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Toward a midisuperspace quantization of LeMaıˆtre-Tolman-Bondi collapse models
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LeMaı̂tre-Tolman-Bondi models of spherical dust collapse have been used and continue to be used exten-
sively to study various stellar collapse scenarios. It is by now well known that these models lead to the
formation of black holes and naked singularities from regular initial data. The final outcome of the collapse,
particularly in the event of naked singularity formation, depends very heavily on quantum effects during the
final stages. These quantum effects cannot generally be treated semiclassically as quantum fluctuations of the
gravitational field are expected to dominate before the final state is reached. We present a canonical reduction
of LeMaı̂tre-Tolman-Bondi space-times describing the marginally bound collapse of inhomogeneous dust, in
which the physical radiusR, the proper time of the collapsing dustt, and the mass functionF are the canonical
coordinatesR(r ), t(r ) andF(r ) on the phase space. Dirac’s constraint quantization leads to a simple func-
tional ~Wheeler-DeWitt! equation. The equation is solved and the solution can be employed to study some of
the effects of quantum gravity during gravitational collapse with different initial conditions.
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I. INTRODUCTION

In the standard treatment of Hawking radiation@1# from
black holes, one begins with a black hole that is formed
some classical model of gravitational collapse, surrounds
hole by a quantum field and examines the propagation of
field on the classical background provided by the hole. T
quantum field behaves as a thermometer. The quan
modes within the horizon are averaged over and one fi
that the black hole radiates thermally leading to its ‘‘evap
ration.’’ The temperature that characterizes the evapora
of a black hole is inversely proportional to its mass and
radiation flux is inversely proportional to its mass squa
For an astrophysical black hole, the radiation flux and te
perature are therefore so small that the semi-classical
proximation is expected to be an adequate description of
evaporation until the hole is roughly of Planck dimensions
which point higher order quantum gravity effects will u
doubtedly become important. This means that the final s
of the black hole will depend on quantum gravity. The bla
hole may evaporate completely or it may leave a remnan
it evaporates completely, it is important to understand w
happens to the information that was initially trapped with
its horizon.

Classical models of collapse also lead to the formation
naked singularities for regular initial data@2#. One may then
ask if the quantum radiation from naked singularities is sim
lar to the radiation from black holes. By surrounding a cla
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sical naked singularity with a quantum field and examini
its quantum modes at null infinity one finds that the evap
ration of a naked singularity is qualitatively distinct from th
of a black hole@3–6#. The radiation flux diverges as th
Cauchy horizon@7–11# is approached and the spectrum
the radiation is non-thermal@5,12#, falling off as the inverse
frequency. Contrary to the case of an astrophysical bl
hole, the ~divergent! flux should be observable and th
unique spectrum should serve to distinguish objects un
going this type of collapse from other celestial emitte
However, a closer look at the semi-classical approximat
just described reveals that the flux of radiation is essenti
negligible~on the order of one Planck mass! until about one
Planck time before the putative Cauchy horizon is reac
@13#. The semi-classical approximation therefore signal
quantum instability of naked singularities~and therefore a
mechanism for the cosmic censor! but its quantitative predic-
tions must be tested in a full quantization ofall the degrees
of freedom, including the gravitational field. When quantu
gravitational effects are accounted for, does the flux conti
to diverge and the radiation spectrum continue unique?
deed, does the quantum theory serve as a cosmic censo
are there significant observational consequences of colla
into naked singularities as the semi-classical approxima
suggests?

In a step toward answering these and other questions
garding the final stages of gravitational collapse Kucharˇ @14#
examined a midisuperspace quantization of the Schwa
child black hole, presenting in the process a remarkable
ries of canonical transformations that greatly simplified t
dynamical equations. In the present paper, we describ
generalization of this work to spherically symmetric, marg
ally bound LeMaıˆtre-Tolman-Bondi space-times. We sho
©2001 The American Physical Society20-1
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CENALO VAZ, LOUIS WITTEN, AND T. P. SINGH PHYSICAL REVIEW D63 104020
below that there is an analogous description of the grav
tional part of the action in terms of the ‘‘mass function,’’ th
physical radius and their conjugate momenta. Furtherm
the coupling to dust introduces the proper time of the c
lapsing matter and its conjugate momentum. Thus time e
lution appears naturally into the dynamical constraints.

