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Toward a midisuperspace quantization of LeMatre-Tolman-Bondi collapse models
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LeMaltre-Tolman-Bondi models of spherical dust collapse have been used and continue to be used exten-
sively to study various stellar collapse scenarios. It is by now well known that these models lead to the
formation of black holes and naked singularities from regular initial data. The final outcome of the collapse,
particularly in the event of naked singularity formation, depends very heavily on quantum effects during the
final stages. These quantum effects cannot generally be treated semiclassically as quantum fluctuations of the
gravitational field are expected to dominate before the final state is reached. We present a canonical reduction
of LeMaitre-Tolman-Bondi space-times describing the marginally bound collapse of inhomogeneous dust, in
which the physical radiuR, the proper time of the collapsing dustand the mass functidf are the canonical
coordinateR(r), 7(r) andF(r) on the phase space. Dirac’s constraint quantization leads to a simple func-
tional (Wheeler-DeWitt equation. The equation is solved and the solution can be employed to study some of
the effects of quantum gravity during gravitational collapse with different initial conditions.
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[. INTRODUCTION sical naked singularity with a quantum field and examining
its quantum modes at null infinity one finds that the evapo-
In the standard treatment of Hawking radiatidd from ration of a naked singularity is qualitatively distinct from that
black holes, one begins with a black hole that is formed inof a black hole[3—6]. The radiation flux diverges as the
some classical model of gravitational collapse, surrounds th€auchy horizon{7-11] is approached and the spectrum of
hole by a quantum field and examines the propagation of thithe radiation is non-thermb,12], falling off as the inverse
field on the classical background provided by the hole. Thdrequency. Contrary to the case of an astrophysical black
quantum field behaves as a thermometer. The quantummole, the (divergeni flux should be observable and the
modes within the horizon are averaged over and one findanique spectrum should serve to distinguish objects under-
that the black hole radiates thermally leading to its “evapo-going this type of collapse from other celestial emitters.
ration.” The temperature that characterizes the evaporatiorlowever, a closer look at the semi-classical approximation
of a black hole is inversely proportional to its mass and thgust described reveals that the flux of radiation is essentially
radiation flux is inversely proportional to its mass squarenegligible (on the order of one Planck masstil about one
For an astrophysical black hole, the radiation flux and temPlanck time before the putative Cauchy horizon is reached
perature are therefore so small that the semi-classical api3]. The semi-classical approximation therefore signals a
proximation is expected to be an adequate description of thguantum instability of naked singularitigand therefore a
evaporation until the hole is roughly of Planck dimensions atmechanism for the cosmic cengbut its quantitative predic-
which point higher order quantum gravity effects will un- tions must be tested in a full quantizationaif the degrees
doubtedly become important. This means that the final statef freedom, including the gravitational field. When guantum
of the black hole will depend on quantum gravity. The blackgravitational effects are accounted for, does the flux continue
hole may evaporate completely or it may leave a remnant. Ifo diverge and the radiation spectrum continue unique? In-
it evaporates completely, it is important to understand whatleed, does the quantum theory serve as a cosmic censor and
happens to the information that was initially trapped withinare there significant observational consequences of collapse

its horizon. into naked singularities as the semi-classical approximation
Classical models of collapse also lead to the formation obuggests?
naked singularities for regular initial dafa]. One may then In a step toward answering these and other questions re-

ask if the quantum radiation from naked singularities is simi-garding the final stages of gravitational collapse Kudhd

