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Toward a quantization of null dust collapse
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Spherically symmetric, null dust clouds, like their timelike counterparts, may collapse classically into black
holes or naked singularities depending on their initial conditions. We consider the Hamiltonian dynamics of the
collapse of an arbitrary distribution of null dust, expressed in terms of the physical Rdibis null coordi-
nates,V for a collapsing cloud obJ for an expanding cloud, the mass functiorof the null matter, and their
conjugate momenta. This description is obtained from the Arnowitt-Deser-Misner description by a-pehar
canonical transformation. The constraints are linear in the canonical momenta and Dirac’s constraint quanti-
zation program is implemented. Explicit solutions to the constraints are obtained for both expanding and
contracting null dust clouds with arbitrary mass functions.
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[. INTRODUCTION is essentially to ensure that naked singularities never form.
The mechanism by which the cosmic censor operates, how-
Spherically symmetric dust clouds, depending on theirever, is still shrouded in mystery. The censor is most likely
initial matter and velocity distributions, will collapse in clas- not classical because most models of classical collapse lead
sical general relativity to form either black holes or nakedto the formation of both black holes and naked singularities
singularities. Black holes are better understood than nakeuh different domains of the initial phase spacd. In fact
singularities. They are generally expected to evaporate vigery little is currently understood about the final stages of a
their associated Hawking radiatidd], although no agree- collapse that leads to the formation of a classical naked sin-
ment has yet been achieved regarding the end state of cajularity.
lapse, i.e., whether a remnant survives or whether all the There are indications from the semiclassical treatment of
matter contained in the original cloud is thermally radiatednaked singularities, in which the gravitational degrees of
away. If a portion of the collapsing matter does manage tdreedom are considered to be classical, that Penrose’s cosmic
form a stable black hole, it is expected that the total mass ofensor may, in fact, be the quantum theory it$8lf How-
the remnant will be quantized. On the other hand, if all theever, at the very final stages of collapse it is not possible to
matter is radiated away before a stable end state can forreat the gravitational degrees of freedom classically and a
then one must explain what happens to the information thafull blown quantum theory of the gravitational field becomes
was contained in the initial matter distribution. The forma- necessary to establish this possibili8} firmly. Singularities
tion of black holes therefore presents a number of deefn general relativity signal a breakdown of the classical
puzzles and various approaches to quantum gravity are beirtheory, a regime in which the classical equations are mean-
employed to address these at the present [r&]. On the  ingless. Cosmic censorship probably points to the need for
contrary, naked singularities have received comparativelgjuantum gravity in the same way as, more than eighty years
little attention. Yet, the formation of naked singulariti@n-  ago, the electrodynamic instability of atoms pointed to the
gularities that are visible either locally or asymptotically  need for quantum mechanics. A good question is just how
much more difficult to understand and for an entirely differ-complete a theory of quantum gravity is required to begin
ent reason: their existence implies the absence of a well dexddressing such issues as the cosmic censor. We take the
fined Cauchy problem to the future of some lightlike surfaceattitude that, from past experience, it is not unreasonable to
(the Cauchy horizon therefore, any attempt to describe the expect many of the key effects of quantum gravity to be
system to the future of this surface fails for lack of initial understood from a more naive quantization of the gravita-
conditions. It seems that space-time must be terminated a&bnal field which, while it may be incomplete, incorporates
the Cauchy horizon. In order to avoid the associated probthe essential features of quantum mechanics.
lems, Penrose proposed a cosmic cefn§frwhose function This is what we propose to do in this paper. Our objective
is to consider the midi-superspace quantization of a spheri-
cally symmetric cloud of null matter specified by an arbitrary

*Email address: cvaz@ualg.pt mass distribution and collapsing in its own gravitational
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FIG. 1. Black hole(left) or naked singularity
(right) formation in null dust collapse.