The hypersurface action yields two constraints, viz.
Hamiltonian constraint and the momentum constraint, wh
are given in terms of this canonical chart consisting of
mass,F@r(r )#, contained within spherical shells of fixe
shell-label coordinate,r(r ), the physical radius,R(r ), the
dust proper time,t(r ), and their conjugate momenta
PF(r ), PR(r ) and Pt(r ) respectively. Herer is the radial
label coordinate of a foliation of the space-time by space
hypersurfaces. The momentum conjugate to the mass f
tion, PF(r ), may be eliminated in the Hamiltonian constrai
using the momentum constraint. This leads to a new
simpler constraint that is able to take the place of the orig
Hamiltonian constraint. Dirac’s constraint quantization th
yields a two dimensional Klein-Gordon-like functional equ
tion with a potential term that depends on the mass func
and its derivative with respect to the label coordinater. The
simplest possible scenario, in which the mass function
constant throughout the space-time, the same for all sh
describes the Schwarzschild black hole. The Schwarzsc
black hole will thus emerge as a special case of the gen
class of models we quantize below.

In Sec. II we review the classical collapse models be
considered in this article and present the canonical form
tion for spherically symmetric space-times in Sec. III, whe
we also discuss the fall-off conditions appropriate to
models and the resulting boundary terms. We reconstruc
mass and time from the canonical data in Sec. IV. This le
naturally to new variables, viz. the mass, the dust pro
time, the physical radius and their conjugate momenta wh
are introduced along with the generator of the canon
transformation from the old to the new variables. We ap
Dirac’s quantization program to the new constraints in S
V, showing how the new variables lead to a simplifi
Wheeler-DeWitt equation. We then present a solution for
arbitrary, but non-constant mass function.

II. CLASSICAL MODELS

The LeMaıˆtre-Tolman-Bondi models@15# constitute a
complete solution of the Einstein equations for a matter c
tinuum of inhomogeneous dust; i.e., they are solutions of
spherically symmetric Einstein’s field equations,Gmn5
28pGTmn , with vanishing cosmological constant and wi
stress-energy describing inhomogeneous, pressureless
given by Tmn5eumun . The solution is the LTB metric
given in co-moving coordinates as@16#

ds25dt22
R̃2

11 f
dr22R2dV2,

e5
F̃

R2R̃
, R* 56Af 1

F

R
~2.1!
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~we have set 8pG515c! whereR is the physical radius. A
tilde represents a derivative with respect tor and an asterisk
represents a derivative with respect to the dust proper timt.
The functionsf (r) andF(r) are arbitrary functions only of
r, interpreted respectively as the energy and mass functi
The energy density of the collapsing matter ise(t,r), and
the negative sign in the third equation above is required
describe a collapsing cloud. Its general solution is given
to an arbitrary functionc(r) of the shell label coordinate
This arbitrariness reflects only a freedom in our choice
units; i.e., at any given time, sayt0, the functionR(t0 ,r)
can be chosen to be an arbitrary function ofr.

The mass function,F(r), represents the weighted ma
~weighted by the factorA11 f ) contained within the matte
shell labeled byr. If a scaling is chosen so that the physic
radius coincides with the shell label coordinate,r, at t50,
then it can be expressed in terms of the energy densityt
50 according to

F~r!5E e~0,r!r2dr, ~2.2!

while the energy function,f (r), can be expressed in terms o
the initial velocity profile,v(r)5R* (0,r), according to

f ~r!5v2~r!2
1

rE e~0,r!r2dr. ~2.3!

The marginally bound models, which we will consider in th
paper, are defined byf (r)50. For the scaling referred to
above, we must choosec(r)5r3/2, whence the solution of
Eq. ~2.1! can be written as

R3/2~t,r!5r3/22
3

2
AF~r!t. ~2.4!

The epochR50 describes a physical singularity, whose s
gularity curve

t~r!5
2r3/2

3AF~r!
, ~2.5!

gives the proper time when successive shells meet the ce
physical singularity. Various models are obtained fro
choices of the mass function,F(r). For example, the
Schwarzschild black hole is the marginally bound soluti
with F(r)52M , a constant.

A collapsing star does not have sharp boundaries. In
simplest possible approximation to reality, it will consist of
dense core surrounded by a crust of lower density wh
itself, is encased in a cloud whose density will smoothly
to zero with distance from the star’s center@17#. Neverthe-
less, as an approximation, one could consider a sharp bo
ary at some constant shell label,rb , with an exterior
Schwarzschild metric. One could also consider several
gions described by different mass functions describing s
cessively lower matter densities as one moves out from
0-2
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TOWARD A MIDISUPERSPACE QUANTIZATION OF . . . PHYSICAL REVIEW D63 104020
center. The mass function as a whole would not be differ
tiable at the boundary or boundaries, but we require it to
continuous.