lar to the radiation from black holes. By surrounding a clas-examined a midisuperspace quantization of the Schwarzs-
child black hole, presenting in the process a remarkable se-
ries of canonical transformations that greatly simplified the
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"Email address: witten@physics.uc.edu generalization of this work to spherically symmetric, margin-
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below that there is an analogous description of the gravitatwe have set @G =1=c) whereR is the physical radius. A
tional part of the action in terms of the “mass function,” the tilde represents a derivative with respecptand an asterisk
physical radius and their conjugate momenta. Furthermoregpresents a derivative with respect to the dust proper time
the coupling to dust introduces the proper time of the col-The functionsf(p) andF(p) are arbitrary functions only of
lapsing matter and its conjugate momentum. Thus time evop, interpreted respectively as the energy and mass functions.
lution appears naturally into the dynamical constraints. The energy density of the collapsing mattereis,p), and
The hypersurface action yields two constraints, viz. thethe negative sign in the third equation above is required to
Hamiltonian constraint and the momentum constraint, whichdescribe a collapsing cloud. Its general solution is given up
are given in terms of this canonical chart consisting of theto an arbitrary functiony(p) of the shell label coordinate.
mass,F[p(r)], contained within spherical shells of fixed This arbitrariness reflects only a freedom in our choice of
shell-label coordinatep(r), the physical radiusR(r), the units; i.e., at any given time, say, the functionR(7g,p)
dust proper time,7(r), and their conjugate momenta, can be chosen to be an arbitrary functionpof
Pe(r), Pgr(r) andP(r) respectively. Here is the radial The mass functionF(p), represents the weighted mass
label coordinate of a foliation of the space-time by spacelikqweighted by the factok/1+ f) contained within the matter
hypersurfaces. The momentum conjugate to the mass funghell labeled by. If a scaling is chosen so that the physical
tion, Pe(r), may be eliminated in the Hamiltonian constraint radius coincides with the shell label coordinagte,at 7=0,
using the momentum constraint. This leads to a new anghen it can be expressed in terms of the energy density at
simpler constraint that is able to take the place of the originak 0 according to
Hamiltonian constraint. Dirac’s constraint quantization then
yields a two dimensional Klein-Gordon-like functional equa-
tion with a potential term that depends on the mass function F(p):f €(0,p)p*dp, (2.2
and its derivative with respect to the label coordinatéhe

simplest possible scenario, in v_vhlch the mass function I$yhile the energy functiorf(p), can be expressed in terms of
constant throughout the space-time, the same for all shellﬁ1e initial velocity profile. (p) = R* (0,p), according to
describes the Schwarzschild black hole. The Schwarzschil y profiie.u{p ) 9

black hole will thus emerge as a special case of the general 1
class of models we .quant|ze belqw. . f(p)=v2(p)— _j €(0,0)p2dp. 2.3

In Sec. Il we review the classical collapse models being p
considered in this article and present the canonical formula-
tion for spherically symmetric space-times in Sec. lll, whereThe marginally bound models, which we will consider in this
we also discuss the fall-off conditions appropriate to thepaper, are defined bf(p)=0. For the scaling referred to
models and the resulting boundary terms. We reconstruct thebove, we must choosg(p) = p*? whence the solution of
mass and time from the canonical data in Sec. IV. This lead&q. (2.1) can be written as
naturally to new variables, viz. the mass, the dust proper
time, the physical radius and their conjugate momenta which 3
are introgucyed along with the generjat%r of the canonical R¥(7,p) = p- §VF(P)T- 2.4
transformation from the old to the new variables. We apply
Dirac’s q.uantization program tq the new constraint; in'SeCThe epoctR=0 describes a physical singularity, whose sin-
V, showing how the new variables lead to a S'mp“f'edgularity curve
Wheeler-DeWitt equation. We then present a solution for an

arbitrary, but non-constant mass function. 5,302
P
m(p)= : (2.9
Il. CLASSICAL MODELS 3VF(p)

The LeMatre-Tolman-Bondi modeld15] constitute a gives the proper time when successive shells meet the central
complete solution of the Einstein equations for a matter COnppysical singularity. Various models are obtained from
tinuum of inhomogeneous dust; i.e., they are solutions of th@ngices of the mass functiork(p). For example, the
spherically symmetric Einstein's field equation§,,=  gchwarzschild black hole is the marginally bound solution
—8wGT,,, with vanishing cosmological constant and with it F(p)=2M, a constant.
stress-energy describing inhomogeneous, pressureless dusta collapsing star does not have sharp boundaries. In the
given by T,,=eu,u,. The solution is the LTB metric, gimplest possible approximation to reality, it will consist of a
given in co-moving coordinates 4&6] dense core surrounded by a crust of lower density which,

itself, is encased in a cloud whose density will smoothly go
to zero with distance from the star's cenféi7]. Neverthe-
less, as an approximation, one could consider a sharp bound-
ary at some constant shell labgb,, with an exterior
Schwarzschild metric. One could also consider several re-
(2.1)  9ions described by different mass functions describing suc-
cessively lower matter densities as one moves out from the

R2
dSZIdTZ— mdpz— deQZ,

E
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p=at N IIl. CANONICAL DYNAMICS

Event Horizon

Cauchy Horizon

The line elementdo on a spherically symmetric three-
dimensional Riemann surface is completely characterized
by two functions,L(r) andR(r), of the radial label coordi-
nate,r, according to

