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Quantum states and the statistical entropy of the charged black hole
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We quantize the Reissner-Nordstrdlack hole using an adaptation of Kuclsazanonical decomposition of
the Kruskal extension of the Schwarzschild black hole. The Wheeler-DeWitt equation turns into a functional
Schralinger equation in Gaussian time by coupling the gravitational field to a reference fluid or dust. The
physical phase space of the theory is spanned by the Ma#ise chargeQ, the physical radiug, the dust
proper timer, and their canonical momenta. The exact solutions of the functional &olyer equation imply
that the difference in the areas of the outer and inner horizons is quantized in integer units. This agrees in spirit,
but not precisely, with Bekenstein’s proposal on the discrete horizon area spectrum of black holes. We also
compute the entropy in the microcanonical ensemble and show that the entropy of the Reissnerordstro
black hole is proportional to this quantized difference in horizon areas.

DOI: 10.1103/PhysRevD.63.024008 PACS nuni§er04.60.Ds, 04.70.Dy

[. INTRODUCTION The functional Schrdinger equation(in the dust proper
time) that was obtained by this procedure described the more
Although the temperature of a black hole is exactly zerogeneral problem of inhomogeneous dust collapse. It was sim-
degrees Kelvin in classical general relativity, Bekenstein, irplified by holding the mass of the hole constant, independent
his 1972 thesig1], proposed that black holes have a tem-of the spatial coordinate, and could then be easily solved
perature and entropy, and should be treated as thermodyhroughout the Kruskal manifold. This gave precisely Bek-
namic systems. The temperature and entropy of the blacknstein’s area quantization law. The coupling to dust may be
hole are known from semiclassical argumeffs-4] to be  thought of either as a way to impose coordinate conditions
fundamentally quantum mechanical in nature. Therefore, uniRef.[11]), which is the point of view we take here, or as a
derstanding their origins from a bona fide microcanonicalrealistic material mediuniRef.[12]).
ensemble of quantum states has come to be recognized as aOur goal in this paper is to extend this analysis to the
challenge of considerable importance for an eventual theorgharged, Reissner-Nordstnablack hole. We will see that, as
of quantum gravity. in the Schwarzschild case, the quantization leads to a deri-
The earliest attempt at a microscopic theory of blackvation of the statistical properties of the black hole. In par-
holes was also due to Bekenstein. The argument roughlficular, the entropy will turn out to be proportional to the
goes as followd5,6]. Using the Christodoulou-Ruffini7]  difference between the outer and inner horizon areas and will
process, it becomes clear that the horizon area operator of tie quantized in integer units. Thus, although we do not re-
black hole(in the case of multiple horizons, the area of thecover Bekenstein's area quantization, our result is in keeping
outer horizom must be treated as an adiabatic invariant.with its spirit in as much as it is commensurate with an “area
Then, invoking the semiclassical Bohr-Sommerfeld guanti-quantization” law. As the charg® approaches zero the re-
zation rules, Bekenstein concluded that the horizon area osults will approach those obtained for the uncharged
erator admits a discrete, equally spaced spectm;;ﬁv,nlg, Schwarzschild black hole and in the limiting case, as the
where |, is the Planck length, and proceeded to use thidlack hole becomes extremal, the entropy will approach
spectrum as the rationale for dividing the horizon into cellsZ€ro. )
of unit area which get added one by one and which have the The Reissner-Nordstno solution is given in curvature co-
same, small number of states, $ayThe result is an estimate Ordinates by the line element
of the density of microstate€)~k", or the entropy of the
black hole,S=In Q~nink=Ink(A/I3). d=F(R)dT2— F~Y(R)dR2— R2d?, (1.1)
This paper is a development of earlier wd#9], where
the quantum states and the total entropy of the Schwarzschild . . . . .
black hole were recovered by combining the canonical reyv_heredQ IS th.e. ordinary unit spherd is the physical ra-
duction of spherical geometries by Kuchag] with the cou- dius, the coefficient(R) has the form
pling to an external reference fluidr dus}, originally pro-
posed by Kuchaand Torrg11] and Kuchamand Brown[12]. 2M Q2
FIR)=1- —+ —, 1.2
R R2
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fore not attempt to identify the quantum theory in regions IV
and V of Fig. 1. Instead we will ask what are the conse-
quences of spatial diffeomorphism invariance in the interior.
We will see that the wave functional is required to be either
vanishing or constant there.

We will consider the Einstein-Maxwell-dust system de-
scribed by the action

1
_—— 4 — _ y7a%
S 6 d*xy—g[R—F,,F*"]

1
—%fd“x\/—_ge(x)[gaﬁuauﬁ—kl] (1.4)

in the general spherically symmetric space-time
ds?=N2dt>—L?(dr—N'dt)’— R?dQ?, (1.5