One can then examine outgoing families of non-space
geodesics and check if there exist congruences that term
in the past at the central singularity@18#. If such congruences
exist, then the collapse leads to a naked singularity, an
they do not exist, then the collapse leads to a black hole
naked singularity may further be characterized as glob
naked or locally naked depending on whether the outgo
geodesics succeed in reaching null infinity or not.

In general one finds that both black holes and naked
gularities may develop as the end states of collapse, dep
ing on initial data, i.e. on the initial density and veloci
profiles of the collapsing dust. For example, in the marg
ally bound self-similar collapse model,F(r)5lr, wherel
5const, both outcomes described by the Penrose diagram
Fig. 1 are possible, depending on whetherl.0.1809~black
hole! or l<0.1809~naked singularity!. It is in fact believed
by many that sets of initial data may evolve in general re
tivity toward either naked singularities or black holes ind
pendently of the equation of state or the type of matter us

Geometrodynamics views space-time as the dynam
evolution of spatial hypersurfaces. When the collap
evolves toward a black hole such spatial hypersurfaces e
starting at infinity, crossing the horizon and continuing tor
50 without encountering the central singularity. On the co
trary, when the collapse evolves toward a naked singula
the spatial hypersurfaces in the future of the initial singul
ity cross the Cauchy horizon and collide with the cent
singularity. No sensible boundary conditions can be speci
on a singularity and evolution in the future of the initi
singularity is arbitrary. To avoid the consequent breakdo
of predictability, Penrose proposed the cosmic censor@19#
which, as mentioned in the Introduction, is likely to be t
quantum theory itself and will come into playbefore the
Cauchy horizon has a chance to form. It is of particular
terest, therefore, to understand precisely how the system
haves close to, but in the past of, the putative Cauchy h
zon. Spatial hypersurfaces in the past of the Cauchy hor
are well defined and the quantum evolution of the syst
may be studied until the time of its formation.

FIG. 1. Black hole~left! or naked singularity~right!.
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III. CANONICAL DYNAMICS

The line elementds on a spherically symmetric three
dimensional Riemann surfaceS is completely characterized
by two functions,L(r ) andR(r ), of the radial label coordi-
nate,r, according to

ds25L2~r !dr21R2~r !dV2 ~3.1!

whereV is the solid angle. NeitherL(r ) nor R(r ) can be
negative and we take them to be positive definite exc
possibly at the center.R(r ) represents the physical radius
the point labeled byr on the surface. It behaves as a sca
under transformations ofr, whereasL(r ) behaves as a scala
density. The corresponding four dimensional line elem
may be written in terms of two additional functions, th
lapse,N(t,r ), and the shift,Nr(t,r ), as

ds25N2dt22L2~dr2Nrdt!22R2dV2. ~3.2!

In this spherically symmetric space-time, we will consid
the Einstein-Dust system described by the action

S52
1

16pE d4xA2gR

2
1

8pE d4xA2ge~x!@gabUaUb11# ~3.3!

whereR is the scalar curvature. As is well known, the grav
tational part of this action can be cast into the form

Sg5E dtE
0

`

dr@PLL̇1PRṘ2NHg2NrHr
g#1S]S

g

~3.4!

with the momenta conjugate toL andR respectively given by

PL5
R

N
@2Ṙ1NrR8#

PR5
1

N
@2LṘ2L̇R1~NrLR!8#

~3.5!

and where the overdot and the prime refer respectively
partial derivatives with respect to the label time,t, and coor-
dinate,r. The lapse, shift and phase-space variables are
quired to be continuous functions of the label coordinat
The boundary action,S]S

g , is required to cancel unwante
boundary terms in the hypersurface action, thereby ensu
that the hypersurface evolution is not frozen. It is determin
after fall-off conditions appropriate to the models under co
sideration are specified. The super-Hamiltonian and su
momentum constraints are given by

Hg52FPLPR

R
2

LPL
2

2R2G1F2
L

2
2

R82

2L
1S RR8

L D 8G
Hr

g5R8PR2LPL8 . ~3.6!
0-3
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CENALO VAZ, LOUIS WITTEN, AND T. P. SINGH PHYSICAL REVIEW D63 104020
We will assume that the chosen mass function,F(r), is such
that at infinity Kucharˇ’s fall-off conditions @14# are suitable
and we will adopt them here. These conditions would
applicable, for example, in models in which the collapsi
metric asymptotically approaches or is smoothly matched
an exterior Schwarzschild background at some bound
rb . They read

L~ t,r !511M 1~ t !r 211O `~r 212e!

R~ t,r !5r 1O `~r 2e!

PL~ t,r !5O `~r 2e!

PR~ t,r !5O `~r 212e!

N~ t,r !5N1~ t !1O `~r 2e!