Schwarzschild

Schwarzschild
do?=L2(r)dr?+R?(r)dQ? (3.1

Tolman Bondi "\

where () is the solid angle. Neithelt(r) nor R(r) can be
negative and we take them to be positive definite except
possibly at the centeR(r) represents the physical radius of
the point labeled by on the surface. It behaves as a scalar

" v under transformations af wheread (r) behaves as a scalar
) o density. The corresponding four dimensional line element
FIG. 1. Black hole(left) or naked singularityright). may be written in terms of two additional functions, the

lapse,N(t,r), and the shiftN'(t,r), as
center. The mass function as a whole would not be differen-
tiable at the boundary or boundaries, but we require it to be

continuous. , _ - _In this spherically symmetric space-time, we will consider
One can then examine outgqlng families of non-space.hkqhe Einstein-Dust system described by the action
geodesics and check if there exist congruences that terminate
in the past at the central singular[ty8]. If such congruences 1 .
exist, then the collapse leads to a naked singularity, and if S=- Ef d X\/__QR
they do not exist, then the collapse leads to a black hole. A
naked singularity may further be characterized as globally 1 .
naked or locally naked depending on whether the outgoing - Ef d4x\/—_ge(x)[gaﬁu UP+1] 33
geodesics succeed in reaching null infinity or not.
In general one finds that both black holes and naked sinwhereR is the scalar curvature. As is well known, the gravi-
gularities may develop as the end states of collapse, depentftional part of this action can be cast into the form
ing on initial data, i.e. on the initial density and velocity .
profiles of the collapsing dust. For example, in the margin- Sg:f dtJ dr[P_L+PrR—NHI—N'HI]+ S
ally bound self-similar collapse modét(p) =\p, wherex 0
= const, both outcomes described by the Penrose diagrams in (3.4
Fig. 1 are possible, depending on whether0.1809(black
hole) or A=<0.1809(naked singularity. It is in fact believed
by many that sets of initial data may evolve in general rela- R .
tivity toward either naked singularities or black holes inde- PL= N[—R+ N'R"]
pendently of the equation of state or the type of matter used.
Geometrodynamics views space-time as the dynamical 1
evolution of spatial hypersurfaces. When the collapse Pr= —[-LR-LR+(N'LR)']
evolves toward a black hole such spatial hypersurfaces exist, N
starting at infinity, crossing the horizon and continuingpto 3.5
=0 without encountering the central singularity. On. the €ON"and where the overdot and the prime refer respectively to
trary, when the collapse evolves toward a naked singularity

the spatial hypersurfaces in the future of the initial singular-partlal derivatives with respect to the label timeand coor-

ity cross the Cauchy horizon and collide with the centraldinate’r' The lapse, shift and phase-space variables are re-
y - y " ..._quired to be continuous functions of the label coordinates.
singularity. No sensible boundary conditions can be specmea g - )

. . 7 L he boundary actionS}s , is required to cancel unwanted
on a singularity and evolution in the future of the initial oundarv terms in the hvoersurface action. therebv ensurin
singularity is arbitrary. To avoid the consequent breakdow hat the % ersurface evig?ution is not frozel:l Itis dgterminedg
of predictability, Penrose proposed the cosmic cendof after fall—gf?conditions appropriate to the mc;dels under con-
which, as mentioned in the Introduction, is likely to be thesideration are s ecifiedpPl'hg super-Hamiltonian and super-
guantum theory itself and will come into pldyefore the P ) P P

Cauchy horizon has a chance to form. It is of particular in_momentum constraints are given by

ds?=N2dt?—L?(dr—N'dt)?>— R?dQ?2. (3.2

with the momenta conjugate toandR respectively given by

terest, therefore, to understand precisely how the system be- PP, LP2 L R?2 [RR\’
haves close to, but in the past of, the putative Cauchy hori- H9= | R_ _'5 +[_ 4 (_) }

zon. Spatial hypersurfaces in the past of the Cauchy horizon R 2R 2 2L L

are well defined and the quantum evolution of the system

may be studied until the time of its formation. HY=R'Pr—LP/. (3.6)
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We will assume that the chosen mass functiefyp), is such R’

that at infinity Kuchas fall-off conditions[14] are suitable =1t o(r*=h (3.10
and we will adopt them here. These conditions would be

applicable, for example, in models in which the collapsing,.q therefore

metric asymptotically approaches or is smoothly matched to

an exterior Schwarzschild background at some boundary, Pf
pp- They read F=F,p"=F,r"+O(r""e 1= E+O(rn/3+a—1)
L(t,r)=1+M (O)r 1+ 0>(r 179 (3.11
or

