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Nonperturbative dynamics for abstract (p,q) string networks
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We describe abstracp(q) string networks which are the string networks of Sen without the information
about their embedding in a background spacetime. The non-perturbative dynamical formulation invented for
spin networks, in terms of causal evolution of dual triangulations, is applied on them. The formal transition
amplitudes are sums over discrete causal histories that evoJug $tring networks. The dynamics depend on
two free SL(2,Z) invariant functions which describe the amplitudes for the local evolution moves.
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PACS numbe(s): 04.60.Ds

I. INTRODUCTION a background manifold. I117,9,8 we have studied this
problem for non-embedded extensions of spin-networks.
In a very interesting papéd], Sen introduces the notion This led to the introduction of a general theory with two
of a network of @,q) strings and hypothesizes that they basic features(l) The spin networks are extended to 2-
might play a role in a non-perturbative formulation of string dimensional labeled surfaces and the space of states is con-
theory analogous to the rol8U(2) spin networks play in structed algebraically2) Dynamics is expressed in terms of
non-perturbative quantum general relatii;3]. These are local moves that generate histories as combinatorial struc-
composed of |§,q) strings that meet at trivalent vertices in- tures which share several of the properties of Lorentzian
troduced by Schwarz4] and shown to be Bogomol'nyi- spacetimes including causal structure and many-fingered
Prasad-SommerfielBP9 states in5]. This suggestion has time.
been explored in several recent pagérd]. In this note we As shown by Schwarf4] and elaborated for networks by
take up Sen’s suggestion and show that thg) string net-  Krogh and Le€[6], (p,q) strings can be understood as la-
works fit naturally into a class of generalizations of spinbeled 2-dimensional surfaces. This leads directly to the ap-
networks that have been studied as possible non-perturbatiyaication of the dynamical formulation introduced[i,9] to
quantum theories of gravity8]. The dynamics of spin net- string networks.
works that one of us suggested 8] may be applied directly We must emphasize that we have not yet shown whether
to (p,q) string networks to yield a formal non-perturbative the dynamics we propose has any connection with the dy-
background independent formulation of their dynamics. Thignamics of @,q) string networks embedded in background
formulation is in turn closely related to path integral formu- manifolds. The dynamics in the form proposed here is speci-
lations of non-perturbative quantum gravity based on deforfied by two freeSL(2,Z) invariant functions. In the future,
mations of topological quantum field theorig0—15. these may be determined by the condition that they match
Penrose originally invented spin networks to provide athe dynamics predicted b theory, but this has not yet
simple realization of the idea that the quantum geometry obeen done.
spacetime must be discrete and based only on algebra and In the next section we introduce the abstraziq) string
combinatorics, with all continuum notions arising in the con-networks, which obey the combinatorics of the,q) net-
tinuum limit [16]. As introduced by Sen ifiL], (p,q) string  works of Sen[1] but are not embedded in any background
networks depend on an embedding in a flat background (®nanifold. In Sec. Ill we describe non-perturbative dynamics
+1)-dimensional spacetime. However if they are to serve afor these abstractp(q) networks.
the basis of a non-perturbative formulation of string theory
the (p,q) string networks_should be remove_d from this con- IIl. ABSTRACT (p,q) STRING NETWORKS
text and postulated to exist as background independent com-
binatorial entities from which the continuum description isto  Spin networks(and their extensions to general quantum
be derived as a suitable approximation. The possibility ofgroupsg can be understood in the general framework first
this is suggested by the striking fact that, just as in Penrose'developed for conformal field theory and topological field
original formulation[16], angles for the embedding of the theory[19-21 in which states associated to various mani-
(p.q) string network in flat space are derived purely fromfolds are constructed from algebraic operations. It is easy to
the combinatorics of the netwoflk]. see that §,q) string networks can be formulated in the same
This raises the question of how the dynamics and obsenframework.
able algebra of the theory are to be defined in the absence of We consider setq(p;,q;)} consisting ofn relatively
prime pairs of integers. Each pair may be visualized as the
first homology classes of B as in[6], but the only role this
*Email address: fotini@phys.psu.edu will play in the abstract formalism is that the torus parameter
"Email address: smolin@phys.psu.edu 7 may come into th&L(2,2) invariant functions that specify
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FIG. 1. The representation of the produt} as a three string |G, 2. A genus 4 surface cut into six trinioB§ by circlesc,, .
vertex.