Nr~ t,r !5O `~r 2e!. ~3.7!

Again, because the label radial coordinater P@0,̀ ), we must
also consider the boundary conditions atr 50. Let the mass
function near the center (r50) have a series expansion
the form

F~r!5F01F1r1F2r21•••5(
n

Fnrn. ~3.8!

If Fn50 ; n.0 but F0.0, the solution describes
Schwarzschild black hole of massF0/2. The marginally
bound, self-similar model mentioned in the previous sect
corresponds toF15l.0 andFn50 ; nÞ1 or a density
profile that behaves ase(0,r);r22. Thust50 is the singu-
lar epoch for the self-similar model and this singular dens
profile arises from a regular initial profile at somet,0.

Consider models withF(r)5Fnrn. As far as the fall-off
conditions at the center are concerned, two classes of mo
arise, viz.n<3 andn.3. The considerations below are a
plicable to models withn<3, although conditions appropri
ate to models withn.3 may likewise be given. Referring t
Eq. ~2.4! we find that as r→0, R(t,r)'R0(t)rn/3

1O(rn/31k) and L(t,r)'L0(t)rn/3211O(rn/3211k),
wherek.0. We will exclude the black hole (n50) in the
following because in that case the space-time may be
lytically continued tor 52` where the boundary condition
given in Eqs.~3.7! may be applied and no conditions atr
50 need be given. For a genuine collapse, the cases o
terest are those withn.0 around the central region.

Let us assume that, at the center, (r,t) approach (r ,t) as
r5r 1O(r a) (a.1) andt5 f (t)1O(r a). Now, in the fol-
lowing section we will show that the mass function is reco
ered locally from the canonical data according to

F5RF11
PL

2

R2 2
R82

L2 G . ~3.9!

Again, with r5r 1O(r a) and t5 f (t)1O(r a), it follows
that
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'11O~r a21! ~3.10!

and therefore

F5Fnrn5Fnr n1O~r n1a21!5
PL

2

R
1O~r n/31a21!

~3.11!

or

Fn5
PL

2

R0
r 24n/31O~r 22n/31a21!. ~3.12!

The last equation can be satisfied ifPL falls off faster than
r 2n/3 anda5112n/3. Furthermore, requiring both terms i
the Liouville form to have the same behavior at the orig
we choose the following conditions nearr 50 when n
5$1,2,3%:

R~r ,t !5R0~ t !r n/31O~r n/31e!

L~r ,t !5L0~ t !r n/3211O~r n/3211e!

PL~r ,t !5O~r 2n/3111e!

PR~r ,t !5O~r 2n/31e!

N~r ,t !5N0~ t !1O~r e!

Nr~r ,t !5O~r e!. ~3.13!

The conditions~3.7! and ~3.13! ensure that the Liouville
form is well behaved both at the origin@O(r (n1e))# as well
as at infinity @O `(r 2e)#. The Hamiltonian and momentum
densities behave as

Hg5O~r n111e!, Hr
g5O~r n211e! ~3.14!

as the origin is approached and

Hg5O `~r 22(11e)!, Hr
g5O `~r 2(11e)! ~3.15!

asymptotically. Thus the total Hamiltonian and momentu
are well defined and the surface action is meaningful. T
potential contributions to the surface action can be read
the constraint equations~3.6! by considering variations of the
phase space variables. Applying the fall-off conditions at
finity, one finds that only one of these is non-vanishing a
behaves as

E
]S`

dtN1~ t !dM 1~ t !. ~3.16!

On the other hand, with the fall-off conditions in Eqs.~3.13!
asr→0, all the variations vanish at the origin. Therefore t
only contribution to the boundary action comes from t
surface term at infinity and we find
0-4
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TOWARD A MIDISUPERSPACE QUANTIZATION OF . . . PHYSICAL REVIEW D63 104020
S]S52E
]S`

dtN1~ t !M 1~ t !. ~3.17!

We will return to this surface action shortly.
Let us now turn to the dust portion of the action in Eq

~3.3!:

Sd5E d4xA2ge~x!@gabUaUb11#. ~3.18!

It has been exhaustively analyzed by Kucharˇ and Torre@20#
and by Brown and Kucharˇ @21#. It may be understood in two
ways: either as a consequence of imposing coordinate
ditions ~the Gaussian conditions! or as a realistic materia
medium. For the collapse problem it is a realistic mate
medium and for the LTB models being considered it is no
rotating. Dust is described by eight space-time scal
e, t, Zk and Wk(kP$1,2,3%). The physical interpretation
of these variables which follows from an analysis of t
equations of motion was given in Ref.@21# and will be sum-
marized here for completeness.t is the proper time mea
sured along particle flow lines,Zk are the comoving coordi
nates of the dust,Wk are the spatial components of the fou
velocity in the dust frame, ande is the dust proper energ
density. All these scalars are assumed to be functions o
space-time coordinates. In particular, the four variables,ZK

5(t,Zk), are independent functions, detuZK
,muÞ0, and the

four-velocity of the dust particles may be defined by its d
composition in the co-basisZK

,m by

Um52t ,m1WkZ
k
,m . ~3.19!