' 1_

described by the stress energy tensgr,=e(x)U,U,, self similar model in which the mass is a linear function of
where e(x) is the energy density of the cloud attf=0. the advanced null coordinatey(V)=AV, one finds that both
When the cloud is contracting, the solution is characterize@®utcomes described by the Penrose diagrams in Fig. 1 are
by an arbitrary functionm(V), of the advanced null coordi- POSSible, depending on whether-1/16 (black holg or A
nate,V e (— o, +). The mass function is generally taken to <1/16 (naked singularity [11]. When the collapse evolves

be vanishing foN<V, and constant, whenV=>V;. The S8 & 28 88 SO BN, a0 ey horizon and
space-time is described by the metric g y y

collide with the central singularity but, because no sensible
boundary conditions can be specified on a singularity, the
dV2—2dRdV-R2d0?2, (1)  evolution in the future of the initial singularity is arbitrary.
The cosmic censof6] should come into playbefore the

. . . . Cauchy horizon has a chance to form. It is of interest, there-
whereRe[0,+) is the area radius. The regid>Vy isa g0 45 ynderstand how the system behaves close to the pu-
part of the Schwarzschild space-time. In this region the mete,iiye Cauchy horizon, where spatial hypersurfaces are well
ric may be written in terms of the Eddington-Finkelstein co-gefined and the guantum evolution of the system may be
ordinatesU andV as studied.

Null shells classically collapse to form covered singulari-
ties, therefore, in order to examine such issues as the cosmic
censor, mass distributions other than those representing
shells should be considered. These require a quantization of a
whereU=V—2R* andR* is the tortoise coordinate. The 9enuine field theory. The present paper is intended as a first

regionV<V, is a part of Minkowski space-time, with metric step in this_ directi(_)n. The_solution metric is written in
Eddington-Finkelstein coordinates and the Kuctransfor-

ds?=dudv —R2d0?, (3y ~ mation from Arnowitt-Deser-Misner(ADM) variables to
Kucharvariables is established. The mass function is explic-
whereu andv are the ordinary retarded and advanced timesitly related tom(V) andm(U) of the metrics in Eqs(1) and
respectivelyT + R. (4), respectively.

In the time reversed situation the null dust cloud is ex- The quantization program employed in this paper in-
panding instead of contracting and the solution is written involves a gauge fixing and it is known that quantum theories
an analogous fashion, resulting from different gauge fixings are not necessarily

equivalent. It is, nevertheless, the best approach to the quan-
1 zméu))duerZdeU— R4 @ tization of realistic and pressing problems such as gravita-

2m(V)
R

ds?=|1-

ds’=

2M\
1—?)dUdV— R?dQ?, 2)

ds?=

tional collapse at this time. Our choice of configuration space
coordinates presents several advantages: their physical mean-
in terms of aretarded null coordinate,U. Again, the mass ing is transparent, we are able to give explicit transforma-
function is generally taken to vanish whéh>U,, having tions between the original ADM phase space and the new,
some constant valué\l before some earlier retarded time, and the constraints expressed in terms of the new phase
U<U,. The regionU>U, is then a part of Minkowski space variables are linear. The last enables us to obtain solu-
space-time, while the regiotd<U, is a part of the tions for null dust clouds of arbitrary mass distributions. The
Schwarzschild space-time. second implies that operators representing observables, if

Depending on the distributiom(V) of matter in the null  known in one system, are easily constructed in the other, and
cloud, either black holes or naked singularities may develophe first makes our solutions easily interpretable in physical
as the classical final state of the collapse. For example, in therms.
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In Sec. Il we summarize the canonical formulation of theand where the overdot and the prime refer respectively to
action in ADM variables. The null dust action appropriate topartial derivatives with respect to the label tinheand coor-
the models being considered is also analyzed in this sectionlinate,r. The lapse, shift and phase-space variables are re-
In Sec. Ill we explicitly perform a transformation of the quired to be continuous functions of the label coordinates.
phase-space to Kuchaariables[12]. In Sec. IV we apply The boundary actionS)y , is required to cancel unwanted
Dirac’s quantization program to these models. Solutions tdoundary terms in the hypersurface action, ensuring that the
the constraints for collapsing and expanding clouds are prehypersurface evolution is not frozen on the frontiers. It is
sented and the matter distribution representing a single shalletermined after fall-off conditions appropriate to the models
is examined as a special case. However, the phase-space agider consideration are specified. The super-Hamiltonian
mits non-trivial boundaries and this generally leads to comand super-momentum constraints are given by
plications in the quantization procedure. Our solutions are

valid subject to the condition that a suitable measure can be P Pr LP? L R? [RR)’
found so that the replacemeRg— —i 8/ 5X(r) leads to self- H'==1—7FR ToR? + { T T) }
adjoint operators. We conclude in Sec. V with a discussion of

the strengths and weaknesses of our approach, the issues that (10

g_ ! _ !
remain to be resolveésuch as the question of observables Hi=+RPr=LPL.