whereN(t,r) andN'(t,r) are respectively the lapse and shift
functions,R(t,r) is the physical radius or curvature coordi-
nate,e(t,r) is the density of the collapsing dust in its proper
frame, R is the scalar curvature, atdl® are the components
of the dust proper velocity.
This paper is organized as follows. In Sec. Il we summa-
rize the general canonical formalism for spherically symmet-
A= QdT_ (1.3 ric space-times, stating the canonical form of the action, the
R appropriate fall-off conditions to be imposed on the canoni-
cal variables at infinity and the boundary terms. In Sec. lll
The vector field?/JT is a Killing vector field of the metric. We recast the action in terms of a new chart composed of the
It is timelike in the interior(regions IV and V, see the Pen- Mass, the curvature coordinate, the dust proper time and their
rose diagram in F|g)]_and in the exterio(regions | and |), Conjugate momenta. Section Il and [l will C|OS€|y follow
but spacelike in region III. Kuchars original reasonind10], which will be adapted to
An important feature of the maximal extension of this Suit the charged black hole geometry. In Sec. IV we obtain
geometry is that the inner horizon is a Cauchy horizon forand solve the Wheeler-DeWitt equation, subject to spatial
spatial section& (see Fig. 1 diffeomorphism invariance, for the Reissner-Nordstro
What this means is that if data were given on an initialPlack hole, thus recovering the spectrum of the black hole. In
hypersurfac&, the Cauchy development will be able to pre- Sec. V we recast our solution in a suitable form and obtain
dict only what occurs in regions 1, II, and 11l and not beyond the total entropy and the Hawking temperature in the micro-
the inner horizons’ in regions v, V of the diagram_ Any canonical ensemble. We conclude in Sec. VI with a few
event in regions IV and V of the space-time is influenced nocomments on the results obtained and the assumptions that
simply by the given data and evolution but by additional datavent into their making.
on the singularities themselves, which are impossible to con-
trol. Such a situation does not arise for the black hslkee Il. HAMILTONIAN REDUCTION

Fig. 2 where spatial sections are able to cover all of space- o o
time until the singularity is reached and the Cauchy devel- The gravitational part of the action in B(..4) was recast

opment is able to predict what occurs everywhere, once datl?iy Kuchar[10] into the form

is given on an initial hypersurface.
The nonexistence of well-defined Cauchy surfaces in re- ngf dtf dr[P_.L+PgR—NHI—N"H?]+Sd ,
gions IV and V of the extended space-time means that the

FIG. 1. The extended Reissner-Nordstrgeometry.

canonical theory is impossible to define there. We will there- 2D
where
r=0
PL= R R+N'R’
L™ N[ ]1
(2.2
1 ..
Pr= N[—LR—LR+(N’LR)’]
r=0
FIG. 2. The extended Schwarzschild geometry. are the momenta conjugate toandR, respectively, and
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o P Pg LPE +[ L R,2+(RR,H If we adopt the following fall-off conditions
SR 2Rl 220 1LY At =0%([r|7179),
H9=R'Pg—LP/. 2.3 Pa(t,1)=Q.(1)+O"(|r| ™), (2.10
Again, S is a surface term that is required to cancel un- d(t,r)=¢.()+0O"(r|9),

wanted boundary terms in the variations of the canonical
variables and must be determined after specifying reasonabl
fall-off conditions on the canonical variables and the
Lagrange multipliers of the theory. Kuchsufall-off condi- n = —J dif . Q,—_Q_1. (2.11
tions are well suited to the exterior of the maximally ex-
tended Reissner-Nordstro geometry and we shall adopt _ will turn out to be the electric charge. Once again, to
them here. They read avoid a neutral solution@=0) we must treats . (t) as pre-
_ Y A scribed functions of the label time coordinate. A gauge
L) =1+ M ([r[*+ 0%(r| ), choice that is consistent with the Reissner-Nordstrsnlu-
tion is ¢ (t)=0 and so this term vanishes.
Let us now consider the dust action in E.4). Dust is

Qen the electromagnetic surface term is of the form

R(t,r)=[r[+O*(|r| 79,

PL(tr)=0"(r"9), described by eight space-time scalassy, Z¥, and W, (k
2.4 e{_1,2,3}). The physical interpretation of these variab_les
Pr(t,r)=0"(|r|"179), ' which follows from an analysis of the equations of motion
were given in Ref[12] and will be summarized here for
N(t,r)=N. () +O0>(|r| "9, completenessr is the proper time measured along particle
- flow lines, Z* are the comoving coordinates of the duat
N (t,r)=0"(|r| 79, are the spatial components of the four velocity in the dust

frame, ande is the dust proper energy density. All these
and, with them, the boundary action required is easily seen tecalars are assumed to be functions of the space-time coor-
be dinates. In particular, the four variable&= (7,Z), are in-
dependent functions, d&f |#0, and the four-velocity of
the dust particles may be defined by its decomposition in the

ng—J di{N_(OM . (H)+N_(H)M_(t)]. (2.5 cobasisz , by

Kuchar has emphasized th&t.. (t) must be considered as U
prescribedfunctions of the label time coordinate, otherwise a
variation of the total action would also lead to the conclusionin the spherically symmetric geometry described by Eq.
that the energy of the system at infinity is exactly zero. The(1.5), the dust action may be cast into the form
fact that theN_.(t) are prescribed functions will be exploited
below to'set the parametri;ation cIoc!<s at infinity. Sd:j dtf dr[P,r+ P Z¥— NHd_NrH?]' (2.13
A straightforward canonical reduction of the electromag-
netic term in Eq.(1.4) with the ansatz in Eq(1.5 gives