R(t,r)=r+0%(r ¢
2

P
PL(LN)=0"(r"9) Fo=go e O(r 2t end), (3.12
0
—_mor—1—€
Pr(t.,r)=0"(r ) The last equation can be satisfiedFif falls off faster than
r2"3 and a= 1+ 2n/3. Furthermore, requiring both terms in
the Liouville form to have the same behavior at the origin,
we choose the following conditions near=0 when n

N(t,r)=N,(1)+O%(r )

N'(t,1)=0%(r" ). B2 —{123:
Again, because the label radial coordinate] 0,0), we must R(r,t)=Ro(t)r"3+ O(r"3+e)
also consider the boundary conditionsrat0. Let the mass
function near the centepE0) have a series expansion of L(r,t)=Lo(t)rM3 14 O(rM3-1+¢)

the form
PL(r ,t) — O(an/3+l+5)

F(p)=Fot+Fip+Fpp?+---=> Fpp". (3.9 2n/3+
n PR(r,t):O(r n E)

If F,=0 V n>0 but F;>0, the solution describes a N(r,t)=No(t) + O(r¢)
Schwarzschild black hole of madsy/2. The marginally
bound, self-similar model mentioned in the previous section N(r,t)=O(r¢). (3.13

corresponds td-;=A>0 andF,=0 V n#1 or a density
profile that behaves ag0,0)~p % Thus7=0 is the singu-  The conditions(3.7) and (3.13 ensure that the Liouville
lar epoch for the self-similar model and this singular densityiorm js well behaved both at the origf©(r "*9)] as well

profile arises from a regular initial profile at somec0. as at infinity[©*(r~)]. The Hamiltonian and momentum

conditions at the center are concerned, two classes of models

arise, viz.n<3 andn>3. The considerations below are ap- HI=O(r"t1%e),  HI=O(r""1*e) (3.14

plicable to models witm=3, although conditions appropri-

ate to models witin>3 may likewise be given. Referring to g5 the origin is approached and

Eq. (24 we find that as p—0, R(7,p)=~Ry(7)p"?

+O(pn/3+k) and L(T,p)%LO(T)pn/C’;fl_’_O(pn/3fl+k)’ H9=(’)°°(r_2(1+6)), H?:Ow(r—(l+e)) (313

wherek>0. We will exclude the black holen=0) in the

following because in that case the space-time may be anasymptotically. Thus the total Hamiltonian and momentum

lytically continued tor = — o where the boundary conditions are well defined and the surface action is meaningful. The

given in Egs.(3.7) may be applied and no conditions fat  potential contributions to the surface action can be read off

=0 need be given. For a genuine collapse, the cases of inhe constraint equatior{8.6) by considering variations of the

terest are those with>0 around the central region. phase space variables. Applying the fall-off conditions at in-
Let us assume that, at the center,®) approach (,t) as finity, one finds that only one of these is non-vanishing and

p=r+0O(r%) (e>1) andr=1(t) + O(r%). Now, in the fol-  behaves as

lowing section we will show that the mass function is recov-

ered locally from the canonical data according to
dtN, (t)SM . (t). (3.1
2 9%
PL R'’?
F=R1+ e~ ?} 39 on the other hand, with the fall-off conditions in E48.13

asr—0, all the variations vanish at the origin. Therefore the
Again, with p=r+0O(r%) and r=f(t) + O(r®), it follows  only contribution to the boundary action comes from the
that surface term at infinity and we find
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tional does not depend on the frame varial€s Using this
Spz=— Jaz dtNL ()M ;. (1). (317 in Egs.(3.21) we see thaW,=0 and soU,=—17".
” Combining the results thus far obtained, we now give the
We will return to this surface action shortly. full form of the canonical description of the action in Egs.
Let us now turn to the dust portion of the action in Egs. (3.3 as

(3.3 .
Szfdtf dr[P,7+ P _L+PgR—NH—N"H, ]+ S%
sd=f d*xV=ge(x)[g,U U +1].  (3.18 0 (3.23

