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Quantum black holes from quantum collapse
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The Schwarzschild black hole can be viewed as a special case of the marginally bountte-golean-
Bondi models of dust collapse which corresponds to a constant mass function. We presented a midisuperspace
guantization of this model for an arbitrary mass function in a separate publication. In this article we show that
our solution leads both to Bekenstein’s area spectrum for black holes as well as to the black hole entropy,
which, in this context, is naturally interpreted as the loss of information of the original matter distribution
within the collapsing dust cloud.
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I. INTRODUCTION 3
R¥(7,r)=r¥= S\F(r)7. (1.2

Because of the singularity theorems of Penrose, Geroch,
and Hawking[1] and the many examples that have bee
found in various models of gravitational collapsd, it has
now come to be generally accepted that the gravitational co
lapse of a sufficiently massive star will lead eventually to the
formation of a black hole.

Mhe epochR=0 describes a physical singularity. Successive
shells, labeled by, collapse into this singularity at proper
fimes given by

32
In one particular class of models, the LekaiTolman- 7(r)= 2r _ (1.3
Bondi (LTB) [3] models of spherical, inhomogeneous dust 3VF(r)

collapse, the picture that emerges is simple and general

enough to be interesting. These models are all represented B#rious models, with remarkably different behaviors, are ob-
a solution of Einstein’s equations with pressureless dust daained from different choices of the mass functidf(r).
scribed by the stress tensor,,=eU,U,, wheree(t,r) is  Some models lead to the formation of a naked singularity for
the energy density of the collapsing dust cloud. The solutiorzertain initial data and of a black hole for other initial data.
is characterized by two arbitrary functions of the coordinateOne particular model, witF (r)=2M (a constant does not

r, the mass functiofr(r), and the energy functiof(r), the  describe dynamical collapse at all but rather a static
former being related to the initial energy density distributionSchwarzschild black hole of madd. This is most easily

in the collapsing cloud and the latter to its initial velocity seen by performing the following transformation from the
profile. The collapsing dust cloud is imagined to be made uprolman-Bondi coordinates#(r) in Eq. (1.1) to curvature

of shells, labeled by, that successively collide at late times coordinates, T,R),

into a central singularity. The classical solution is given by

2 N
d9=d— T —dr’~R%d0?, RN =r1=3\ 7

F/ [ F Y | R
62@’ R* ==+ f+§, (1.7 T(rr)=1- ZMde R—2M’ (1.4

whereR is the physical radiusR’ represents a derivative to recover the usual static, Schwarzschild form of the metric.
with respect ta, andR* represents a derivative with respect T is the SchwarzschildKilling) time.
to the dust proper times. Black holes are extremely interesting objects. Although
An important subclass of these solutions, in which thetheir temperature is exactly zero Kelvin in classical general
energy function is taken to be exactly vanishing, describeselativity, Bekenstein proposdd] that they have a tempera-
the marginally bound models. In this case, using a freedonture and an entropy and should be treated as thermodynamic
to scale the initial distribution, the general solution of Eq.systems. Their temperature and entropy are known from
(1.1) can be cast into the form semiclassical argumen{$] to be fundamentally quantum
mechanical, yet the precise quantum origin of these proper-
ties remains shrouded in mystery despite the many interest-
*Email address: cvaz@ualg.pt ing proposalg 6] that have been made in recent years. Ulti-
"Email address: witten@physics.uc.edu mately, black holes are the classical end states of collapse
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and it should be of considerable interest to understand thegbat reproduces Einstein’s equations. As a Lagrange multi-
properties from a bona fide microcanonical ensemble oplier, e(r,7) enforces “time-like dust”; i.e., it requires the
quantum states constructed from a collapsing matter distridust world-lines to be time-like geodesics. Thug ), like
bution. In this communication we will examine the quantume(r,7), can be chosen arbitrarily, but a choice specifies an
mechanics of black holes from the vantage point of a mid4nitial energy density distribution and thus a collapse model.
isuperspace quantization of the LTB models described abovén the quantum theorys (r) acts as a weight in the potential
At least two problems are eliminated by this approdoithe  term, which identifies the collapse model being quantized.
proper time of the collapsing dust enters naturally in theEach model corresponds to stellar collapse under certain ini-
dynamical equation, eliminating the so-called “problem of tial conditions.

time” that usually plagues the canonical quantization of The DeWitt supermetric, considered on the effective con-
gravity and(ii) there are no operator ordering ambiguities, figuration superspaces(R), is non-degenerate, can be read
the configuration space is flat, and an inner product may beff directly from Eq.(2.2) and is found to be flat, positive
defined unambiguously on the Hilbert space so that the usualefinite whenZ >0 and indefinite wheF<0,

probabilistic interpretation of quantum mechanics is retained.