1] are non-degenerate because the strings are straight lines
n flat spacetime. We will thus restrict ourselves to the con-
sideration of non-degenerate abstract string networks.

To the set of non-degenerate abstragiq) string net-
works we associate a Hilbert spake>™ constructed as fol-
lows. Given each surfacgwith its circlesc,, there is a space

(P1,01)®(P2,d2) = (P1+ P2,d1+d2) =r(P3,ds) —(P3,03) Vfa spanned by a basis of stafic,;(p,d).). We choose
(1)  the inner product|) so that these are orthonorn{d]. We

the dynamics. We may note that the relatively prime pair
(p,q) also label the rational numbers or, alternatively, the
projective representations of the maps of the circle to ifself.
As a result, there is a natural multiplication defined on them
which is

o ) then define
wherer, a positive integer, is the greatest common factor of
p;:+p, andq;+q,. Associativity follows from the unique- HSN= g VS @)
ness of prime factorization. Ca

The basic idea of a categorical construction of a topologi-
cal quantum field theoryTQFT) or conformal field theory ~Where the sum is over all labeled surfacebd,).?
[19-21 is that sets of labels, which are representations of What distinguishes theories of the type we are about to
some algebra, are mapped to manifolds such that the produgtopose from 3-d topological quantum field theory is that
is represented by cobordisms. In this case we will associat#iere are operators which act " to change the topology
the sets{(p;,q;)} to sets of circles so that the algebra they Of the surfaces.
generate is mapped to cobordisms of two manifolds. The For example, consideY! and Y to be two open i6,q)
product (1) is symbolized by a trinion, or 3-punctured String nets, each with, free punctures, with labelp(q),,
sphere, with an objectp(q) associated with each incoming k=1,...p. ThusY* and Y? have the same boundary, but
puncture and { p,—q) associated with the one outgoing are otherwise different. There is then an operal@t y2
puncture as in Fig. 1. When#0 we say there exists a mor- Which acts on each state in the basisc,, ;(p.q),) by look-
phism from ©;,0;) ® (p»,d5) to (ps,0s). The productl) is ing for components ofS, (p,q),) which are isomorphic to
thus the algebraic counterpart of the three string vertex(Y',(p,q)y), and replaces it by a different 2-surface
which when the strings are represented as tubes becomes t06% (p,d),), which hasthe same boundarybut otherwise
trinion. Under reversal of orientation of a puncture we re-differs.
quire (p,q)—(—p,—q). Taking all the orientations consis-  Now, there may be more than one places#\(p,q).)
tently a trinion is labeled by three relatively prime pairs where(Y?,(p,q),) is recognized as a subset. There are then
(pi ;) such that, several maps

3 3
— _ r :(Ylv(piq)k)_)(s!(pvq)a)' (4)
izlpi_izl qi=0. 2

For eachl the mapr, picks out a set oh non-intersecting

A trinion with labels @; ,q;) satisfying Eq(2) will be called  circlesc}, k=1,...n in S. Cutting S on these circles de-
a good trinion. composes it into the two piecegY!) and(S—r,(Y?1)). We
An abstract p,q) string network is then described by a may then sewY? onto (S—r,(Y?)) along the circlescL as
compact surfaces with m punctures constructed from sew- they are also identical with the set of puncturesYdf We

ing good trinions together along the punctures, as shown iPnay call this staté(S—r,(Y1))UY?) with the dependence

Fig. 2. The resultis a surfacgwith a set of circle, which  on the circles and labelings understood. The opei@ary 2
decompose it into a set of good trinions, with labetsd), s then defined by

on the punctureg, of the trinions. A closed (§,q) string
network is one without free punctures.

