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Nonperturbative dynamics for abstract „p,q… string networks
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We describe abstract (p,q) string networks which are the string networks of Sen without the information
about their embedding in a background spacetime. The non-perturbative dynamical formulation invented for
spin networks, in terms of causal evolution of dual triangulations, is applied on them. The formal transition
amplitudes are sums over discrete causal histories that evolve (p,q) string networks. The dynamics depend on
two free SL(2,Z) invariant functions which describe the amplitudes for the local evolution moves.
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I. INTRODUCTION

In a very interesting paper@1#, Sen introduces the notio
of a network of (p,q) strings and hypothesizes that the
might play a role in a non-perturbative formulation of strin
theory analogous to the roleSU(2) spin networks play in
non-perturbative quantum general relativity@2,3#. These are
composed of (p,q) strings that meet at trivalent vertices in
troduced by Schwarz@4# and shown to be Bogomol’nyi
Prasad-Sommerfield~BPS! states in@5#. This suggestion has
been explored in several recent papers@6,7#. In this note we
take up Sen’s suggestion and show that the (p,q) string net-
works fit naturally into a class of generalizations of sp
networks that have been studied as possible non-perturb
quantum theories of gravity@8#. The dynamics of spin net
works that one of us suggested in@9# may be applied directly
to (p,q) string networks to yield a formal non-perturbativ
background independent formulation of their dynamics. T
formulation is in turn closely related to path integral form
lations of non-perturbative quantum gravity based on de
mations of topological quantum field theories@10–15#.

Penrose originally invented spin networks to provide
simple realization of the idea that the quantum geometry
spacetime must be discrete and based only on algebra
combinatorics, with all continuum notions arising in the co
tinuum limit @16#. As introduced by Sen in@1#, (p,q) string
networks depend on an embedding in a flat background
11)-dimensional spacetime. However if they are to serve
the basis of a non-perturbative formulation of string theo
the (p,q) string networks should be removed from this co
text and postulated to exist as background independent c
binatorial entities from which the continuum description is
be derived as a suitable approximation. The possibility
this is suggested by the striking fact that, just as in Penro
original formulation@16#, angles for the embedding of th
(p,q) string network in flat space are derived purely fro
the combinatorics of the network@1#.

This raises the question of how the dynamics and obs
able algebra of the theory are to be defined in the absenc
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a background manifold. In@17,9,8# we have studied this
problem for non-embedded extensions of spin-networ
This led to the introduction of a general theory with tw
basic features:~1! The spin networks are extended to
dimensional labeled surfaces and the space of states is
structed algebraically.~2! Dynamics is expressed in terms o
local moves that generate histories as combinatorial st
tures which share several of the properties of Lorentz
spacetimes including causal structure and many-finge
time.

As shown by Schwarz@4# and elaborated for networks b
Krogh and Lee@6#, (p,q) strings can be understood as l
beled 2-dimensional surfaces. This leads directly to the
plication of the dynamical formulation introduced in@8,9# to
string networks.

We must emphasize that we have not yet shown whe
the dynamics we propose has any connection with the
namics of (p,q) string networks embedded in backgroun
manifolds. The dynamics in the form proposed here is sp
fied by two freeSL(2,Z) invariant functions. In the future
these may be determined by the condition that they ma
the dynamics predicted byM theory, but this has not ye
been done.

In the next section we introduce the abstract (p,q) string
networks, which obey the combinatorics of the (p,q) net-
works of Sen@1# but are not embedded in any backgrou
manifold. In Sec. III we describe non-perturbative dynam
for these abstract (p,q) networks.

II. ABSTRACT „p,q… STRING NETWORKS

Spin networks~and their extensions to general quantu
groups! can be understood in the general framework fi
developed for conformal field theory and topological fie
theory @19–21# in which states associated to various ma
folds are constructed from algebraic operations. It is eas
see that (p,q) string networks can be formulated in the sam
framework.

We consider sets$(pi ,qi)% consisting of n relatively
prime pairs of integers. Each pair may be visualized as
first homology classes of aT2 as in@6#, but the only role this
will play in the abstract formalism is that the torus parame
t may come into theSL(2,Z) invariant functions that specify
© 1998 The American Physical Society33-1
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the dynamics. We may note that the relatively prime pa
(p,q) also label the rational numbers or, alternatively, t
projective representations of the maps of the circle to itse1

As a result, there is a natural multiplication defined on the
which is

~p1 ,q1! ^ ~p2 ,q2!5~p11p2 ,q11q2!5r ~p3 ,q3!→~p3 ,q3!