In the spherically symmetric geometry described by E
~3.2!, the dust action may be cast into the form

Sd5E dtE dr@Ptṫ1PkŻ
k2NHd2NrHr

d#, ~3.20!

where

Pt5
LR2

N
e~r ,t !@2Ut1NrUr #

Pk52WkPt ~3.21!

are the momenta conjugate to the dust proper time and
frame variables respectively, and

Hd5PtA11
Ur

2

L2

Hr
d52Ur Pt . ~3.22!

This expression forHd is obtained by exploiting the fact tha
e(t,r ) is a Lagrange multiplier, and thereforedL/de50.
When the dust is non-rotating Eqs.~3.22! are further simpli-
fied by requiring that the dust motion be described with
spect to the frame orthogonal foliation. Then we may impo
the additional constraintsPk50 ~when imposed on the stat
functional these constraints simply mean that the state fu
10402
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tional does not depend on the frame variablesZk). Using this
in Eqs.~3.21! we see thatWk50 and soUr52t8.

Combining the results thus far obtained, we now give
full form of the canonical description of the action in Eq
~3.3! as

S5E dtE
0

`

dr@Ptṫ1PLL̇1PRṘ2NH2NrHr #1S]S
g

~3.23!

with

H52F2
PLPR

R
2

LPL
2

2R2G1F2
L

2
2

R82

2L
1S RR8

L D 8G
1PtA11

t82

L2 '0

Hr5t8Pt1R8PR2LPL8'0 ~3.24!

and

S]S52E
]S`

dtN1~ t !M 1~ t ! ~3.25!

for the boundary contribution.

IV. NEW VARIABLES

The hypersurfaces we consider, from which Eq.~3.2! is
constructed, must eventually be embedded in a space-
described by the metric given in Eq.~2.1! with f 50. We
imagine that they are leaves of the foliationt(t,r ) and
r(t,r ). Then the functionsL(t,r ) and R(t,r ) appearing in
Eq. ~3.2! are easily determined by substituting the foliatio
in Eq. ~2.1!. We find

L25R̃2r822t82

Nr5
R̃2ṙr82 ṫt8

L2
~4.1!

N5
R̃

L
~ ṫr82 ṙt8!.

The last of the equations above involves taking a square r
We must check that the positive square root taken leads
positive lapse function in all the regions of the space-tim
Call F512F/R whereF is the mass function and note th
R* 52A12F according to Eq.~2.1! with f 50.

Substituting the expression forN(t,r ) and Nr(t,r ) ob-
tained in Eqs.~4.1! into the expressions for the canonic
momenta in Eqs.~3.5!, one obtains the relation

LPL

R
5

1

R̃~ ṫr82t8ṙ !
@2Ṙ~R̃2r822t82!

1R8~R̃2ṙr82 ṫt8!#, ~4.2!
0-5
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CENALO VAZ, LOUIS WITTEN, AND T. P. SINGH PHYSICAL REVIEW D63 104020
which, after some algebra, can be used to obtaint8 in terms
of the canonical variables:

t852
LPL

RF 1
R8A12F

F . ~4.3!

Inserting this into the expression forL2 in Eqs.~4.1!, we find
that

L25
R82

F 2
L2PL

2

R2F , ~4.4!

which determinesF,

F5
R82

L2 2
PL

2

R2 , ~4.5!

and, throughF, recovers the mass function

F5RF11
PL

2

R2 2
R82

L2 G . ~4.6!

This is the relation used in the previous section when d
cussing the fall-off conditions at the center. It enables us
determine the mass functionlocally from the canonical data
Furthermore, once the dust proper time is fixed at some p
on the hypersurface, say at spatial infinity, Eq.~4.3!, which
determines the difference in dust proper times between
two points r 1 and r 2 on a spatial hypersurface, will dete
mine it at any point on the hypersurface. Note that at
horizon, whenF50, i.e.,

R8

L
5

PL

R
; ~4.7!

t8 continues to be well behaved, as expected.
It turns out that the functionsPF , defined by1

PF5
LPL

2RF , ~4.8!