10
II. QUANTIZATION OF DUST COLLAPSE Yab= 0 1. (2.5
In a separate publicatiof¥] we have presented the ca- F

nonical quantization of the marginally bound models for i haopens that. for the spherical geometries beind consid-
variety of mass functions, including those that admit both PP ' p 9 9

black holes and naked singularities. After a series of canoni‘—ared’]:=0 or R=F describes the apparent horizon while,

cal transformations, performed in the spirit of Kuchare- f}q;tgletﬁlack hole gte_ometry,blt Ibs thehetzvtent horlzc_)fn. t\|Nhf|ent
markable reduction of static spherical geometfi@k it be- , the supermetric: can be brought {0 a manitestly Tia

comes possible to describe the phase space by the dJQ{m by the coordinate transformation
proper time,7(r), the physical radiusk(r), the mass func- dR
tion, F(r), and their canonical momentR,(r),Pg(r), and R,=* | —.
Pe(r). The collapse is reduced to two classical constraints, \/m
one of which, the momentum constraint,

(2.6

The next step is to turn the canonical momenta into covariant
7' P,+R'Pr+F'Pe=0, (2.1)  functional differential operatorgcovariant with respect to

- S ) the supermetricy,;,) [9], according to
ensures spatial diffeomorphism invariance. The second, the

Hamiltonian constraint, B —_iv.— ( ) T 27
oo = Vel S e *
’ 2 2
(P4 F2)"+ PR 4F 0. 2.2 which act on a state functional![ 7,R,F]. Then defining
is responsible for(prope) time evolution[we have setF V[ r,R F]:e—(i/z)ng'(r)r(r)drq,[T R,F] 2.9

=1-F/Rin Eqg.(2.2]. The mass functiorf (r), defines the

particular collapse model being considered. This is best seefie functionaf¥ is seen to obey thé/Vheeler-DeWitt equa-
in the Lagrangian description in which the general solutiong;jgp
of Einstein’s equations are given by Eq4.1) and (1.2).

These solutions show th&i(r) is related to the proper en-

ergy of the collapsing cloud.F’(r) is the energy per unit
coordinate celld®x, and is required to be positive definite.

As a consequence of E¢L.1), F(r) determinese(r,7) and  which is similar in form to a Klein-Gordon equation for a
vice versa, apart from a choice of scalirgr, 7) determines scalar field with a potential. Because the metric in EXj5)

F(r) according to is positive definite in the regioR>F, corresponding, in the
collapse geometries being considered, to the region outside
the horizon, and indefinite wheR<F, the functional equa-
tion is elliptic in the former and hyperbolic in the latter. It is
convenient to write this equation as a functional
where we have used the scaling implicit in Ed.2). Both  Schralinger equation in £,R, ) by taking the square-root of
F(r) and e(r,7) are externally given functions that define Eq. (2.9 as follows:

the collapse. This comes about because the energy density
. ., F'?.
=hP==+ \/IPi+—4FW[T,R,F], (2.10

e(r,7) is a Lagrange multiplier, as seen from the form of the )
dust action, :
e YN ay |8 where the negative sign within the square root refers to the
s 877J dHXV=g e()[gqpU U H 1], (2.4 regionR>F and the positive sign to the regidd<F. Thus

F'?).
YOV, V+ ﬁ}W[X,F]=O, (2.9

F(r)=ﬂe(r’,0)r’2dr’, (2.3
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the dust proper time may be identified as the time variable asingle spherical shell of total ma#é. Spherical shells have
was originally proposed by KucharTorre, and Brown been used often in studies of gravitational collapse and cos-