~1!

wherer , a positive integer, is the greatest common factor
p11p2 andq11q2 . Associativity follows from the unique-
ness of prime factorization.

The basic idea of a categorical construction of a topolo
cal quantum field theory~TQFT! or conformal field theory
@19–21# is that sets of labels, which are representations
some algebra, are mapped to manifolds such that the pro
is represented by cobordisms. In this case we will assoc
the sets$(pi ,qi)% to sets of circles so that the algebra th
generate is mapped to cobordisms of two manifolds. T
product ~1! is symbolized by a trinion, or 3-puncture
sphere, with an object (p,q) associated with each incomin
puncture and (2p,2q) associated with the one outgoin
puncture as in Fig. 1. WhenrÞ0 we say there exists a mo
phism from (p1 ,q1) ^ (p2 ,q2) to (p3 ,q3). The product~1! is
thus the algebraic counterpart of the three string ver
which when the strings are represented as tubes become
trinion. Under reversal of orientation of a puncture we
quire (p,q)→(2p,2q). Taking all the orientations consis
tently a trinion is labeled by three relatively prime pa
(pi ,qi) such that,

(
i 51

3

pi5(
i 51

3

qi50. ~2!

A trinion with labels (pi ,qi) satisfying Eq.~2! will be called
a good trinion.

An abstract (p,q) string network is then described by
compact surfaceS with m punctures constructed from sew
ing good trinions together along the punctures, as show
Fig. 2. The result is a surfaceS with a set of circlesca which
decompose it into a set of good trinions, with labels (p,q)a
on the puncturesca of the trinions. A closed (p,q) string
network is one without free punctures.

A non-degenerate string network will be one that ha
trinion decomposition in which no two trinions meet on mo
than one circle. We may note that the string networks of S

1We thank Louis Crane for this observation.

FIG. 1. The representation of the product~1! as a three string
vertex.
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@1# are non-degenerate because the strings are straight
in flat spacetime. We will thus restrict ourselves to the co
sideration of non-degenerate abstract string networks.

To the set of non-degenerate abstract (p,q) string net-
works we associate a Hilbert spaceH SN constructed as fol-
lows. Given each surfaceS with its circlesca there is a space
V ca

S spanned by a basis of statesuS,ca ;(p,q)a&. We choose

the inner product̂ u& so that these are orthonormal@8#. We
then define

H SN5 %V ca

S ~3!

where the sum is over all labeled surfaces (S,ca).2

What distinguishes theories of the type we are abou
propose from 3-d topological quantum field theory is th
there are operators which act onH SN to change the topology
of the surfaceS.

For example, considerY1 andY2 to be two open (p,q)
string nets, each withn, free punctures, with labels (p,q)k ,
k51, . . . ,p. Thus Y1 and Y2 have the same boundary, bu
are otherwise different. There is then an operatorCY1,Y2

which acts on each state in the basisuS,ca ;(p,q)a& by look-
ing for components of„S,(p,q)a… which are isomorphic to
„Y1,(p,q)k…, and replaces it by a different 2-surfac
„Y2,(p,q)k…, which hasthe same boundary, but otherwise
differs.

Now, there may be more than one places in„S,(p,q)a…

where„Y1,(p,q)k… is recognized as a subset. There are th
several maps

r I :„Y1,~p,q!k…→„S,~p,q!a…. ~4!

For eachI the mapr I picks out a set ofn non-intersecting
circles ck

I , k51, . . . ,n in S. Cutting S on these circles de
composes it into the two piecesr I(Y

1) and„S2r I(Y
1)…. We

may then sewY2 onto „S2r I(Y
1)… along the circlesck

I as
they are also identical with the set of punctures ofY2. We
may call this stateu(S2r I(Y

1))øY2& with the dependence
on the circles and labelings understood. The operatorCY1,Y2

is then defined by

2All of this can be expressed compactly by saying that there
functor from the cobordism categoryCob whose objects are sets o
circles and whose morphisms are two manifolds with boundary
the category of relatively prime pairs of integers with the prod
~1!. The general formulation of this kind of correspondence is
scribed in@20,19,21#.