and the mass function,F, form a conjugate pair of variables
Moreover, because neitherF nor PF depends onPR , they
have vanishing Poisson brackets withR. They also have van
ishing Poisson brackets witht andPt . Their Poisson brack-
ets withPR , however, do not vanish and one cannot direc
replace the pair (L,PL) with the more transparent variable
(F,PF) to form a new chart. Instead one asks if it is possi
to determine a new momentum,P̄R , conjugate toR and such
that the set (t,R,F,Pt ,P̄R ,PF) forms a canonical chart. We

1PF(r ) is the equivalent of Kucharˇ’s PM(r ), the momentum con-
jugate to the black hole mass function,M (r ). The parallel between
our construction for LTB metrics and Kucharˇ’s construction for the
Schwarzschild black hole, which inspired this work, is remarka
because the Schwarzschild metric@with a varying mass,M (r )# is
not diffeomorphic to the LTB metric in Eq.~2.1! exceptin the black
hole case, i.e. whenF52M5const andf 50.
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proceed by constructingP̄R in exactly the same way as Ku
chař did for the Schwarzschild black hole. Then we sho
that the transition to the new chart is indeed a canon
transformation by displaying its generator.

Kuchař @14# proposed that (R,F,P̄R ,PF) should form a
canonical chart whose coordinates are spatial scalars, w
momenta are scalar densities and which is such thatHr(r )
generates DiffR. This means that

Hr5t8Pt1R8PR2LPL85t8Pt1R8P̄R1F8PF'0.
~4.9!

Substituting the expressions derived earlier forF andPF into
the above one finds

P̄R5PR2
LPL

2R
2

LPL

2RF 2
D

RL2F ~4.10!

where D5(RR8)(LPL)82(RR8)8(LPL). We must now
show that the transformation

~t,R,L,Pt ,PR ,PL!→~t,R,F,Pt ,P̄R ,PF! ~4.11!

is a canonical transformation.
To do this we solve the set

pi~r !5(
j
E

0

`

dr8Pj~r 8!
dQj~r 8!

dqi~r !
1

dG
dqi~r !

05(
j
E

0

`

dr8Pj~r 8!
dQj~r 8!

dpi~r !
1

dG
dpi~r !

~4.12!

where (pi ,qi) and (Pi ,Qi) are respectively the old and th
new phase-space variables and whereG@qi ,pi # generates the
transformation. Because we knowF and PF in terms of
(R,L,PR ,PL), the four non-trivial equations, viz.

PL~r !5E
0

`

dr8PF~r 8!
dF~r 8!

dL~r !
1

dG
dL~r !

PR~r !5 P̄R~r !1E
0

`

dr8PF~r 8!
dF~r 8!

dR~r !
1

dG
dR~r !

05E
0

`

dr8PF~r 8!
dF~r 8!

dPL~r !
1

dG
dPL~r !

05E
0

`

dr8PF~r 8!
dF~r 8!

dPR~r !
1

dG
dPR~r !

,

~4.13!

can be solved forG, and P̄R can be recovered using th
second of the above equations. The last equation of E
~4.13! implies thatG is independent ofPR . The third equa-
tion in Eqs.~4.13! reads

dG
dPL

52
2PFPL

R
52

LPL
2

R2 FR82

L2 2
PL

2

R2G21

~4.14!

e
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and can be integrated to give

G5E
0

`

drFLPL2
1

2
RR8 lnURR81LPL

RR82LPL
UG1G2@R,L#

~4.15!

and the first equation ensures thatG2 is independent ofL. We
will take G2 to be independent also ofR and useG to deter-
mine P̄R from the second equation in Eqs.~4.13!. This gives
precisely Eq.~4.10!. Next, we verify that the transformatio
has not introduced fresh boundary terms by computing
difference between the old and the new Liouville forms:

E
0

`

dr@PRdR1PLdL2 P̄RdR2PFdF#

5E
0

`

drH dFLPL2
1

2
RR8 lnURR81LPL

RR82LPL
UG

1F1

2
RdR lnURR81LPL

RR82LPL
UG8J . ~4.16!

Kuchař @14# has shown that the fall-off conditions~3.7! at
infinity imply that

F1

2
RdR lnURR81LPL

RR82LPL
UG

r'`

'
LPLdR

R8
'O~r 2e!

~4.17!

and hence vanish at infinity. Again, asr→0, the fall-off
conditions in Eqs.~3.13! imply that R→R0(t)r n/3, dR
→dR0(t)r n/3, R8→R0(t)r n/321, L→L0(t)r n/321 and PL
→O(r 2n/3111e). We find that

F1

2
RdR lnURR81LPL

RR82LPL
UG

r'0

'
LPLdR

R8
'O~r n111e!