A non-degenerate string network will be one that has a
trinion decomposition in which no two trinions meet on more
than one circle. We may note that the string networks of Se

2All of this can be expressed compactly by saying that there is a
I]‘]unctor from the cobordism categoBob whose objects are sets of
circles and whose morphisms are two manifolds with boundary to
the category of relatively prime pairs of integers with the product
(1). The general formulation of this kind of correspondence is de-
We thank Louis Crane for this observation. scribed in[20,19,21.
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FIG. 3. A local substitution move.
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A slightly more complicated definition can be made wkn FIG. 5. The (2+1) dimensional Pachner moves.

is not compact. An example of such a substitution move IS, 2usal spacetime histories of spin netwof@ (and in the

given in Fig. 3. These operators are local as they only changELlCIidean case they can be found [ihl,14). Let us use

chal pIeCces of a string network Wh'Ch. are isomorphic to 8them here to write down a formal path-integral evolution for
given piece. We now show that a particular set of such op-

. apstract p,q) networks.
?Fr)a;c))rztrr?r?g r?gt\?vf)?gsto formulate the dynamics of the abStraC{.)The Pf_;lchner moves are transitions from an init@lq)
' ' triangulation?Z; to a final oneZ;. They are labelled tetrahe-
dra having the triangles & and7; as their boundaries. The
lIl. DYNAMICS different moves are the different ways of gluing a tetrahe-
dron onn connected triangles df; and get 4-n connected

Following th I f I luti f spin_ . . ;
ollowing the proposal made for causal evolution o Splntnangles in7;, n=<3. The new edges which are created by

networks in[9] we may give a general form for dynamics of th t be labeled stently with . h
(p,q) string networks that is locally causal. We note that in e move must be labeled consistently with EL).given the

a background independent formalism the notion of Iocalitylab'alings of the remaining edges. Seg Fig. 5. faj net
must be based on the states themselves. works, these moves are particularly simple. The 3 move

For the 2+1 case it is actually more convenient to de- is always possible. The inverse:3L requires that there are

scribe the dynamics in the dual picty@&. An abstract triva- three tnanglgs ity afo“'."d a single vertex, as in Fg. 5. A
lent string network S, j,) may be equivalently described by 2_—>2 move is only possible when labels of the four external
a labeled triangulatior; (see Fig. 4 in which the sides of sides gdd up t0 (0,0). .
the triangles carry thep(q) labels and the conditiof2) is By iterating the moves one constructs a sequence of_strlng
satisfied by the threep(q) pairs around each triangle. If the nit_wr(])rlks FIO’Fll’ 't.' ‘:{]Fi.}'.t. Al\sd '? generalt relativity Itr']
string network is closed, the corresponding triangulated suri/e Oﬁa evolution of initia h'a a geAr\wlera €s a space |r|ne,
face is compact. We may also note that non-degeneracy y such sequence generatesisiory. Also as in genera
the string network implies that the triangulation is non- relativity, a given history may be gener.at'ed many ways by
degenerate in the sense that no two triangles share more th 6}{' E\/t(|)|utI0nfl’HOVES. For this reason it is best to define it
one edge. The issue of the evolution of a network is now? sArﬁp Y, aj\/lobows. initial stri R d
translated to the evolution of a 2-dimensional triangulation._ Istory etween an initial string network, and a
Now, the generatindocal evolution moves from a non- final string networl’; is then a three dimensional simplicial

degenerate 2-dimensional triangulation to another one, Whic&omplex consisting ofN tetrahedrar such that dM
leave invariant the topology of the triangulated surface, are- L oYl (where we identify the string net with its dual
the Pachner moves[22], which were defined originally for tfiangulation. Each edge of\1 is labeled by a pair g,q)

PL manifolds. These have already been used to describé”Ch that the condition&) are satisfied on every face. The
faces of each history make up a causaf et is defined as

follows. The faces of each tetrahedra are divided into a past
- = v setP and a future setF so that for two faced, P and

f,e F of the same tetrahedron we hafe<f, (where <

indicates the partial orderingWe then extend this to all

faces inM so thatf,<f, if there is a sequence offacesf;

such thatf;<f; . ; within some tetrahedron. Thus each his-

tory has a discrete causal structure.