W= Tt WZK (2.12

where
sem=J dtf dr[PaA, —NHe™—N'HF™— P, ]+ ST, LR?
[PaAs o PPAl* S P.=——¢(r,t)[—U,+N'U,],
(2.6 N
(2.19
where Py=—WP.
z , are the momenta conjugate to the the dust proper time and
PA:m[Ar_At] (2.7 the frame variables respectively, and
is conjugate tAA, , HI=P_J1+U?%/L?
2
Hem:+"P/2* Hi=-U,P,. (2.15
2R*’
2.9 The expression for ¢ in Eq. (2.15 is obtained upon exploit-
HeM— _A P’ ' ing the fact thak(t,r) is a Lagrange multiplier and therefore
r rt-As —
L1 5e=0.
and we have defined Putting the three components of our system together, we
have the Hamiltonian form of the total action in E4.4)
d(t,r)=—A(t,r)+N"(t,r)A(t,r). (2.9 with the ansatz in Eq(1.5). It reads
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at [ arf . ) . a reformulation of the constraini®.20 in terms of more
S:f tf r[PLL+PRR+PAA+P .7 transparent variables, the mass, the charge, the physical ra-
dius, the dust proper time, and their conjugate momenta
+PZ*—~NH—N"H,— ¢G]+S;s , (2.16  which we describe in the following section.
where the boundary actioB;s=S); and is given by the . NEW VARIABLES AND NEW CONSTRAINTS
right-hand side of Eq(2.5). The full super-Hamiltonian and o o )
line element given in Eq(1.1) and comparing it with the
P Pg LP? L R?2 (RR\’ Arnowitt-Deser-Misner(ADM) form of the same, i.e., Eq.
=— —— || =+ — . i
R SR 57 3L ( 1 ) } (1.5), we find
L?=—FT'2+F 'R'?
P ?
Tore TPVt 270 .17 L2N'=—FT'T+FR'R, (3.2)
H,=R'Pg—LP —AP,—U,P,~0, N2—L2N"2=FT2-F!R%
and the electromagnetic constraint by These identities may be easily solved for the lapse and shift
functions, giving
G=P,~0. (2.18 _ _
_ S N R'T-T'R
The constraints may be further simplified by requiring that = T
the dust be nonrotating and that its motion be described with V-FT'2+F 'R
respect to the frame orthogonal foliation. Then we may im- - P
pose the additional constrainf&2] P,=0. When they are N = —FT'T+F"R'R (32
applied as restrictions on the state functiodglr,Z,g,A], —FT'24+FIR’2° '

they imply that the stat& does not depend on the frame

variablesZ¥. The Hilbert space is then composed of stateDefined with the positive square-root, the lapse function is
functionals,¥[ r,g,A], and the quantum theory is described positive in all three regions of interest with label time going
by imposing the classical constraints as operator conditions the future. Substituting the expressio(&2) into Eq.

on them, (2.2), one finds

H(7,9,A)¥[7,9,A]=0=H,(7,9,A)¥[7,g,A], ,_ LP
i ! ’ i (2.19 T="RrE @3

after a suitable operator ordering has been found. Using Eqyhich can be inserted into the expression férin Eq. (3.1)
(2.12 with W,=0, the classical constraints take the form  to give

_ PLPR LPE + L R,z n RR, ! RIZ PE
LP2 12 . o~
+—ALp 1+ T_%o Let us, for the present, work with the mass functibh
2 ! 2 which we define byF(R) = 1-2M/R. Comparing this with
, / o (220  Eq.(1.2 itis clear thatM must be related to the mass and
H=R'Pr—LP —APp+7'P.~0, charge of the black hole by
G=P,~0. - Q?

M=M— R’ (3.5
Not only are they not decoupled, making them difficult to
solve, but the phase space variables are not transparent aﬁ@ve are to recover the Reissner-Nordstrblack holeM as
“natural” to the black hole problem. The spatial hypersur- determined by the canonical data is
faces must eventually be embedded in the metric given by

Egs.(1.1) and(1.2) and this line element is completely char- R R2 p2
acterized by the madd and the charg® of the black hole. M=—|1-—+ -t (3.6)
Kuchar[10] has shown both how these quantities are deter- 2 LZ R?

mined by the canonical data as well as how the hypersurface 3
embedding in the space-time may be deduced from the vaNote thatM(r) is a local function of the canonical data as is
ues of the phase space coordinates at any point. This leadsTdé(r). If we now proceed to compute the Poisson brackets
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betweenM(r) and T'(r) from the fundamental Poisson H?=R'|~°R+M’|~°M,
brackets implied by the Liouville form in Eq2.16) we will

see that-T'(r) can be interpreted as the momentum conju- ~ ~ o~
M'F"R'+FPyPg

gate toM(r). Henceforth we will refer to it a®y,(r): i.e., HI= — i ' (3.11
- LP i i
By=—T'= RFL' 37 where, expressed in terms of the new variables,
2M
o F=1-—,
Now, while the paifM, Py} has vanishing Poisson brackets R
with R, it does not have vanishing Poisson brackets With , 1 (3.12
We would like to find a transformation that takes the chart L*=—-FPyt+F "R'™"

{R,Pgr,L,P_ A, ,P4,7,P} to a new chart explicitly involv-
ing the mass and charge of the system
{R,Pg,M,Py,Q,Po,7,P,}, subject to Eqs(3.6), (3.7), and

Furthermore, the constrainks~0, H,~0, andG~0 in Eq.
'(2.20 together imply that

Q_(r)=PA(r), A (r)=—Pg(r). The last two relations con- _ Q%R U Fr'PyP.
stitute an elementary exchange of coordinates and momenta. M'~ > TP VL T ———, (3.13
The four conditions provide sufficient information to obtain 2R L L

a generating functional for the canonical transformation,
which can be given in terms of the original phase spacg
coordinates as

howing that
M~M —Q?%/2R, (3.14

whereM’ is given by the last two terms on the right-hand
A, ,Pao+LP, side of Eq.(3.13. This compares with Eq3.5) and shows
that to recover the Reissner-Nordstrdlack hole we must