[10,11]. mology[12]. The shell label is immaterial, but for concrete-
Any solution of Eq.(2.10 must obey the diffeomorphism ness let us suppose itiis=0. Then we define the shell by the
constraint mass function

’5+R’—5 +F’5
57 %5R, | OF

V[+RFI=0 (211 F(r)=2M6(), 3.9

where 4(r) is the usual step function. Therefore,

and we will first provide an ansatz for a solution to this

equation: as long aB’(r) is not everywhere vanishing, take F(r)=2Ms(r), 32

1 (e which vanishes everywhere except on the shell itself where it
‘T’[T,R,F]ZGXF{—J drF’(r)W(r(r),R(r),F(r))}, contributes infinitely to the shell self-energy. Equati@rl?
2J)o tells us that the problem of a single shell is essentially quan-
(212 tum mechanical

whereW is an arbitrary, complex valued function of its ar- = _
gumentgand not their derivativesvhich is to be determined PIrRFI=exdMWT.RM)], 33
from Eq.(2.10. To see that this is indeed a solution, we notehere 7= 7(0),R=R(0) andF(0)=2M represent, respec-
that the integ_rand in the exponent is clearly a spatial densitylve|y’ the proper time, the radial coordinate, and the total
because, whiler(r), R(r), and F(r) are spatial scalars, mass of the single shell. The Schwarzschild black hole as a
F'(r) is a density. It follows that the wave functional in Eq. single shell has but one degree of freedom and the functional
(2.12 will obey the momentum constraint. Indeed, E2;11) equation(2.10 turns into an ordinary Schdinger equation.
simply requires thatV admit no explicit dependence an £ (y) in Eq. (3.2) contributess(0)? to the potential term in
Our ansat£2.12) is not unique, of course, but it is guided by Eq. (2.10. We take this to be vanishing, in keeping with
a physical consideration, namely that in the classical theorpewitt's regularization13]. This subtracts the shell’s infi-
F’(r) is related to the proper energy density of the collapsyjte self-energy. It should be remarked, however, that this
ing shells of dust. . regularization scheme is not unique and that there have been
Together, Egs.(2.10 and (2.1) define the quantum atempts to define a quantum theory in whig0)+0 (see
theory whose inner product is given by the functional inte-[14)). There is, unfortunately, no general consensus on how
gral the coincidence limits in the Wheeler-DeWitt equation are to
be treated and for the present we assume DeWitt's regular-

(\Ifl,\lf2>:J DR*\{}’{%:J 11 dR, (N¥iw,. ization. We then have
L

2.1 P
13 iﬂ:t\/:ﬁi@:o. (3.9

As pointed out irf11], the inner product defined in this man- T

ner ensures the hermiticity of the momentu®y,, conjugate  As is normal in the quantum theory, we assume that the wave
to R, . The norm of a quantum state under this scalar prodfynction is C(1. We takeR, in Eq. (2.6) to range over the
uct is formally r independent provided thatdefined in Eq.  entire real line extending, in the interioR&F), from
(2.10 is self-adjoint. It is clear from Eq2.9) that this op- —7M to +7M,

erator represents the proper energy of the shell labeled by

the total energy of the system being simply R—M 7\
R,=*| —VvR2M—-R)+M tan | —— |+ —
. * ( ) JR2M-R)| 2
H=f drh(r). (2.149 (3.5
0

(its magnitude is the radius of the wormhole thjcand, in
the exterior R>F), from = 7M to =,

R, = *[VR(R—2M)+M In[R—M + VR(R—2M)]
Ill. STATIC BLACK HOLES: BOUND STATES AND MASS

QUANTIZATION OF A SINGLE SHELL —MInM+=mM]. (3.6)

It is self-adjoint only in the linear subspace in which the
operator= P2 + F'?/4F admits positive eigenvalues.

We now apply the above considerations to the static blacK he classical singularity occurs Bf, =0.
hole. As we have argued, in the quantum theory as in the The stationary states of the black hole are now quite eas-
classical theory, the mass function is externally specified andy described: in the interior they are a superposition of in-
defines the collapse model being considered. In order tgoing and outgoing waves,
specify it in a way that is most consistent with the classical
solution (F=2M), we consider a mass function describing a V[r,R, ]=A.e MR 3.7
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and in the exterior, they are exponentially decaying time
V[r,R,]=Be MU~ R) R >qM

=Ce MU*IRI R, <—7M.