3A causal set is a partially ordered set, where the order relation
stands for causality, which has no closed causal loops. The formu-
lation of discrete quantum theories of gravity with such causal
structures has been studied by Sorkin and collaborff3isand 't
FIG. 4. Triangulations dual to trivalent networks. Hooft [24].
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(Pn,4n) of one Pachner move, in which case it is equal to the corre-

(P1ay (%) . :
(Ppay (Pyay v P sponding amplltUdeATl[T1(pi ,di)i]-
Py P4 190 (P 45+n) The result of the actiofl|7;) is then the linear combina-
— tion of the states reached by the possible Pachner moves
) from |7;) each multiplied by the corresponding amplitude
? (533 Az [7.(pi ,q):1.% Given7; and7T; then, the transition ampli-
tude between the two is
(Ppap (Pya (Pray) (P399
Az_z=(T|e"|Ty). (7)

(Psaq —_— (-9

Expansion of(7) gives the amplitude as a sum over histories
(0,1 M. tis a formal parameter which scales the amplitudes and
(Pr92 (g (x4 * has no interpretation as a physical tini@ne measure of
physical time is the numbel, of tetrahedra in each history,
as this is related, in the continuum limit, to an integral of a

Given the causal structure of a histoky there is a natu- positive function over the. spacetime h.iStOrWe note that
formally the evolution defined by E@7) is unitary.

ral definition of a spacelike surface. A discrete spacelike sur- ) .
b P We do not know anything more about the choices of the

face,A, is a collection of triangles itM without 2 boundary ) ) : . . :
and with no two triangles causally related. Because thé"lmplm"des' It is possible _that (_:0n5|ste_ncy with perturbaﬂve
causal structure is local, each histok can be foliated in string theorz{)plus’SL(Z,Z) invariance will constrain or de-
many different ways into sequences of spacelike surface';eermme.the .Alternat.ely, one may try to_s_earch the.space
[abstract p,q) networkd, 7;,A A 7. If a his of amplitudes for choices that lead to critical behavior, re-
y y B~ I EEEEE] . - . . . . . .

tory was generated by a selqueribenf string networks each §ult|ng in a continuum I|m|t. The appropriate critical behav-
of these is a spacelike slice, but the histarythey construct ior should be related to directed percolation, for reasons ex-

will have many spacelike slices not in the l{§t;}. Thus, the plained i.n [17]‘. There i_s also a result. that suggests that
theory has a discrete analogue of the multi-lfingered, time o erturbative string theories may be derived from the pertur-

- ation theory of theories of the kind we have considered
general relativity. here, in the case that they have a good continuum [ibd
To each tetrahedrom in M we can associate an ampli- ' y 9 ’

tude, which is the amplitude for a local transition between
two string networks. The amplitudeATl[r,(pi,qi)d will

then depend on the labels of the edges of that tetrahedron. To What we have described here is a proposal for a formal
be consistent with string theory it should be soBig2,72) path integral evolution of abstracp(q) networks based on
invariant function of the the string theory parameteand two steps. The first is the construction of a space of states
the (p,q) integers on its faces. There will also be in general SN composed of abstract graphs with the same labels and
different amplitudes for different causal structures on the tetcombinatorics as a large class of BPS states which are net-
rahedron[,, this is indicated by the dependenceTrinthe  works of (p,q) strings embedded in (91)-dimensional

FIG. 6. The allowed Pachner moves fqr,{) string networks.

IV. CONCLUSION

form of the amplitudeﬁlTl[r,(pi )] Minkowski space. This fits into the categorical framework
If the history M containsN tetrahedraT, , the amplitude Pehind much recent work in non-perturbative quantum grav-
for M is local when it is the product ity and topological field theory. The second step is a proposal
for the dynamics of the theory based on a set of local moves.
N The exact dynamics of the theory is not prescribed, but its
AMI=]1 Az [7.(pi g ] (6)  choice reduces to the specification of t8&(2,Z) invariant
=1 functions.
For the 1-3 Pachner moveA;_3[ 7,p;,d;] must be an
SL(2,2) invariant function of the parameter the three in- ACKNOWLEDGMENTS
coming labels §p; ,q;), i=1,2,3, symmetric in the, and an We are grateful to Shyamoli Chaudhuri and Djordje

internal pair 0,95 that runs around the internal loop, sub- \inic for conversations about this work and its possible con-
ject to Eq.(2). (See Fig. 6. The amplitude for the inverse pection to string theory, to Louis Crane for helpful informa-
3—1 moves is by Hermiticity the complex conjugate of the tjon and to Sameer Gupta and Ashoke Sen for pointing out a
1—-3 moves. For the 22 move the amplitude jjy mistake in the first draft of this paper. This work was
Az_o[ 7,pi,q;] is a real function ofr and the four external ~ gypported by NSF grant PHY-9514240 to The Pennsylvania
edges p;,q;), subject to the constraint that! ,(p;,q)  State University and a NASA grant to the Santa Fe Institute.
=(0,0). (See Fig. 6. An invariant choice ofd;_,3[ 7,p; ,q;]

and A,_ [ 7,p;,q;] defines a non-perturbativep(q) net-

work theory. Using the operators of the last section, a Her- “For the details of this construction in the general case[8ke