~4.18!

which therefore also vanishes at the origin. The functionaG
defined by Eq.~4.15! is well defined. The integrand is o
orderr 2(11e) at infinity and of orderr 4n/3111e at the origin,
avoiding divergences at both places.

There are~infinite! boundary terms at the horizon, whe
F50. It can be shown, however, that the contributions fro
the interior and the exterior cancel each other. In the sa
way, there will be contributions at the boundary between
interior of the star and its exterior or more generally at a
frontier between two LTB regions described by differe
mass functions. Again, if the mass function is continuo
across the boundary and the regions are consistently mat
by equating both the first and second fundamental for
then the contribution from one side will cancel the contrib
tion from the other.

In terms of the new variables, the action in Eqs.~3.3! can
be expressed as

S5E dtE
0

`

dr@Ptṫ1 P̄RṘ1PFḞ2NHg2NrHr
g#1S]S

~4.19!
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H52FF8F 21R81FPFP̄R

2L
G1PtA11

t82

L2

Hr5t8Pt1R8P̄R1F8PF ~4.20!

S]S52E
]S`

N1~ t !M 1~ t !.

Let us now re-express the boundary action in a more con
nient form. As Kucharˇ @14# has emphasized,N1(t) must be
treated as aprescribedfunction of t. This is to avoid the
conclusion that the total massM 1 as measured at infinity is
zero, which would follow from varying the lapse function
infinity. N1(t) must be chosen and, once chosen, held fix
The freedom in choosing this function can be combined w
the freedom we have of setting the dust proper time at in
ity to correspond to the parametrization clocks there. T
lapse function is the rate of change of the proper time w
the coordinate time at infinity, so it is natural to setN1(t)
5 ṫ1(t) and write the surface action as

S]S52E dt@M 1ṫ1#. ~4.21!

It is linear in the time derivative,ṫ1 , and defines a one-form
which can be re-written in terms of the mass function,F, as

2M 1dt152
1

2E0

`

dr~Fdt!8

52
1

2E0

`

dr@F8dt2t8dF1d~Ft8!#.

~4.22!

The first two terms on the right-hand side may be absor
into the Liouville form of the hypersurface action~they
modify the canonical momenta! and the last term is an exac
form which can be dropped. The action is thus expres
entirely as a hypersurface action. DefiningP̄t5Pt2F8/2
and P̄F5PF1t8/2, we have

S5E dtE
0

`

dr@ P̄tṫ1 P̄RṘ1 P̄FḞ2NHg2NrHr
g#

~4.23!

where the constraints in the new chart read

H52FF8F 21R81F~ P̄F2t8/2!P̄R

2L
G

1~ P̄t1F8/2!A11
t82

L2

Hr5t8P̄t1R8P̄R1F8P̄F . ~4.24!
0-7
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Finally, eliminating the momentumP̄F from the Hamiltonian
constraint by using the momentum constraint, we obtai
new and dynamical constraint which takes the place of
Hamiltonian constraint:

~ P̄t1F8/2!21FP̄R
22

F82

4F '0. ~4.25!

This is the simplified constraint referred to in the Introdu
tion. It takes the place of the Hamiltonian constraint in E
~4.24!. In the following section we quantize the constrain
and solve the Wheeler-DeWitt equation for arbitrary no
constant mass functions.

V. QUANTIZATION

From the dynamical constraint in the previous secti
one reads off the DeWitt supermetric,gab , on the configu-
ration spaceXa5(t,R):

gab5S 1 0

0 1/FD . ~5.1!

To quantize the system, the momenta must be turned
operators which act on the state functional. There is a s
dard procedure to do this, which follows a proposal due
Vilkovisky @22,23# and DeWitt@24#: exchange the classica
momenta for covariant functional derivatives:

P̂a52 i¹a52 i S d

dXa~r !
1GaD ~5.2!

where G is the connection belonging to the configurati
space metric,gab . Then defining

C@t,R,F#5expS 2
i

2E0

`

F8~r !t~r !dr D C̃@t,R,F#,

~5.3!

we see thatC̃ obeys the ‘‘Klein-Gordon’’ equation with a
potential,

Fgab¹a¹b1
F82

4F GC̃@X,F#50. ~5.4!

The metric in Eq.~5.1! is positive definite outside the hor
zon (F .0) and indefinite inside (F,0). The functional
equation is therefore elliptic outside the horizon and hyp
bolic inside. Furthermore, the configuration space is flat
this metric is brought to a manifestly flat form by the coo
dinate transformation

R* 5E dR

AuFu
. ~5.5!