and of the measure on the Hilbert spres well as some \ye will assume that the matter distribution is such that at

suggestions for future directions. infinity Kuchar's fall-off conditions[12] are suitable and we
will adopt them here. These conditions would be applicable,
Il. CANONICAL FORMULATION IN ADM VARIABLES for example, in models in which the collapsing metric as-

ymptotically approaches or is smoothly matched to an exte-

Consider the line elemerdo on a spherically symmetric rior Schwarzschild background at some boundary. They read

three dimensional Riemann surfade, It is completely char-
acterized by two functiond,(r) andR(r) of the radial label L(t,r)=1+M  ()r 40> 179
coordinate

R(t,r)=r+0O"(r ¢
dsty=L%(r)dr?+R%(r)dQ?, (5) (L ()

PL(t,r)=0%(r"¢
where(} is the solid angle. The angular coordinates play no Lt =07(r")

role and will be integrated over. We take batfr) andR(r) Pa(t,))=0"(r"17¢) (1)
to be positive definite except, possibly, at the cenfr.)

represents the physical radius of a shell labeled by the N(t,r)=N, (1) +O%(r ¢

surface. It behaves as a scalar under transformatiorrs of

wheread (r) behaves as a scalar density. The corresponding N (t,r)=0%(r= ¢

four dimensional line element may be written in terms of two
additional functions, the lapsBl(t,r), and the shiftN'(t,r), and imply that the asymptotic regions are flat with the spatial
as hypersurfaces asymptotic to surfaces of constant Minkowski
time. Again, ag —0 we require thaf14]
ds?=N2dt?— L2(dr+N'dt)?— R?dQ?. (6)
L(t,r)=Lo(t)+O(r?)
In this spherically symmetric space-time, we will consider
the Einstein-Dust system described by the action R(t,r):Rl(t)r+(9(r3)

1 1 — 2 4
S= d4X\/—_gR— ﬁJ d4X _ge(x)gaﬁuauﬁ PL(t:r) PLZ(t)r +O(r )

16w (12
7 Pr(t,r)=Pg ()r+O(r%

whereR is the scalar curvature. As is well known, the gravi-

— 2
tational part of this action can be cast into the form N(t.r)=No(t) + O(r*)

" _ . N'(t,r)=Ni(t)r+0O(r3).
sng dtf dr[P L+PgR—NHI-N'HI]+S% (8
0 With these conditions, it is easy to see that the appropriate

. . . . choice of surface action involves only the contribution,
with the momenta conjugate toandR respectively given by

PLZS[_R_FNI'R!] Sg;zz_fazwdtN+(t)M+(t) (13)

L (9)  at the boundary at infinity.
e Y r , Let us now consider the null dust action in E@). We
Pr N[ LR=LR+(N'LR)'] note first that the energy density(x), plays the role of a
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Lagrange multiplier enforcing null dust, i.eUJ?=0, and % . " g 4
variation with respect t@, yields the standard dust stress Sd:f dtfo dr[PzZ+PZ*=NH =N"H ], (19
tensor,T 5= e(x)U®U”. The canonical form of the nvuII dust
action in various forms has been studied by Kuchad
Bicak [15]. In particular, for the action in the form given in
Eq. (7) one may expandJ, as a Pfaff form of six scalar LR?

fields, the three co-moving coordinates of the null dust par- P,= —e(N[(Z+WZ") —N"(Z' + W, Z*")]
ticles, Z*, and three scalarelocities, wy, N

where the momenta conjugate {{8,Z*} are, respectively,

(20)
Ua:WkZE(a' (14) Pk:WkPZv

This representation is redgndant becaqse, by Pfa}ﬁ’s theorergnd the constraints and’l-[‘r’ are
only four scalars are required to describe an arbitrary covec-
tor in a four dimensional space. Suppose we require one of ) 0, o
the scalars, saws to be unity and drop the index from the A= Pz +5R (Z"+wZ™)
associated co-moving coordinai#®®:=Z, then 2LR2e 2L