F[R,Pr,L,PL A ,PA]ZJ dr

RR |RR -LP ‘ further impose homogeneity via the constraimt(r)=0. It
In L (3.9 is not surprising that this condition has to be enforced by
2 RR’+LP,_‘ hand and does not follow directly from the constraints. In

introducing nonrotating dust, we have introduced an extra
; = degree of freedom in the theory. Thus the problem, as it has
\é\i/rléhctfhe help of Eq;.(3_.6) and (3.7 we computePg(r) been set up here, actually describes the more general prob-
y from Eq.(3.8); it is S .
lem of gravitational collapse of inhomogeneous dust before
the constraintM’(r)=0 is imposed. The black hole is
LPL LPL 1 ) ) treated as a special case of the general problem.
2R 2RF RL2F [((RRO)(LPL) Let us now turn to the boundary term on the right-hand
side of Eqg.(2.5. As mentionedN. (t) must be treated as
—(RR)"(LP)]. (3.9 prescribed functions df The freedom in choosing this func-
tion can be combined with the freedom we have of setting

The fall-off conditions can be applied to show that the genLhe dust proper time at infinity to correspond to the param-
erating functional in Eq(3.9) is well defined near infinity. It ~ €trization clocks there. The lapse function is the rate of
can also be shown to stay finite at the horizons. On the othe€gh@nge of the proper time with the coordinate time at infin-
hand, the transformation from the old chart to the new idty, SO we setN..(t)==7.(t) to write
invertible everywhere except at the horizons.

Thus, following Kuchas reasoning for the Schwarzs- Sﬁzz—f dtfM_ 7, —M_7_]. (3.15
child black hole[10], we have introduced the mass and
charge as dynamical variables on the phase space. We sh
now re-express our constraints in £8.20 in terms of the
new chart. Again, Kuchahas pointed the way: it follows

from expression(3.6) for M(r) and expression€.3) that

ISR(V):PR_

ﬂ”s linear in the time derivatives.. and defines a one form,
—[M, 87, —M_67_]= —f dr(Més7)’

~ R’ PL =—fdr[|\7|'57—7'5m (3.16
T HY—- _—H9 .
M T HO— = HP. (3.10
. . - + (M )]
This allows us to write the gravitational part of the super-
Hamiltonian and supermomentum constraints in terms of th&he first two terms on the right-hand side may be absorbed
new variables. Using the transformations, it is easy to seato the Liouville form of the hypersurface actiofthey

that Eq.(2.3) becomes modify the canonical momentand the last term is an exact
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form which can be dropped. The action is expressed entirely V. QUANTIZATION
as a hypersurface a(.:tio'n. Definirg.=P.—M" and Py, The quantum state of the black hole on a hypersurface
=Py+ 7', we may write it as 7(r), R(r) at a label timet is described by a state functional

W[ r,R,Q] over the configuration space, with the canonical
momenta acting upon it as functional differential operators.
The configuration space can be seen to admit the inverse
metric y?°=diag(1F), vy.,=diag(1,1F). The metric is

Szfdtf dr[PrR+PyM+PoQ

+P,7=NH-N"H, - ¢G], (317 positive definite in the externdand internal regions, and
o indefinite in the dynamical region. Furthermore, it is a flat
where the constraints in the new chart read metric and can be brought to manifestly flat form by a coor-

dinate transformation. In the external region, this transforma-
tion takes the form

" [M'FlR'+F(EM—T’)|3R

L
= dR
L 2 o ~ 12 *
5 a1+ Do, VE(R)
2R? L2
o B (3.18 _(___RIR___ (4.1
H,=R'Pr+ M Py+Q'Po+ 7' P,~0, JR?=2MR+Q?
G=Q'~0, =RyF(R)+M In|[R—M+RyF(R)|,

and wherel? is given in Eq.(3.12. A final point transfor- and in the dynamical region it is
mation,
dR
2 R,=| ——
R=R, M=|T/|+ﬁ, V=F(R)
B (3.19 _ RdR
Q%P V2MR-R?—Q?

2R? '

4.2
EM:EM y ER:T:‘)R"‘

M—-R

_ [ _ e

suggested by Eq3.14), would express the action above in =—-RV-F(R)=Msin { M2—Q2|
terms of the true mas8). Furthermore, the Poisson brackets

of the new phase space coordinates with the constraintghese definitions may be modified by additive constants so
would yield the canonical equations of motion in terms of 55 to turnR, into a continuous variable. The classical con-

them. o .. straints can now be expressed in terms of the momentum
If the supermomentum constraint is now used to e“m'”at‘%:onjugate toR, in each region. They are

P\ in the super-Hamiltonian, the latter constraint takes a

relatively simple form R;E*+M’EM+Q’PQ+T’ET~O,
QZ 112 M/Z 9 2 5 P (43)
(P, +M")2+F| P ——| ———~0, (3.20 5 QR |5 QWEF(R)T
! R 2R? F ' ' Pt | S|P | T
2R 2R

and specializing to the Reissner-Nordstrlack hole by \here the+ signs refer to the exterior and the dynamical
allowing only the homogeneous mode to survin,(r)  region, respectively, and must be imposed as operator con-
=0, gives the final form straints on the wave functional. In the new, manifestly flat,
configuration space, we represent the momenta by the func-