(3.9 "static"”
black hole
Matching the wave function and its derivative at the horizon, region
one finds that the enerdgynas$ squared of the black hole is  constant
quantized in half integer units, horizon sl \ | T
all shells
M2= n+1 M2, ¥V neNU{O} (3.9 "inside" - o | all shells
2]7p i 7 collapsed
. o ) central \ " /\ :
where M, is the Planck mass. This is the Bekenstein areasingularity \ A growing
spectrum[4]. A similar result was reported earlier by us in develops 4 horizon
[15] (although our construction in that work was not aided " ~—__ collapsing
by the collapse model we are considering hevith the dif- shells

ference that the energy of the ground state was found to b
exactly zero. On the contrary, the minimum shell mass is
here found to beMp/ﬁ. The reason for this discrepancy is
that the wave function if15] was taken to be identically
vanishing outside the horizon. This condition was too strong

and 'r:‘ fact ungecessary' It will be S%e][‘ thhat the non-\\/ STATIC BLACK HOLES: THE SUPERPOSITION
\{anls INng groun State energy Is required tor the Interpreta- OF SHELLS AND THE STATISTICAL ENTROPY
tion of the black hole entropy that follows.

It is worth seeing how the choice, E(.1), reproduces Black holes are not generally formed by the collapse of a
the constraints for massive dust shells that have been used bingle, infinitesimally thin, shell of matter but by many
various authors in the paf16,17. These constraints were shells, progressively colliding into a central singularity. The
expressed in the phase space constructed from the metritatic black hole must be viewed as the final state of their
coefficients in collapse, i.e., when all shells have collided with the central

singularity(see Fig. 1 Let us therefore consider the descrip-
ds?=N2dt*~L%(dr—N'dt)2-R?dQ?  (3.10 tion of N shells. We take a simple-minded generalization of
the mass function in Eq3.1),
and their conjugate momenta, and were derived from a
square-root form of the matter action. They take the form,

FIG. 1. Collapsing shells form a black hole.

N
F(r)zzjz,1 piO(r=rj)
- p? -
H9=8(r—r) m2+§ \
F’(r)=2j§1 pid(r=rj). (4.2)
HY=—ps&(r—r). (3.11
InsertingF'(r) into Eq. (2.12 shows that the wave func-
In this system ¢,L,R,P.,P,,Pg), the dust constraints ob- tional is now a product stafelg],
tained from the quadratic actid2.4), upon eliminating the

energy density, arésee, for exampld,7] or [11 N
ay y, ares ple,7] or [11]) \szﬂl TRt .2
d Ur
Hi=P \/1+— - -
L over N wave functions, one for each shell. The coordinate
R,k is given by Egs(3.5 and(3.6) and is determined not
H?= ~U,P., (3.12 simply by the massu, of the shell(as it was for a single
shel) or the total mas# of all the shells, but by the total
whereU,=—7'. It is easy to see that the constraif@sl  Mass containedithin it,
turn into (3.11) by taking P.=md(r —r)=F'(r)/2, as we k e
have above I replaces “0” as the shell labgl The dust 2Mk=ZjZ1 ,u,:fo drE"(r)=F(ry). 4.3

supermomentum is HY=—P U,=m+ §(r—r)=—pd(r
—1), where we have sgt=mU, . The gravitational part of Information about the gravitational interaction between
the constraints, of course, has the usual form. shells is thus seen to be encodedp,, which is
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The problem of counting the number of distributions will

Ry—M
Ryk==*| — VR(2M —R)+ M tan! S Sl S be recognized as one from elementary statistical mechanics
VR(ZM—Ry) texts. It is precisely the problem ®f simple harmonic oscil-
lators into which one wishes to distribute a total number, say
My (4.4) Q, of quanta.(Alternatively, ask for the number of ways in
2 ' which N integers may be added to give another inte@er|f
we knew the number of shells that went into the black hole’s
inside, and making, the answer would be
Ry =+ {VR(R—2M) + My IN[R— M, Q:(N+Q—1)! 4.9
N-1)!Q!° '
+\/Rk(Rk_ZMk)]_MklnMk+7TMk} (45) ( ) Q