21
U,=Z . +wZ", ke{1,2. 15 (
a a k&, a E{ } ( ) H?:P2(2I+szk,).
Consider the independent variations
Setting 6L/ 5e=0 gives the final form of the dust Hamil-
68 . .
0— ==- \/—_gg“'BUaUB tonian and momentum constraints
’ kr
Hd:tPZ(Z T_wkz )

8S
o=§=w—_ge(x)u 1 o= Val e(x)U"] (22)

58 =P (2" +WZ""),
0=——=——ge(x)g**Z" .U
SWy 9e(x)9™2..Up where the positivénegative signs in the dust Hamiltonian

(16 density represent incominfputgoing dust. In the spheri-
S " cally symmetric collapse we are considering, we take
0= 57 =[V=ge(w U] , =0=P,. Thus we have arrived at the canonical form of our
theory, which we will write as

= Vo[ (X)W U]

r . . .
2 0

é
Teg= —=— ——=€e(X)U, Uj,.
B _ g 5gaﬁ B ,

P Pr LP{ L R? [RRY

'I_'he _conservation of the stress energy tensor in the last equa- 1=~ R oRr? T E_Z“L T

tion implies that
P,z

e(x)U*V,UP+UPY [ e(x)U*]=0, 17 0
which says that the particles follow geodesic curves. Using (23
the second equation above we fitd'V,U#=0, implying HP=Z'P,+R'Pg—LP|

affine parametrization. The third equation says thafZ"

=Z'faU“=0, i.e., all of thez are constant along flow lines

and none of them are timelike. And finally, multiplying the =~ S;s=— j N (M (1),
third equation byw, we find B

Z,U*=0, (18  where n=sgn{Z’). In the following section we will show
that the co-moving coordinaté may be identified with the
saying thatZ , may be space-like or null. If the twist, null coordinates according td=—U for an expanding so-
Uia:p» also vanishes, thed , is null, which would imply  lution andZ= —V for a collapsing oneP,<0 and the dust
that WkZ!‘azo, or w,=0V ke{1,2, because ther‘a are  Hamiltonian density is chosen to be always non-negative.
taken to form alinearly independentcobasis. When P; is non-vanishing the phase-space is made up of
Substituting the decompositiga5) into the dust action in  two disconnected sectors, labeled By An initial data set
Eq. (7), using Eqg.(6) and integrating over the angular coor- with P,=0 cannot evolve into a set with;# 0 and we will
dinates the action may be put in the form assume from now on th&,# 0.
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IIl. CANONICAL TRANSFORMATION R'2 Pp?
L

The description of contracting and expanding clouds is L2 Q
seen to be related by time reversal. The two descriptions may

be formally unified in the following way. Introduce a null or, equivalently, the mass function in terms of the canonical
coordinateW, , which can be the “advanced” time or the data

“retarded” time, satisfying only the requirement that, in-

creases toward the future.\N’,]<O (primes denote differen- R
tiation with respect to the ADM label coordinatg¢ then it m= 2
represents the retarded coordinafeand if, on the contrary,
W;]>0, it represents the advanced coordinate,Let us
write both solutions in terms of a parametgthat represents
the behavior of the mattgwhether it is expanding or col-
lapsing LP,

Pm_R_f'

(29

R? P
L2 R2|

(30

By directly taking Poisson brackets, the momentum conju-
gate tom can now be shown to be simply

) (31

m

d52=<1—ﬁ)dwf,+ 27dW,dR-R?dQ?.  (24) B
Kuchar[12] proposed thatR,m,Px,P,,) should form a ca-

The metric(24) is appropriate for either expansion or con- nonical chart whose coordinates are spatial scalars, whose

traction of the dust cloud depending on whethge= ~ Momenta are scalar densities and which is such khét)
—sgn(W,) is +1 or —1. 7 is the same as appears in Eqs. 9enerates DifR. This means that