In terms ofR* , the Wheeler-DeWitt equation reads

F d2

dt2 6
d2

dR
*
2 1

F82

4F GC̃@t,R,F#50 ~5.6!
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i
dC̃

dt
5ĥC̃56A7 P̂

*
2 1

F82

4FC̃@t,R,F#50, ~5.7!

where the negative sign within the square root refers to
region outside the horizon, the positive sign to the inter
and whereP̂* is conjugate toR* . Invariance under spatia
diffeomorphisms is enforced by the momentum constrain

Ft8
d

dt
1R

*
8

d

dR*
1F8

d

dF GC̃@t,R,F#50, ~5.8!

and, together, Eqs.~5.6! and~5.8! define the quantum theor
whose inner product is given by

^C1 ,C2&5E
R
*

(0)

`

dR* C1
†C25E

R
*

(0)

`

)
r

dR* ~r !C1
†C2

~5.9!

where R(0) represents the physical radius at the center
50. The inner product ensures the Hermiticity of the m
mentum,P̂* , conjugate toR* . The norm of a quantum stat
under this scalar product is formallyt independent provided
that ĥ defined in Eq.~5.7! is self-adjoint. However, this oc
curs only in the linear sub-space in which the opera
7 P̂

*
2 1F82/4F admits positive eigenvalues. WhenF850,

for example for the Schwarzschild black hole, this is true
all states with support only in the interior of the hole@25#.
Such states alone may be ascribed a probabilistic interpr
tion.

While specific models of stellar collapse must be analyz
individually, a solution for generalF(r )Þconst can be given
as follows. The momentum constraint requires the wa
functional to be a spatial scalar; therefore consider a solu
of the form

C̃@t,R,F#5expF1

2E0

`

drF8~r !W„t~r !,R~r !,F~r !…G
~5.10!

whereW(t,R,F) is an arbitrary~complex valued! function
of the coordinates~and not their derivatives! which is to be
determined. The integrand in the exponent is clearly a spa
density because, whilet(r ), R(r ) andF(r ) are spatial sca-
lars,F8(r ) is a density. It follows that the wave functional s
defined will obey the momentum constraint. Indeed, E
~5.8! simply requires thatW admit no explicit dependence o
r. It is well known that the Wheeler-DeWitt equation re
quires some regularization, involving as it does two fun
tional derivatives taken at the same point. We will follo
DeWitt @26# ~see also@27#! and require that the delta functio
vanish in coincidence limit, as does the coincidence limit
its derivatives to all orders; i.e., we letd(0)505d (n)(0) in
what follows @where the superscript~n! refers to thenth
spatial derivative of the delta function#. Then the dynamical
equation~5.6! reads
0-8
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F82

4 F S ]W
]t D 2

6S ]W
]R*

D 2

1
1

FGC̃50. ~5.11!

Let us chooseW to be of the formW52 i t1U(R,F). This
ansatz is motivated by the fact thatF8/2 actually represents
the radial mass-energy density within spherical shells. Ins
ing it into Eq. ~5.11! gives the following equations fo
U(R,F):

]U
]R*

56 iA F

R2F

W52 i t6 iAFE dRA R

R2F
~5.12!

outside the horizon (R.F) and

]U
]R*

56 iA F

F2R

W52 i t6 iAFE dRA R

F2R
~5.13!

inside (R,F). In both regions the equations are easily in
grated. They give

W52 i t62iAFFAR2AF tanh21AF

RG ~5.14!

outside and

W52 i t72iAFFAR2AF tanh21AR

FG ~5.15!
.

.

10402
rt-
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inside.
Any collapse model that approximates reality must

volve two or more regions of differing mass functions~the
simplest example would be a constant mass function re
senting the Schwarzschild exterior of a star matched to
other non-constant mass function representing the interio
the star!. In general the mass function must be continuo
but it may not necessarily be differentiable across the bou
ary between these regions. At such boundaries, the w
functional must be appropriately matched, i.e. required to
both continuous and differentiable. Specific models wh
exhibit some of the interesting classical features whose
rect understanding cannot be had without appealing to qu
tum gravity, as mentioned in the Introduction, will be d
scribed in a forthcoming publication.

We have shown that there exists a canonical chart an
gous to that used by Kucharˇ to describe the Schwarzschil
black hole and which describes the marginally bound c
lapse of inhomogeneous, pressureless dust. This chart en
several advantages over the original. For one, the proper
of the collapsing dust enters naturally and serves as a
variable in the Wheeler-DeWitt equation. Again, the ch
describes the collapse in terms of a more transparent
physically meaningful set of variables, yielding a dynamic
constraint that is greatly simplified and whose solution
have displayed over the entire class of models being con
ered.
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