_ o In this case we hav®=(M/M,)*~N/2, from Eq. (4.9).
outside. We see, not surprisingly, that the collapse of eachne statistical entropy would then liexactly)
shell is sensitive to the precise mass distribution among the

shells. Our system dfl shells hasN degrees of freedom and (N/2+(M/M p)2— 1)!

each wave function obeys the ordinary one-dimensional S=kin (N=D)I[(M/M ) 2—N72]t|" (4.10
Schralinger equation in Eq(3.4), with solutions given by ' P '

Egs.(3.7) and(3.8), again eliminating the infinite shell self- This result depends on the number of shells that have col-
interaction in the potential. A straightforward application of |apsed to form the black hole. However, we do not know the
the boundary conditions appropriate to each shell gives thaumber of shells that formed the black hole because the mac-
following quantization condition for the states of shiell rostate is defined only by the black hole mass, so this number
should be independently determined. For an eternal black
hole in equilibrium it is natural to maximize the entropy with
respect taN. When bothN andM/M,, are large, one readily
finds

These conditions, if applied recursively, show that the mass

of shell k is determined byk quantum numbers. Thus the 2
total mass depends dwi quantum numbers for a black hole N~ E(
formed out ofN quantum shells.

We are now able to understand the origin of the black hOIGgiving to leading order
entropy in tangible terms. The appearanceNbfjuantum ' ’
numbers means a quantum black hole is not simply described M \2
by its total mass. Such a description ignores the manner in S~kin p(M—) (4.12
which the mass is distributed among the shells. The entropy P
counts the number of distributions for a given total mass.

The reasoning leading up to E¢.6) cannot be com-
pletely extended to the static black hole region. This is be- ( 1 )(1+1/\'§)

1 2
e+ 5| My (4.6

M:
MMk 2

M 2
—) , (4.19
p

where

cause it relies on a certain classical ordering of the shells, 1+ —
i.e., shell one is “inside” shell two, which is “inside” shell \/E

three, etc. But this ordering makes sense only as long as the p= S 1B ~2.618. (4.13
shells have not collided into the central singularigz=0). 2\ 1 !
Because, in the static region all the shells have collapsed to E - E

the same physical point, all information of the original spa-
tial mass distribution is completely lost and we know only
that there isone horizon (of physical radiu®R=2M) for all
the shells. Consequently, the mass condition in &g6)
should be replaced by the simpler relation

If we now insert Eq.(4.11) into Eq. (4.8 we find that the
total mass of the black hole is quantized according to the
reIatioanvaf;/(l— 1/{/5) for ve N, so that the entropy
can be given asS~vkInp/(1-1/{/5). The average mass
square of each quantum shell {&M3/2~M3, therefore
|V|,23 4.7) each shell may be thought of as contributing about one
Planck mass to the total mass of the black hole. In other
words the shells, on average, are all virtually in their ground
states.

1
ng+ =

M = >

whereM is thetotal mass of the hole. Again, the total mass
(squared of the hole continues quantized,

N 1 1 V. CONCLUSIONS
M= =— ni+=|M3, 4.8 o
121 Kimwm ; J 2) P 4.8 We have shown how the black hole area quantization and
entropy can be understood in terms of the collapse of shells
but now in integer as well as half-integer units. of matter. The entropy encodes the loss of information of the
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matter distribution among the shells in the final state. Shelfering mass functions and while the mass function must be

states do not in general vanish at the classical singularity, scontinuous across the boundary between the regions, it may

the classical singularity is not prohibited by the quantumnot necessarily be differentiable. The wave functional must

theory. However, it is interesting that the wave function atbe appropriately matched, i.e., required to be both continu-

the singularity either vanishes or has a vanishing derivativeous and differentiable at every such boundary. Specific mod-
What are the solutions when the matter distribution isels will be described elsewhere.

continuous? Various continuum models lead to the formation

of both naked §ingularities as we.II as black hdI2k there- ACKNOWLEDGMENTS
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