(23), as we argue below. The null coordina@,ﬂ, whose

spatial direction is opposite ¥/, is obtained by integrating HP=R'Pr—LP{=R'Pg+m'Py~0. (32)

Substituting the expressions derived farand P, into the
: (25  above constraint one arrives at

_ dRrR
dW,,=(T(W,7,R)[dW,]+ 2777

where o(W,,R) is an integrating factor. This coordinate B p._ LP. LP. A

must also be always increasing toward the future. ROTRO2R 2RF RL2F
The hypersurface&b) from which Eq.(6) is constructed

must be embedded in the space-time described by the metfighere A=(RR')(LP,)’—(RR)'(LP,). One can then

(24). Substituting the foIiatiorW,,(t,r) and R(t,r) in Eq. show that the transformation,

(24) gives the density_(t,r) and the lapse and shift func-

(33

tions, N(t,r) andN'(t,r), as (RL,Pg.P.)—(RM,Pr,P), (34
FW2+27W,R=N?~LN" is canonical, and generated by
—FW,'?=29W,'R'=L? (26) - 1 RR +LP,
g=f dr|LP,— ZRRIn——— Y|, (35
0 2 RR —LP,

—n(W,R"+W,'R)— FW,W, =N'L?,
By computing the difference between the old and the new

Liouville forms and using the fall off conditions in Eqdl1)
and (12), one can show that the transformation has intro-

where we have sef=1-2m/R. These relations can be
used to determine,

) , YR =1 T duced no fresh boundary terms.
N' = FW, Wy & p(W,R™+W,'R) There are(infinite) boundary terms at the horizon, when
FW,"?+29W, 'R’ F=0. It can be shown, however, that the contributions from
_ _ (27)  the interior and the exterior cancel each other. There will also
W,R"-W,'R be contributions at the boundary between the interior of the
N= - L star and its exterior or more generally at any frontier between

two regions described by mass functions with different de-
where we have chosen the sign of the square root sd\tisat  rivatives. Again, if the mass function is continuous across the
positive. Inserting these expressions kbandN' in the ex- boundary and regions are consistently matched by equating

pression(9) for P, we find both the first and second fundamental forms, then the contri-
bution from one side will cancel the contribution from the
LP, , ) other.
R 7R = FW,, (28) Before rearranging the action, we will consider the coor-

dinates{Z,ZX! for the collapsing Vaidya null congruence.
which, when substituted into the expression fdrin Eq.  Returning to the metric in Eq24) with 7= —1 we find that
(26), gives the incoming null congruence is given by=const, 6
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=const and¢=const. The coordinated=—V, Z!=¢ and  can now be written as
Z?= ¢ are co-moving. Let us form the basis

Z'M=(—1,0,O,Q Q=(W”++J:drpm(r))5M+

Z* =(0,0,1, 36 @ w
w=t 9 (36) —j der(r)f dr' 6l ,(r')— dw, (43
0
72,=(0,0,0,2. '
. . _ . . where dw=6(M W, ;) is an exact form. The second term
Itis easily shown thaf=—R is an affine parameter and the in the expression fof) continues to be inconvenient, but

covariant components of the velocityx“/d¢ are U,= oy e cast into a more appropriate form using the identity
(—1,0,0,0), whose decomposition in the co-b%ﬁ yields [12]

W,;=0=W,. Similarly treating the outgoing null congruence
shows that the affine parameteréis + R and thatZ is to be
identified with —U. Both cases may be treated simulta-
neously by lettingZ=-W, , P;=— PWn and ¢= »R. This

r o 4
fdr’Pm(r’)xf dr’él“,,(r’))
0 r

identification shows that thg used in the section is identical _ o N ,
to that used in the previous section. —Pm(r)fr dr?ol’,(r’) (Ldr Prm(r ))5F,,(r).
Note also that taking the spatial derivative rofin Eq.
(30), yields (44)
R’ = Integrating fromr=0 to r=o, the left-hand side of the
m’' =— THQ— ﬁH?' (370  above equation vanishes identically and one finds
This may be used to write the action in E@) as fxder(r)fmdr’éF,,(r’)z fxdrél“,}(r)frdr’Pm(r’),
0 r 0 0
szf dtf dr[Py, W, + PR+ Py (45)
° so that() can be cast into the form
—NH—N"H,]+S;s (38
with Q:p+5M++fo drPFncSI“,]— dw, (46)
H=— m'F R+ FPPr _ Pw, Wy where we have defined
= 7
L L
H, =R Pgtm' Pt W, Py, (39 p+=Wn++fo drPp(r)
(47)
r
Saz=—f N4 (DM (1). Pr =—f dr'Pp(r").
33 K 0