It has been exhaustively analyzed by Kuchad Torre[20]  with
and by Brown and Kuchd21]. It may be understood in two
ways: either as a consequence of imposing coordinate con- P Pgr LPE L R? [(RRY)’
ditions (the Gaussian conditionsr as a realistic material TR 2R? - 2 Z"’ L
medium. For the collapse problem it is a realistic material

medium and for the LTB models being considered it is non- 7'

rotating. Dust is described by eight space-time scalars, +tP: 1+f2'”0

e, 7, Z¥ and W,(ke{1,2,3}). The physical interpretation

of these variables which follows from an analysis of the py —.p 4 R'Pgr—LP/~0 (3.24

equations of motion was given in R¢21] and will be sum-
marized here for completeness.is the proper time mea- and
sured along particle flow lineg€* are the comoving coordi-
nates of the dust\/* are the spatial components of the four-
velocity in the dust frame, and is the dust proper energy Siz=— JﬁzxdtN+(t)M+(t) (3.29
density. All these scalars are assumed to be functions of the
space-time coordinates. In particular, the four variabs, for the boundary contribution.
=(7,Z¥), are independent functions, wf##o, and the
four-velocity of the dust particles may be defined by its de- IV. NEW VARIABLES
composition in the co—basEK, u 0y

The hypersurfaces we consider, from which E82) is

U,=—7,+WZ",. (3.19  constructed, must eventually be embedded in a space-time

described by the metric given in ER.1) with f=0. We
imagine that they are leaves of the foliatiarit,r) and
p(t,r). Then the functiond (t,r) and R(t,r) appearing in
Eq. (3.2 are easily determined by substituting the foliation
sdzf dtf dr[P,7+ P ZK—=NHI=N"H?], (3.20 in Eq.(2.2). We find

In the spherically symmetric geometry described by Eq
(3.2), the dust action may be cast into the form

L2:§2p72_ 7"2

where
LR2 ) r ”R'prr_:rq_r
PT:TE(H)[—UHFN U] N =T (4.1
Pk: _WkPT (32]) ﬁ

. . N=—(rp'—p1').
are the momenta conjugate to the dust proper time and the L( pi=pT)
frame variables respectively, and ) ) )
The last of the equations above involves taking a square root.

U; We must check that the positive square root taken leads to a
HI=P_ \/1+ 1z positive lapse function in all the regions of the space-time.
Call 7=1—F/R whereF is the mass function and note that
Hi= —u.p (3.22 R* = —\/1—- F according to Eq(2.1) with f=0.
r rT- "

Substituting the expression fa¥(t,r) and N'(t,r) ob-
This expression foH¢ is obtained by exploiting the fact that tained in Eqgs.(4.1) into the expressions for the canonical
e(t,r) is a Lagrange multiplier, and therefo@/se=0. Momenta in Eqs(3.5), one obtains the relation
When the dust is non-rotating Eq8.22 are further simpli-

fied by requiring that the dust motion be described with re- LP, _ 1 [—R(R%p'2—7'2)

spect to the frame orthogonal foliation. Then we may impose R R(mp’' —7'p) P

the additional constraint8,,=0 (when imposed on the state . )

functional these constraints simply mean that the state func- +R'(R%pp'—77)], (4.2
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which, after some algebra, can be used to obtaim terms
of the canonical variables:

LP, R'V1-F

RF ' F

==

4.3

Inserting this into the expression fbf in Egs.(4.1), we find
that

PHYSICAL REVIEW D63 104020

proceed by constructingg in exactly the same way as Ku-
char did for the Schwarzschild black hole. Then we show
that the transition to the new chart is indeed a canonical
transformation by displaying its generator.

Kuchar[14] proposed thatR,F,Pg,Pg) should form a
canonical chart whose coordinates are spatial scalars, whose
momenta are scalar densities and which is such khét)
generates DifRR. This means that