2 . S
tional derivatives

o QZR/ 2
Pt s ~0. (320

o QZT/
+F P

o

(N==i5">
It remains to impose the constraint as an operator equation ! o7(r)
on the state functional¥’[ 7,R,Q] and solve the resulting (4.9

s

functional Schrdinger equation. The solutions must also B (f)=—i o

obey spatial diffeomorphism invariance and this is imposed * SR, (1)’

by the second constraint in E¢B.18. Acceptable solutions

are the topic of the next section. and consider the solutions of the equation
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Q| QAEFRIT] o ( Q’ )
[ (ST+I 2R2 * 5*_|T ’\P[’T,R* ,Q] \P[T,R* !Q]_ex If dr 2R(I’) T(r)
=0 (4.9 <[] w[7(r),R,(N)]. (4.12

that respect the diffeomorphism constraint, ) ) ) o ] ] ]
Again, the solution will obey spatial diffeomorphism invari-

{R’ S+ 76 }‘I’[T, R, ,Q]=0, (4.6) ance if and only if\I’O[ T, R*] obeys Eq(46)
* § Consider the solutions in the exteride ¢ 0). The general

where we have already imposed the two requiremem@ositivefene_rgy_solu:)ion that is well behaved in the entire

&'W=0 andl’W =0, the first of which is simply the elec- ' 9° © R, Is given by

tromagnetic constraint and the need for the second arises, as W [ 7(r),R, (r)]=c(M,Q)exd —iE(7(r)—iR,(r))],

we have mentioned earlier, from the fact that we have added (4.13

a degree of freedom to the system in the form of dust, which

must be constrained in order to describe the Reissneiherec(M,Q) is a mass and charge dependent constant.

Nordstran black hole. Equation$4.5) and (4.6) define the However, upon considering the action of the spatial diffeo-

quantum theory whose Hilbert spacets=£2(R,dR, ) with morphism invariance constraint oh,[ 7,R, | defined in Eq.

inner products (4.11), we conclude thaE(7' —iR,)W¥,=0. For positive en-
ergy solutions, this condition is met by =0=R; , by E

* =0 or by c(M,Q)=0. However,R, =0 implies from Eq.
_ T *
(W1, W2)= fM lmde*q’quZ (4.7) (4.1 thatR"=0 and this is unacceptable in the exterior be-
causelL? given in Eq.(3.12) is required to be positive defi-
in the exterior region and nite. We could takeE=0 and ¥, would be a constant,

¢(M,Q), but this solution would not b&€? according to Eq.
7M/2 + (4.7). We conclude that(M,Q) must vanish and conse-
<W1-W2>:f_ Mlzde‘I’l‘I’z (4.8 quently that the wave functionaV [ r,R, ] is identically
" zero in the exterior of the black hole.

In the dynamical regioir <O, the situation is completely
different. The “equation of motion” is hyperbolic and the
solutions are oscillatory. The general positive energy solu-
tion is now given by

in the dynamical region.
Now it is readily verified, by taking functional deriva-
tives, that any solution of E@4.5) can be written in the form

2

Y[R, ,Q]=exr{if dr(Zg(r)) 7(r)

v [rR, ], W [7(r),R,(r)]=a(M,Q)e BTN TR (1]
(4.9 +b(M,Q)e 'ELTN R (], (4.19

wherea(M,Q) andb(M,Q) are mass and charge dependent
constants. Because the wave functional in the exterior van-
52+ 82\ [7.R,]=0. 41 ishes, ¥ [ 7(r),R, (r)] in EQ. (4.14 must vanish on the
(0:= 5 )Wl R ] (410 outer horizonR, = wM/2. This gives

whereWV is a solution of thdree equation

We have, once again, used thesigns to refer to the exterior b(M,Q)=—a(M,Q)e I "EM (4.15
and the dynamical regions, respectively. Not surprisingly,

Eq. (4.10 was obtained for the Schwarzschild black hole ingnd

Refs.[8,9]. Two features of this equation are worthy of men-

tion. For one, a consequence of the signature change in thl [ 7(r),R, (r)]=a(M,Q)[e 'El7(N*R. (1]

configuration space metric as we move from the external i mEM A iE[7()—R, ()]

region to the dynamical region is that the “equation of mo- —¢€ e * (4.18
tion” goes from being elliptic to hyperbolic. For another, Eq.
(4.10 is decoupled implying that it may be solved indepen-
dently at each point, labeled Iyof the spatial hypersurface.
In the exterior, then, the solutions will be exponentially de-
caying, but they will oscillate in the dynamical region and in
each region they will have the form

Further boundary conditions come from matching the wave
functional V[ 7,R, ] above, with its counterpart in the inte-

rior on the inner horizon. As we have mentioned in the in-

troduction, the inner horizon is a Cauchy horizon for spatial

sections. It is impossible as far as we know to define the
dynamics consistently here because the Cauchy data must be

supplemented by boundary conditions on the singularities

VR, I=11 wo[7(r),R, ()] (4.1  Wwhich are impossible to give. We would expect that, since

r there is no dynamics within the inner horizon and since the

diffeomorphism constraint must hold there, the wave func-

Thus we may write a general solution of H¢.5) as tion will be constant or equal to zero everywhere. If we take
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it to be identically zero and require thdt,[ 7,R, ] vanish on

the inner horizon as well, one sees that the energy is quan-
tized according to the simple relati@d®M =n, wheren is a
non-negative integer.