The surface term contains the mass at spatial infinity angjiminating a total time derivative turns the action in Eq.
may be re-expressed in a more convenient form. Use thgsg) into

fall-off conditions(11) at infinity and the expression fdi in

Bg. (27) to write N, =W, and S:f dt(p+M++fo dr[PWWWﬂ'f'ERR

Siz=- f W, (DM (D). (40) . r

i, +Pr )= NH-N"H,]], (48
Then definel’,(r) by
where
m(r)=M —f dr'l",(r' 47 —
(N=M, r o) “1 F,]]-"lR’—]-'PfWPR Pw W,
H=— -7

i.e., m'(r)=I,(r) andM, is clearly the mass at infinity. L L

The one form o (49

- Hr:R,PR_F”P{—*”'f'W”,PW”.

sz drP(r)yém(r)—M . 6W 42
0 ml 1) om(r) e 42 Furthermore, it follows from Eq(28) that
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!

previous section. BUV,' #0 because it is a null coordinate

Pf”=W,]’ + nr (0 andis required to increase in time, therefore,
The constraintsi{~0~H,, can be further simplified by us- Po_ &%0 (53
ing 1,~0 to eliminateW,,' Py, from the Hamiltonian con- R F

straint. This gives . . o . .
g is equivalent to the Hamiltonian constraifit~0. Inserting

this into either of the two constraints then giv@_~;,\,77
~ 7].7:PR~ r 7

The configuration space is made of the set of variables
Consider the first of the two factors above. Using &) to {W,,R,I",,M}, whose physical significance is transparent.
substitute forPy. , we find This is an advantage of KuchaariablesW,, is a null coor-
dinate,Ris the area radius of a point labeledt), I',, is the

, , , ,, energy density of the collapsing cloud aht, is the mass
}—Prﬁ 7R =]-‘(W,7 +27n ?) =7 P (52 measured at spatial infinityl | is a constant of the motion
and may be viewed as part of the initial data. Our gravity-
where o(R,W,) is the integrating factor introduced in the matter system may be re-written as

— T
(FPp +7R')| Pr=7 7”) ~0. (51)

! !

szf dt(p+M++fo dr[PWn\N,?JrﬁRRJr Prnl'“,,—NW(PWn—F,,)—Nr(R’ER—F,,P’F”JrW,,’PW”)] . (54)

The canonical actiot54) can be a starting point for Dirac which the above replacement leads indeed to self-adjoint op-
guantization. The physical meaning of all the configurationerators. Subject to this caveat, the state-functional obeys
space coordinates is cleatl, andR locate the hypersurface

andI’,, (along withM ) determines the matter distribution.

oW I
IV. QUANTIZATION ! sw, 7
The configuration space consists of two disconnected

components: for expanding null matter it is spanned by the SV SV SwL
set{W, ,RI', M.} and for collapsing matter by the set RI—— +W. — — (_) —-0. (57)
{W_,RT_,M,}. In each case the phase-space has non- oR T oW, el
trivial boundaries,

M,.=0, P,;<0, (Z=-W.) The last constraint is solved by any functional that is a spa-

tial scalar. Consider a solution of this constraint that is of the

R>0. (55  form

The last is due to the fact th&(t,r)=0 describes the cen-
tral singularity, i.e., the final singularity for the collapsing _ [
solution and the initial singularity for the expanding one. ¥=C,(M.)exp i 0 drl(r)-K(n,W;, RM )1,