R'2 L2P}
L2=— — — - (4.4) H,=7'P,+R Pg—LP=7"P.+R'Pg+F'Pe=0.
F RF’ (4.9
which determinesF, Substituting the expressions derived earlierf@ndPr into
) the above one finds
R'2 P}
F=17 " Rre (4.5 _ LP, LP, A
Pr=Pr— 55 — - = (4.10
R 2R 2RF RL°F
and, throughZ, recovers the mass function
) where A=(RR')(LP)'—(RR)’(LP.). We must now
P[ R'2 show that the transformation
F=R l+$—?. (46)
(T,R,L,PT,PR,PL)H(T,R,F,PT,ER,PF) (4.11
This is the relation used in the previous section when dis-
cussing the fall-off conditions at the center. It enables us tds @ canonical transformation.
determine the mass functidacally from the canonical data. ~ T0 do this we solve the set
Furthermore, once the dust proper time is fixed at some point s
on the hypersurface, say at spatial infinity, E4.3), which pi(r) E f dr'Py(r’) oQ;(r ) g
determines the difference in dust proper times between any ' oq;(r) 5Qi(f)
two pointsr, andr, on a spatial hypersurface, will deter-
mine it at any point on the hypersurface. Note that at the 0= fwd o oQ;(r") 5G
horizon, whenF=0, i.e., <, r'Pi(r’) spi(r) " opi(r)
R P (4.12
L R’ 4D \where ©;,9;) and (P;,Q,) are respectively the old and the
_ new phase-space variables and whgre, ,p;] generates the
7' continues to be well behaved, as expected. transformation. Because we kno and Pg in terms of
It turns out that the functionBr, defined by (R,L,Pg,P), the four non-trivial equations, viz.
LP, o SF(r'") 6G
P = A= 48 = / " — _—
F oRF (4.8 P.(r) JO dr'Pe(r’) FRCIE

and the mass functioff,, form a conjugate pair of variables.

Moreover, because neith&r nor P depends orPg, they SF(r’ ) %G

PR(r>=FR<r>+f dr'Pe(r) SRy

have vanishing Poisson brackets wiRhThey also have van- 6R(r)
ishing Poisson brackets withandP .. Their Poisson brack-
ets withPg, however, do not vanish and one cannot directly J' drpo(r) o) oF(r’ ) 59
replace the pairl(,P,) with the more transparent variables F 6PL(r) ( )
(F,Pg) to form a new chart. Instead one asks if it is possible
to determine a new momentug, conjugate tdR and such 0= j‘”d 'p OF(r’ ) oG
that the set t,R,F,P,,Pr,Pg) forms a canonical chart. We 0 rPe(r’) 6P (r) SPR(r)’
(4.13

can be solved foig, and ER can be recovered using the

jugate to the black hole mass functiavi(r). The parallel between seconq Of, the abo‘{e _equatlons' The last equ,atlon of Egs.
our construction for LTB metrics and Kuchsuconstruction for the (,4'13 implies thatg is independent oPg. The third equa-
Schwarzschild black hole, which inspired this work, is remarkablelion in Eds.(4.13 reads

because the Schwarzschild metpigith a varying massM(r)] is 20 12 2

not diffeomorphic to the LTB metric in Eq2.1) excepiin the black ﬁ _ 2PeP, _ ﬂ R_ _ i
hole case, i.e. wheR =2M =const andf=0. P R R?| L? R®

IPL(r) is the equivalent of Kucha Py, (r), the momentum con-

-1
} (4.149

104020-6



TOWARD A MIDISUPERSPACE QUANTIZATION OF ... PHYSICAL REVIEW 63 104020

and can be integrated to give with
= 1 RR +LP, F'F IR + FPeP, 72
= — — / [ FI'R
g JO dr|LP_ 2RR In RR,_LPL}Jrgz[R,L] H:_{ 5 +P. 1+F
(4.195
H,=7'P,+R'Pg+F'P¢ (4.20

and the first equation ensures tigatis independent of. We
will take G, to be independent also & and usej to deter-
mine Pg from the second equation in Eqg.13. This gives Sz = _J N ()M, (1).
precisely Eq.(4.10. Next, we verify that the transformation T30

has not introduced fresh boundary terms by computing the

difference between the old and the new Liouville forms: ~ Let us now re-express the boundary action in a more conve-
nient form. As Kuchaf14] has emphasized , (t) must be

treated as grescribedfunction of t. This is to avoid the
conclusion that the total mad4, as measured at infinity is
zero, which would follow from varying the lapse function at

} infinity. N, (t) must be chosen and, once chosen, held fixed.

f dr[ProR+ P 8L —PrSR— P 6F]
0

RR +LP_
RR —LP, The freedom in choosing this function can be combined with
the freedom we have of setting the dust proper time at infin-

H ity to correspond to the parametrization clocks there. The

o 1
=f dr(é[LPL——RR’ In
0 2

1
=R6RIN

*132

(4.19 lapse function is the rate of change of the proper time with
the coordinate time at infinity, so it is natural to $¢f (t)