Yet, a vanishing wave functional in the interior may not
be the only possibility. Even though we can make no state-
ments about the evolution equations, it is reasonable to ex-
pect that spatial diffeomorphism invariance of the wave
functional in the interior is respected according to Eq6).

In the privileged foliation defined by the dust proper time,
7'=0 butR’'#0. In fact,R’ can never be zero in the static
regions. It follows from Eq(4.6) that the wave functional on
constant proper time hypersurfaces must be constant, i.e., it
may depend only on. One easily verifies, for example, that FIG. 3. The extremal Reissner-Nordstrgeometry.

the charge dependent phase of E49 vanishes on every

leaf of this foliation. In order for the wave functional in the terior and interior of the space-time admit a timelike Killing
interior to be consistently matched with the wave functionalvector £&# so it is natural to think in terms of Komar’s defi-
in the dynamical region it must have the form nition [13] of the energy

1
vt 2R =[] d(M,Q)e E". (4.17) E= xd¢, (4.20

8w s

This, of course, does not respect the super-Hamiltonian covhere S is a spatial two sphere. For an exterior which is
straint in Eq.(4.5), but we do not wish to impose it in the vacuum, for example, the Schwarzschild black hole, the in-

interior. Matching the wave functionals in the interior and in t€gral is independent of the surfaBeand the definition re-
the dynamical region one finds that the energy is quantizeguires only tha€* is a timelike Killing vector. If the surface

in half integer units of the Planck majas opposed to inte- S chosen to Ile_at infinity, Komar’_s definition may be applied
ger units whend(M,Q)=0] according toEM= (n+1/2). to all asymptotically flat space-times to obtain the total en-
The ground state energy is nonzero excluding, as we wilfrdy- In regions I, I, IV, and V, for a two sphei® with

see, the extremal solution as well as the Minkowski vacuumCurvature radiu, Eq. (4.20 may be thought of as the total
Moreover, it does not reduce to the spectrum of theEN€rgyE of the systeminterior to S The energy contained
Schwarzschild black holg8,9] in the Q— 0 limit. It will not between the horizons would be the difference between the

change our counting of the black hole states and we will nognergies interior to the two horizons, i.e., its energy interior

pursue this case further in this paper. to t_he outer horizon minus_s its energy ipterior to the. inner
We must now address the physical meaning of the mohor!zon. Therefore, we define the eneigyn the dynamical
mentum conjugate to the dust proper time in region lll, i.e.,/€9l0N as
what is the functional dependence of the proper “energy” 1 1
on the mass and charge of the hole? By our coupling to dust, E=—— | *dé+ _j *dé, (4.20)
the time coordinate is always chosen to coincide with the 8mJs, 8w Js_
proper time,r, of a freely falling observer. It can be ex-
pressed in terms of the curvature coordinates as whereS_ andS, refer to the inner and outer horizons, re-
spectively with radiiR; =M = VM?—QZ?. By its definition,
J1-F(R) E is a conserved quantity and a true invariant. It giges
T(T,R)=T+f dRTR) (4189 = MZ-Q?=(R,.—R_)/2 and reduces appropriately ©

=M in the limit asQ—0.

in the (statio regions 1, II, IV, and V, and Furthermore, region Il disappears for the extremal black
R ' hole (see Fig. 3, as does the proper energy associated with
it.
7(R)=R, = i (4.19 Applying the definition of the energlf appropriate to this
V—F(R) region we find the quantization rule
in the dynamical region, lll. Transformation.18 and MM?—Q?=nM, (4.22

(4.19 generalize the corresponding transformation for the

Schwarzschild black hole given in R¢fl4]. A proper time where we have introduced the Planck m&ss. We have
interval in the dynamical region is seen to agree with thealso thus recovered the Bekenstein mass spectrum for the
proper time interval of the asymptotic observer and with hisSchwarzschild black hole@—0), which was examined
Minkowski coordinate time. Its conjugate momentum, or theseparately in Ref4.8,9]. Moreover, if A.. refer to the areas
proper energy, will therefore be the energy contained in thiof the outer and inner horizons, respectively, the quantization
region, between the inner and outer horizons. Now, the exeondition reads
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A+—A_=16wnlg, 4.23 abler is a discrete label. The Wheeler-DeWitt wave func-
tional then represents a collection of, sély(assumed to be
e., it is thedifferencebetween the outer and inner horizon finite) decoupled oscillators each determined by the same
areas that is quantized in integer units. Schralinger equation and obeying the same boundary condi-
We must of course ensure that the wave functionals in thigions. The black hole entropy is a consequence of the fact
region obey the supermomentum constraii). This is  that a knowledge of its total mass and charge is not equiva-
easily verified. Applying Eq(4.6) on the wave functional lent to a knowledge of the number of ways in which this
shows that 7/(r)=0=R’(r), assuming that E#0 mass and charge are distributed between the components.
#a(M,Q). Both these conditions can be easily met in theEach particular distribution corresponds to a definite mi-
dynamical region. Here there is no contradiction with thecrostate of the black hole. To compute the entropy we must
positivity of L? becausé<0 and we see that the phase in enumerate these microstates.
Eg. (4.12 disappears leaving only the direct product state in It is therefore convenient to reformulate the problem by
Eg. (4.11). The solutions can be classified as even parity andecognizing that the wave equation in the dynamical region
odd parity states, just as in the case of the Schwarzschildt each label coordinate is derivable from the action
black hole, 1 (M
S =- Ef dZX\/_yyab(? viow,, (5.2