In Dirac’s approach, when the phase-space admits trivial (58
boundaries, the canonical momerfitg, are raised to opera-
tor status,

whereC,, is a constant depending only gnandM , , andXC
Poi i (56) is an arbitrary complex valued function of its argume(atsd
X oX not their derivativesthat is to be evaluated so thét satis-
fies the other constraints. The wave-functiowaln Eq. (58)
and the constraints are considered as operator restrictions @evidently a spatial scalar becadsg(r) is a spatial density
the state functional. When the boundaries are non-trivial, aand K is a spatial scalar. It is therefore a solution of the
is the case ir{55), this naive exchange of momenta for func- constraint providing thak’ has no explicit dependence on
tional derivatives in(56) may lead to operators that are not  The solution, which agrees with all the constraints consid-
self-adjoint[13], but we will assume here that a suitable ered as operator restrictions on the state functional, is given
measure on the Hilbert space can be found, with respect toy
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A!
V=C exr{ f drI",(r)[W,(r)+ 7R, (r)]} (59 s
where R, (R,M,,I",) is a “tortoise”-like coordinate de- A’ s
fined by
A
R s
R*=R+2mln%—1. (60) A

It is not, of course, the tortoise coordina® except in a @ ® 4

Schwarzschild region whem(M . ,I",) =M | is constant.
The parameter, represents the direction of the flow, be-
ing +1 for outgoing null matter ane-1 for incoming mat-

FIG. 2. A thin shell(a) collapsing andb) expanding.

ter. The combinatiomR(r) represents the affine parameter, [ oulr)=—M3U'(r)s(u-U)
&(r). Re-expressing the wave-functional in E§8) to make
the dependence on the affine parameter explicit, we find u’(r)
=MM——=5(r—v), (67)

- ® U'(c
‘IfIC,?e'fod’Fn(r)g*(’)exr{if drl",,(r)~W,](r)}, (61) )
0

wherer(t) is the solution ofU(r,t)=u. The energy density

whereé, = 7R, . is always positive and in either case we find
For n=—1, {e(—«,0) andW,=V, the functionals are '
of the form =M1W sr—v), (68)
\Iffl:A(M+)e*if<°§dff—(f)R*(f)eifgdff—(f)V(f), (62)  The shell trajectories;=t(t) are different in the two cases,

beingv = const in the first andi= const in the second. Using
and describe collapsing null matter. Likewise, fpe=+1, these expressions, let us relate the constraints in (28sto
§e(0%0) andW,=U, the functionals the constraints that have been used by others to describe thin

shells. The dust Hamiltonian and momentum density turn out

T, =B(M,)e/od T+ R (Dgifed T (VM)  (g3)  to be Pz=—T)

describe expanding null matter.

A given classical collapse problem is specified by a Hi=7n
choice of mass functionm(W, ), which determines an initial
energy distribution, thus a collapse “model.” As an example,
we shall consider the function,

2,5 = p5

HI=—-M_ Z'8(r—t)=—pd(r—r), (69)

m(W,)=M_ 6(W,—w), (64) where we have defineg=M,Z'(xr) and therefore

_ o _ _ =sgnZ’)=sgn(p). These expressions were used as a start-
whered is the Heaviside unit step-function amds constant.  ing point in[14,16,18. The gravitational contributions to the
The matter energy vanishes when, <w and isM, when  constraints are, of course, the same.
W, =w. The mass function evidently makes sense only as a The corresponding classical solutions are represented in
thin shell that is collapsing toward the center and we musthe Penrose diagram of Fig. 2, whefé’ represents the
haveW,=V (5= —1). Calling the corresponding mass at event horizon ina) and the Cauchy horizon ifb). Inserting
spatial mfrnrtyM”j , we find the energy density by differen- Eg. (68) into Egs.(62) and (63) one finds that the quantum

tiating with respect to the ADM label coordinate, mechanics of a single collapsing shell is defined on the re-
" duced configuration space ,R,M"’) and described by the
I in(r)=MZIV'(r)o(V—-u) wave-function
(65) ,
:vai ;m—t) ¥ =AMY v)e MR, (70

_ . o _ whereas for an outgoing shell the reduced configuration
shell that expands out of the center is represented by the

mass function T
\If+1—B(MOUt ) |M+tR (r), (71)
m(W,)=M2%"g(w—W,), (66)
where R* as given by Eq.(60) is, in this case, the usual
for W,=U (7=+1). The energy density is tortoise coordinate.
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V. DISCUSSION mits a strong curvature singularity at the origin, so the clas-