Kuchar[14] has shown that the fall-off condition8.7) at ::7'+(t) and write the surface action as

infinity imply that

1R5R|
E n

RR +LP,
RR —LP,

RR +LP, s&f—fdt[m'ﬂ]. (4.21)

RR —LP,

LP. SR B

~ =0
r=~o R .
(4.17) Itis linear in the time derivativer, , and defines a one-form

which can be re-written in terms of the mass functibnas
and hence vanish at infinity. Again, as-0, the fall-off na

conditions in Egs.(3.13 imply that R—Ry(t)r"3, R 1 (e
— SRy, R'—=Ry()r™ 1, L—Ly(t)r"* ! and P, —M+5T+:—§f dr(Fé7)’
—O(r?"3+1te) We find that 0

RR +LP,
RR—LP,

: %O(I’nJ’HG)

(4.18 (4.22

l 0
} _LPLeR :_Ef dr[F’ 67— 6F + 8(F )],
2 N 0
r=0

1
[—R&Rln

which therefore also vanishes at the origin. The functighal The first two terms on the right-hand side may be absorbed

defined by Eq.(4.195 is well defined. The integrand is of into the Liouville form of the hypersurface actiofthey

orderr ~ (2% at infinity and of order*"3*1*¢€ at the origin, modify the canonical momentand the last term is an exact

avoiding divergences at both places. form which can be dropped. The action is thus expressed
There are(infinite) boundary terms at the horizon, when entirely as a hypersurface action. Deﬁniﬁg: P,—F'/2

F=0. It can be shown, however, that the contributions fromand5F= Pe+7'/2, we have

the interior and the exterior cancel each other. In the same '

way, there will be contributions at the boundary between the o

interior of the star and its exterior or more generally at any S=j dtf dr[P,7+PgR+PF—NH9—N'HY]

frontier between two LTB regions described by different 0

mass functions. Again, if the mass function is continuous (4.23

across th_e boundary anq the regions are consistently match%l1ere the constraints in the new chart read

by equating both the first and second fundamental forms,

then the contribution from one side will cancel the contribu- ) s - =

tion from the other. H= F'F 'R+ A(Pe—1'12)Pg
In terms of the new variables, the action in E(&3) can 2L

be expressed as -

— T
+(PT+F,/2) 1+F

s=f dtfo dr[P,7+PgR+PrF—NHI—N'HI]+S,s
(4.19 H,=7'P,+R'Pg+F'Pg. (4.24
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Finally, eliminating the momentum; from the Hamiltonian  Of
constraint by using the momentum constraint, we obtain a

new and dynamical constraint which takes the place of the _
Hamiltonian constraint: |

3| 2,

s ~ F12~
=h¥==+ \/IPi%—ﬁ\If[r,R,F]:O, (5.7)
12

(ET+Ff/2)2+fE§_ —_~0. (4.25  where the negative sign within the square root refers to the
4F region outside the horizon, the positive sign to the interior

This is the simplified constraint referred to in the Introduc-and whereP, is conjugate t®R, . Invariance under spatial
tion. It takes the place of the Hamiltonian constraint in Eqgs diffeomorphisms is enforced by the momentum constraint,
(4.24). In the following section we quantize the constraints
and solve the Wheeler-DeWitt equation for arbitrary non-
constant mass functions.

) 8 )
T —+R, —+F'—

57 TR SR, 5F v[rR,F]=0, (5.8

V. QUANTIZATION and, together, Eq$5.6) and(5.8) define the quantum theory

) o ) ~whose inner product is given by
From the dynamical constraint in the previous section,

one reads off the DeWitt supermetrig,,, on the configu-

ration spacex®=(r,R): (Wl,‘Pz):fR (O)de‘I’I‘I’zz JR (O)H dR, (N¥]v,
* * r

1 0 (5.9

where R(0) represents the physical radius at the center,

To quantize the system, the momenta must be turned intgo' The inner product ensures the Hermiticity of the mo-

operators which act on the state functional. There is a staﬂ”ﬂentumP* , conjugate t@R, . The norm of a quantum state
dard procedure to do this, which follows a proposal due tg/nder this scalar product is formaltyindependent provided
Vilkovisky [22,23 and DeWitt[24]: exchange the classical thath defined in Eq(5.7) is self-adjoint. However, this oc-

momenta for covariant functional derivatives: curs only in the linear sub-space in which the operator
5 TP2+F'?/4F admits positive eigenvalues. WheéH =0,

P,=—iV,= _i(T+ra) (5.2  for example for the Schwarzschild black hole, this is true of
OXA(r) all states with support only in the interior of the hdR5).