.y " SN .
mitian operatorH on H>" can be defined8] such that  swe thank Shyamoli Chaudhuri and Djordje Minic for conversa-
(T?|H|T?) vanishes unlesg? differs from 7% by the action  tions about this.

084033-4



NONPERTURBATIVE DYNAMICS FOR ABSTRACT 6,q) ... PHYSICAL REVIEW D 58 084033

[1] A. Sen, J. High Energy Phy83, 005(1998. tin (Cambridge University Press, Cambridge, England, 1971

[2] C. Rovelli and L. Smolin, Phys. Rev. B2, 5743(1995. in Advances in Twistor Thegrgdited by L. P. Hughston and

[3] C. Rovelli and L. Smolin, Nucl. PhysB442 593 (1995; R. S. Ward(Pitman, New York, 1979 p. 301; inCombinato-
B456, 734(1995. rial Mathematics and its Applicatigredited by D. J. A. Welsh

[4] J. H. Schwarz, Nucl. Phys. BProc. Supp). 55B, 1 (1997). (Academic, New York, 1971 “Theory of quantized direc-

[5] K. Dasgupta and S. Mukhi, Phys. Lett.223 261 (1998. tions” (unpublishedl

[6] M. Krogh and S. Lee, Nucl. Phy&516 241 (1998. [17] F. Markopoulou and L. Smolin, Nucl. PhyB508 409(1997).

[7] S.-J. Rey and J.-T. Yee, “BPS dynamics of tripjg §) string
junction,” hep-th/9711202.

[8] F. Markopoulou and L. Smolin, this issue, Phys. Revo®)
084032(1998.

[9] F. Markopoulou, “Dual formulation of spin network evolu-
tion,” CCPG Report(1997, gr-qc/9704013.

[10] M. Reisenberger, “A lattice worldsheet sum for 4-d Euclidean

general relativity,” gr-qc/9711052. bridge, E‘rllgland, 1990. -,
[11] M. Reisenberger and C. Rovelli, Phys. Rev. 3B, 3490 [21] J. Baez, “An Introduction to n-Categories,” g-alg/9705009.
(1997). [22] V. Pachner, Europ. J. CombinatoriBd2, 129 (199J.

[23] L. Bombelli, J. Lee, D. Meyer, and R. D. Sorkin, Phys. Rev.

[18] L. Smolin, “Strings from perturbations of causally evolving
spin networks,” Report, 1997.

[19] G. Segal, “Conformal field theory oxford,” Repo(i988.

[20] M. Atiyah, Topological quantum field thegryPubl. Math.
IHES 68 175 (1989; The Geometry and Physics of Knots
edited by Lezion LincedCambridge University Press, Cam-

[12] L. Crane, “A Proposal for the Quantum Theory of Gravity,”

gr-qc/9704057. Lett. 59, 521 (1987).
[13] J. Barrett and L. Crane, J. Math. Phyag, 3296 (1998; L. [24] G. 't Hooft, Cargse Summer School Lectures, Casge1978,
Crane, “On the interpretation of relativistic spin networks and published in‘Recent Developments in Gravitationgdited by
the balanced state sum,” gr-qc/9710108. M. Lévy and S. DesefPlenum, New York, 1979 p. 323;
[14] J. Baez, Class. Quantum Grahb, 1827(1998. Lectures held at the NATO Advanced Study Institute on
[15] A. Barbieri, Nucl. PhysB518 719(1998. “Quantum Fields and Quantum Space Time,” Cage1996,
[16] R Penrose, iQuantum Theory and Beyonedited by T. Bas- gr-qc/9608037; J. Mod. Phy4&1, 4623(1996.

084033-5



