a 1-valence twistor within geometric
algebra, has a deeper structure. It arose from the translation of the point
at the origin to a general position vector r, in the conformal space. In this
paper, we verified the consistency of our approach, by deriving events in the
space-time, through the outer product of 1-valence twistors. Furthermore,
we showed that the resulting 2-valence twistor representing such an event,
corresponds as well to the point at the origin translated to a general position
vector 7 in the conformal space. In addition, further structure emerged as the
result of expressing all the objects in terms of the multiparticle space-time
algebra. In particular, the conformal elements were represented in terms of
relativistic quantum entities, that enabled us to establish a link between a
point in the space and a wave-function for a spinless particle. We showed
that the reality condition that ensures that the 2-valence twistor represents
a point that belongs to Minkowski space-time, and therefore represents an
event, corresponds to the condition within our formalism for the scalar Klein-
Gordon field in the wave-function to be uncharged. If the field has a charyge,
the 2-valence twistor corresponds to the conformal representation of a point
that is no longer an event, but a point in the complezified space-time.

Following the spirit of the twistor theory, we also constructed more gen-
eral spaces relevant for cosmology: Minkowski, de Sitter and anti-de Sitter,
through the introduction of an infinity twistor for each space. We found that
in our formalism, these 2-valence twistors are given by linear combinations of
the massless projections of a relativistic singlet state. Within the 2-particle
representation of the conformal geometric algebra, each of these projections
correspond to the conformal representation of the point at infinity and the
point at the origin in a flat space. The point at infinity in spaces with general
positive curvature, or general negative curvature, is as a result constructed
as a linear combination of the above mentioned projections. These results
have implications for the construction of the distance function. We found
that this is expressed in terms of the quantum scalar product defined in
the multiparticle space-time algebra. This product normally takes place be-
tween two quantum states, and in this case, the role of the quantum states is
represented by the infinity twistor and the conformal position vector in the
2-particle space.

Further properties of Friedmann-Robertson-Walker spaces were also in-
vestigated. For example, for spaces that contain an initial singularity, the
big bang, we defined the bang twistor within geometric algebra. For the
ones that do not, the necessary twistors needed to describe the spaces were
also given in terms of geometric algebra. Note however, that this formalism
does not seem to bring any advantages or new applications in cosmology.
Nevertheless, the close relationship that is found within the multiparticle
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space-time algebra, between conformal representations of points in real and
complexified flat spaces, and relativistic wave-functions, tells us that there
is a path worth exploring for the construction of general wave-functions in a
unified way.
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