Such states alone may be ascribed a probabilistic interpreta
tion.
While specific models of stellar collapse must be analyzed
i e _ individually, a solution for generdt(r) # const can be given
Y[ 7,RF]= ex;{ - Ef F’(r)r(r)dr) Y[ 7,R,F], as follows. The momentum constraint requires the wave
0 functional to be a spatial scalar; therefore consider a solution
(5.3 of the form

whereI" is the connection belonging to the configuration
space metricy,,. Then defining

we see that? obeys the “Klein-Gordon” equation with a

~ 1 (>
potential, W[r,R,F]=eX{§fo drF’(r)W(r(r),R(r),F(r))}
. F12 - (51@
[’y VaVb+ E}W[X,F]ZO (54)

where W(7,R,F) is an arbitrary(complex valued function
The metric in Eq.(5.1) is positive definite outside the hori- ©Of the coordinategand not their derivativgswhich is to be
zon (F>0) and indefinite inside X<0). The functional determined. The integrand in the exponent is clearly a spatial
equation is therefore elliptic outside the horizon and hyper-dens't}’ because, while(r), R(r) andF(r) are spatial sca-
bolic inside. Furthermore, the configuration space is flat and@'s:F'(r) is a density. It follows that the wave functional so

this metric is brought to a manifestly flat form by the coor- d€fined will obey the momentum constraint. Indeed, Eg.
dinate transformation (5.8 simply requires thaxV admit no explicit dependence on

r. It is well known that the Wheeler-DeWitt equation re-
dRrR quires some regularization, involving as it does two func-
R, = f —_— (5.5 tional derivatives taken at the same point. We will follow
Jﬁ DeWitt[26] (see als¢27]) and require that the delta function
vanish in coincidence limit, as does the coincidence limit of
its derivatives to all orders; i.e., we 16{0)=0=5(0) in
what follows [where the superscripin) refers to thenth
\Tf[r,R,F]=0 (5.6) spatial derivative of the delta functi@rnThen the dynamical
equation(5.6) reads

In terms ofR, , the Wheeler-DeWitt equation reads
52 52 F 12
+ +—
672 SRZ T AF
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EREE

F/Z
4 [\or) TR, T F

4

Let us chooséV to be of the formW= —ir+U(R,F). This

(5.1))

PHYSICAL REVIEW 63 104020

inside.

Any collapse model that approximates reality must in-
volve two or more regions of differing mass functiofiee
simplest example would be a constant mass function repre-

ansatz is motivated by the fact that/2 actually represents senting the Schwarzschild exterior of a star matched to an-
the radial mass-energy density within spherical shells. Insertather non-constant mass function representing the interior of
ing it into Eq. (5.11) gives the following equations for the sta). In general the mass function must be continuous

URF):
ou . F
== —
iR, R—F
o enie oy
W=—itxi ﬁ

(5.12
outside the horizonR>F) and
au | F
=*i\/——=
IR, F-R
=—ir+iF N R
W=—irtxi FJdR ﬁ
(5.13

W= —ir+2i JE[ JR— \/Etanh‘l\/a (5.14

outside and

W=—ir%2i JE[ JR— \/Etanh‘l\/g (5.15

but it may not necessarily be differentiable across the bound-
ary between these regions. At such boundaries, the wave
functional must be appropriately matched, i.e. required to be
both continuous and differentiable. Specific models which
exhibit some of the interesting classical features whose cor-
rect understanding cannot be had without appealing to quan-
tum gravity, as mentioned in the Introduction, will be de-
scribed in a forthcoming publication.

We have shown that there exists a canonical chart analo-
gous to that used by Kuchao describe the Schwarzschild
black hole and which describes the marginally bound col-
lapse of inhomogeneous, pressureless dust. This chart enjoys
several advantages over the original. For one, the proper time
of the collapsing dust enters naturally and serves as a time
variable in the Wheeler-DeWitt equation. Again, the chart
describes the collapse in terms of a more transparent and
physically meaningful set of variables, yielding a dynamical
constraint that is greatly simplified and whose solution we

inside (R<F). In both regions the equations are easily inte-have displayed over the entire class of models being consid-
grated. They give

ered.
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