—aM

e """V cod ER, (1)],
whereX e (7,R, ), and that the total action has the form
EM=(2n+1),

N
TM/2
(4.24 S=> S = f d?X\— yy2Pa,wlow, .
—iEn . r=1 —m7M/2
e B SIfER,(r)], (5.3
EM=2n, The boundary conditions are that ea#h vanishes at the

outer and inner horizons. Performing a mode expansion of
where we taken e NU{0} in keeping with the positive en- W, and combining both parities, we express the contribution
ergy requirement anfi= \/M?— QZ. Then if we think of the  of any one of the lattice sites to the total energy of the system
extremal Reissner-Nordstroblack hole as the limiting case in terms of palrs of creation and annihilation operators,
of the nonextremal black hole, we see that it corresponds t()an,an) and (B Bn),
n=0 with a vanishing wave functional. As a consequence, tq_
the entropy of the extremal black hole vanishes identically. It Lan,am]=Ndym,
would appear that the extremal black hole either has no dy- [8..81]1=ns (5.9
namics at all or that it cannot be understood as the I@nit nem nm
— M of the nonextremal black hole and must be treated inxg follows
dependently. It would be of interest, for example, keeping
the exterior fixed, to consider different interior solutions that
leave the horizon nonsingular and contain modes which H; :_2 (arn,"ern + B, ") (5.9
propagate entirely within the horizon. These modes will con-
tribute to the entropy of an extremal black hole, giving aThe total energy is the sum over contributions from each of
nonzero result. This is the approach of Rf5], but how  the lattice sites, i.e.,
this program can be implemented for the nonextremal case N
and within the context of the canonical theory is not clear to ~ ~ MS +
us at present. H_Z He rzl ,Zr anan + B 'Bn) (5.6

V. THE ENTROPY and this must be the energy of the dynamical region. We

consequently obtain a dispersion relation of the form
In the previous section we have seen that the states of the

black hole reside only in the dynamical regidd <R M,ZJ N
<R, between the inner and outer horizons of the black hole E= ™ & n2| (N Np +1K; )
and that the Wheeler-DeWitt equation is decoupled so that n
the wave functional is expressible as a direct product state M,ZJ
WA
[w)y=I1 |v) (5.)
r M 2
_ =—PN, v, ,NeNu{o}, (5.7)

where each component of the direct product over the label M
coordinate is either an even parity state or an odd parity state )
in Eq. (4.23. We may imagine that a lattice is placed on thewheren,, I, and N, , N, refer respectively to the level

spatial hypersurface so that the classically continuous varinumber and the occupation number at level nuntyé,)
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corresponding to the oscillator at lattice sitdequation(5.7) y=abln[af(a"1)]. (5.19
is yet another way of seeing that it is the prod&dd that is
quantized in integer units. The entropy is the difference between the outer horizon area

A crude estimate of the number of states may be given aand the inner horizon area,
follows. Let p(v,) be the density of levels describing each
site r. It will naturally account for the angular variables S:l ﬂ)
which have been integrated over in the canonical theory and Am 4
have so far played no role. Assuming that the lattice sites are ) o ) o
distinguishable, for a generic level density and lasggehe ~ @nd is quantized in integer units. Our result does not coincide

(5.1

density of states can be written 8 with Bekenstein’s proposaf~ A, , except ifQ—O0.
N N
QEM,N)=T] dVrp(Vr)5(EM_E ys), VI. DISCUSSION
r=1 Juy s=1 . .
(5.9 We have generalized our earlier study of the energy spec-

trum and the statistical entropy of the Schwarzschild black
wherev, represents a lower limit on the energy attributablehole to the charged, Reissner-Nordstrblack hole. The ca-
to each oscillator, which we take to be zero. Theunction ~ nonical reduction differs only slightly from KucHartreat-
restricts the limits of the, integrals in the product. Follow- ment of the Schwarzschild black hole and the quantization
ing Carlitz[16] and Frautschj17] we estimate theth inte- ~ program is seen to lead to precisely the same wave functional
gral by as was obtained in Ref§8,9] for the Schwarzschild black
N hole, when it is taken to vanish in the interior, static region.
J' rdVrp(Vr)v (5.9 Our fundamental result is that E is the energy associated
0 with the dynamical region, the quantization condition and
entropy are given by

provided that the upper limitsy,, are subject to the condi- 5

N S=vEM, (6.2)
> N\ =EM. (5.10
r=1 where y is a constant that can be determined. The key dis-
tinction between the charged and uncharged black hole is in
what we define to be the “energy” associated with the dy-
namical region. In the absence of a canonical choice and
motivated by physical considerations, we have made what
Q(E,M,N)=afN(¢), (5.11) we consider to be a reasonable proposition: take it to be the
energy contained between the inner and the outer horizons of
where£=bEM/N anda andb are constants which can be the Reissner-Nordstno solution and calculated as the differ-
determined from the density of states. The precise value dfnce between the Komar integrals evaluated on the horizons
these constants is irrelevant because, as we shall see, tiethe exterior and in the interior, where timelike Killing
functional dependence of the entropy on the mass and charg@ctors exist. This then leads to the conclusion that it is the
of the black hole is a consequence only of the dispersionjifferencein the horizon areas that describes the entropy and
relationEM=3_, v, in Eq. (5.7). So farN has been intro-  that is quantized in integer units. The result does not agree
duced by hand as the number of lattice points on a typicalith Bekenstein’s hypothesis, but it does confirm the exis-
hypersurface. We determine its value by maximizing thetence of an “area quantization” law.
number of states with respect to it. Notice that It follows that the temperature of the charged black hole,
9 as measured by an observer at infinity, does not agree with
—Inf(&)=0 its semiclassical Hawking temperature. Indeed it is lower
9€ than the Hawking temperature due to a contribution from the
(5.12 inner horizon. One finds