In this paper we have examined the collapse and expa sical dynamics cannot be extended even to it. Any attempt to

sion of a null dust cloud of arbitrary mass distribution and ontinue the quantum dynamics through the origin must

shown that there exists a canonical transformation that bring’%werefore ensure that at least the expectation values of the
the corresponding Vaidya system to the Kuctiam, in bservables in the consequent quantum theory are well be-

which the dynamics is expressed in terms of embeddin varir-]aved there. Thus the central singularity would be made
ables whosye hvsical rrl?eanin is transparent Writt?en irparmless by the quantum theory. It can be so if, for example,
pny 9 P ’ the wave-functional were to vanish there. In this way the

#g:ms of these variables, the constraints take on a S'mplﬁ]atter would collapse and re-expand through thenign

: center in one continuous history, the solutions being given by
Eq. (62) for £e (—,0] and EQq.(63) for é£[0,). This has
Been proposed for a single shell byjidak and Kiefe{16—
values of observables. These are, for example, the geometrﬁ3 . ) .
. . . . ], who merged the two solutions into one bouncing solu-
invariants and matter invarianfsuch as curvature scalars . . . L

tion. Their bounce was obtained by working in double-null

and trace of the stress energy tensuord in general angZ” . . 2 .
) . oordinates and employing group quantization techniques
function of the phase-space variables, old or new, thafsee[lG] and [19]) to the problem. Group quantization is

weakly commutes W'th.the constraints. They must be ertterl:)eautifully adapted to the quantization of systems with non-
as operators on the Hilbert space, but there are two assogl

ated difficulties. Firstly, because they are generally non- vial boundary restrictions such as those (85) on the
. o Y, ey are g y phase space, but its application to problems with more than a
linear, there will be operator ordering ambiguities. Secondly,

one must ensure that they are self-adjoint with respect to th’f§eW degrees of freedom and in particular to the collapse of

chosen measure. However, as our transformation between t gneral matter distributions, being dependent on the con-
. o Y : . .struction of a complete set of observables, remains a topic
spaces is explicit, knowing these functions in one system %or future investigation

equivalent to knowing them in the other. It should be noted The Eddington-Finkelstein coordinates we have employed
that a complete set of Dirac observables has been constructt|.=hdthis paper present several advantages over the double null

in the case of a single shdll6] where a single degree of

freedom is present. For the general case, this issue is uigé/Stem with regard to the problem of collapse or re-
. P y ne g : ' q Xpansion of arbitrary matter distributions. The new vari-
complicated and will be discussed in the future.

Subject to the condition that suitable boundary conditionsables have a clear physical and geometrical meaning. This is

or a suitable inner product can be found so &) leads useful when comparing the quantum behavior with the clas-

to self-adioint operators. we have found solution Wave_sical. Our transformations are explicit, which means that op-
: . pe ’ N ; erators and, in particular, observables that are known in one
functionals for arbitrary mass distributions in each sector

(collapse and expansipindependentlyas mentioned in the coordinate system can be expressed in the other. The matter-

. ; . Pl o gravity constraints in the new phase space are linear for all
Lnst;(;?]l:igtl'?g} ?ﬁéug%r;iﬁmo; tirs'\sl'l?ésmsajshd';;”ggﬂggss?ge&qatter distributions. This simplification, achieved on the
o Tp €d SINgYfassical level, has allowed us to obtain exact solution wave-
larities and the cosmic cengofThese sectors are disjoint,

separated by the central singularigt R=0). However, if functionals describing the respective physical processes.

the solutions are viewed as describing the evolution, in the
affine parameteg, of a collapsing matter cloud beginning on
J7, they seem to suggest that it should be possible to define We acknowledge the partial support of FCT, Portugal, un-
the wave-functional over the entire internvé& (—,) by  der Contract No. POCTI/32694/FIS/2000. L.W. was sup-
extending the range @R to include the center. Yet, for any ported in part by the U.S. Department of Energy under Con-
matter distribution, the solution space-time in Eg4) ad- tract No. DOE-FG02-84ER40153.
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