Then the maximum contribution tQ (E,M,N) is obtained
when all of thex, are of the ordeEM/N. This provides an
estimate for the integrals in E¢5.9). Quite generally

J
mInQ(E,M,N):InaJrInf(g)—g

is a homogeneous equation §nvhose solution will yield a

) ; o> . S\  y RE+R2
value, sayé=a ™ ~. Assuming that it is real, this value deter- Tl=|—| =0 ——. (6.2
mines the number of lattice points as IM Q 2 M?-@?

Niax=abEM (5.13 The first term on the right-hand side is the inverse Hawking

temperature and is attributable to the outer horizon. Like-
wise, the second term is an inverse “temperature” that is
S(M,Q)=INQ(E,M,Npa) =YMM?—Q?, (5.14 attributable to the inner horizon. This inner “temperature” is
negative. If we call these temperatures, respectivelyand
where y is determined in terms of, a, andb, by inserting T_, the temperature of the charged black hole can be written
Eqg. (5.13 in Eq. (5.19), as

and thus the entropy as
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1 1 1 the entropy is lower than the semiclassical analysis would
IT=T T (6.9  predict and the temperature associated with the black hole in

* - the canonical theory lower than the Hawking temperature.

whereT:1=(4S. /oM)q andS. = y.A./16m. A_n equ_ivalent way of viewing _this is to observe that_ the
iy éem|cla55|cal analysis does not involve the back reaction to

The canonical quantization described in this article lead o> ; ; .
to the amusing picture of a black hole as a microcanonicafy radiation emitted exterior to the black hole. Electrically
eutral radiation, for example, would diminish the mass of

ensemble of oscillators, similar to hadrons whose statistich .

mechanics was studied many years ago by Caliel and the black hole but leave its .charge uncha.nged.. HedRce
Frautschi[17]. The oscillators are imagined to be IocatedWOUId deprease buR_ would increase. Semlcl'as_smally, the
rigidly on a lattice withN sites placed on a spatial hypersur- 28SYmptotic observer would be unaware of this increase. He
face, and the optimal number of sites is determined by maxi‘-"’OUIOI also be unaware of a similar effect induced by the

mizing the density of states. It turns out that this number ispossible emission of radiation from the interior of the black
proportional to the difference in horizon areas, which leadg'°!€: Which radiation would either be absorbed by the singu-

to the expression we derived for the entropyis the number arity or pass on to another branch of the universe. Hence the

of dynamical degrees of freedom of the system and this stdl'éasure of entropy and temperature given by the asymptotic

tistical result encourages the following interpretation. Eacrpbserr]\_ller_appeal;s to nee(;al adjustr;:ent oLlnter:pretatl_o?. ical
horizon area statistically yields the total number of degrees Vhile it may be argued, as we have, that the semiclassica

of freedom within it. An outside observer sees the total num_analysis is not sensitive to the conditions in the interior of the

ber of degrees of system withR, minus the total number hole and is therefore not reliable when multiple horizons are
of degrees of freedom withiR - which difference is the involved, it is also possible that the semiclassical result is

number of degrees of freedom added dynamically correct and that the boundary conditions we have imposed
What physical processes are responsible for t'he “lostare too restrictive. We have treated the interior as the ana-

degrees of freedom? The temperature and the entropy of tri téca]! extensmln of .:E.e ?ﬁ(tertlo_r, ':;Et I h?s been Sku99§?ted
black hole are eventually measured by an external, distart-2» O €xample, within the string theory framework and for

observer by placing a “thermometer” in the form of a test extreme black holes, that the internal region must be re-

guantum field in the black hole background. Only thoseplaced by solutions which contain modes propagating en-

modes of the quantum field that do not enter the outer horiyrely W'th'_n_ it and matched smoothly to the exterior. At the
me of writing, we do not know how such a program would

zon are accessible to the asymptotic observer. A transitiofl’ " 2
from a higher energy state to a lower energy state by th e implemented for nonextremal black holes within the con-
ext of the canonical theory.

emission of a single quantum of radiation may occur on am}
oscillator, including one whose degree of freedom is attrib-
utable to the inner horizon. However, the quantum field in
the exterior would not be sensitive to an emission from such We acknowledge the partial support of the Centro de As-
an “inner” oscillator so such a transition would elicit no trofisica and of FCT, Portugal, under Contract No.

response from the “thermometer.” As far as the asymptoticSAPIENS/32694/99. L.W. acknowledges the hospitality of
observer is concerned, therefore, these degrees of freedaime Universidade do Algarve, Faro, Portugal. L.W. was sup-
must be subtracted from the total. The semiclassical theorgorted in part by the Department of Energy under Contract
does not account for this loss, hence the expreq&idi§) for  No. DOE-FG02-84ER40153.
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