FIG. 2. A genus 4 surface cut into six trinionsBI
3 by circlesca .
3-2
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CY1,Y2uS&5(
I

u„S2r I~Y1!…øY2&. ~5!

A slightly more complicated definition can be made whenS
is not compact. An example of such a substitution move
given in Fig. 3. These operators are local as they only cha
local pieces of a string network which are isomorphic to
given piece. We now show that a particular set of such
erators may be used to formulate the dynamics of the abs
(p,q) string networks.

III. DYNAMICS

Following the proposal made for causal evolution of sp
networks in@9# we may give a general form for dynamics
(p,q) string networks that is locally causal. We note that
a background independent formalism the notion of loca
must be based on the states themselves.

For the 211 case it is actually more convenient to d
scribe the dynamics in the dual picture@9#. An abstract triva-
lent string networkuS, j a& may be equivalently described b
a labeled triangulationT, ~see Fig. 4! in which the sides of
the triangles carry the (p,q) labels and the condition~2! is
satisfied by the three (p,q) pairs around each triangle. If th
string network is closed, the corresponding triangulated s
face is compact. We may also note that non-degenerac
the string network implies that the triangulation is no
degenerate in the sense that no two triangles share more
one edge. The issue of the evolution of a network is n
translated to the evolution of a 2-dimensional triangulati
Now, the generatinglocal evolution moves from a non
degenerate 2-dimensional triangulation to another one, w
leave invariant the topology of the triangulated surface,
the Pachner moves~ @22#, which were defined originally for
PL manifolds!. These have already been used to desc

FIG. 3. A local substitution move.

FIG. 4. Triangulations dual to trivalent networks.
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causal spacetime histories of spin networks@9# ~and in the
Euclidean case they can be found in@11,14#!. Let us use
them here to write down a formal path-integral evolution f
abstract (p,q) networks.

The Pachner moves are transitions from an initial (p,q)
triangulationTi to a final oneTf . They are labelled tetrahe
dra having the triangles ofTi andTf as their boundaries. The
different moves are the different ways of gluing a tetrah
dron onn connected triangles ofTi and get 42n connected
triangles inTf , n<3. The new edges which are created
the move must be labeled consistently with Eq.~1! given the
labelings of the remaining edges. See Fig. 5. For (p,q) net-
works, these moves are particularly simple. The 1→3 move
is always possible. The inverse, 3→1 requires that there ar
three triangles inTi around a single vertex, as in Fig. 5.
2→2 move is only possible when labels of the four extern
sides add up to (0,0).

By iterating the moves one constructs a sequence of st
networks G0 ,G1 , . . .5$G i%. As in general relativity in
which local evolution of initial data generates a spacetim
any such sequence generates ahistory. Also as in general
relativity, a given history may be generated many ways
local evolution moves. For this reason it is best to define
abstractly, as follows.

A historyM between an initial string networkG0 and a
final string networkG f is then a three dimensional simplicia
complex consisting ofN tetrahedra t I such that ]M
5G0øG f ~where we identify the string net with its dua
triangulation!. Each edge ofM is labeled by a pair (p,q)
such that the conditions~2! are satisfied on every face. Th
faces of each history make up a causal set3 that is defined as
follows. The faces of each tetrahedra are divided into a p
setP and a future set,F so that for two facesf 1PP and
f 2PF of the same tetrahedron we havef 1, f 2 ~where ,
indicates the partial ordering!. We then extend this to al
faces inM so thatf 1, f r if there is a sequence ofr facesf i
such thatf i, f i 11 within some tetrahedron. Thus each hi
tory has a discrete causal structure.

3A causal set is a partially ordered set, where the order rela
stands for causality, which has no closed causal loops. The for
lation of discrete quantum theories of gravity with such cau
structures has been studied by Sorkin and collaborators@23# and ’t
Hooft @24#.

FIG. 5. The (211) dimensional Pachner moves.
3-3
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Given the causal structure of a historyM there is a natu-
ral definition of a spacelike surface. A discrete spacelike s
face,D, is a collection of triangles inM without 2 boundary
and with no two triangles causally related. Because
causal structure is local, each historyM can be foliated in
many different ways into sequences of spacelike surfa
@abstract (p,q) networks#, Ti ,D1 , . . . ,D I , . . . ,Tf . If a his-
tory was generated by a sequenceG i of string networks each
of these is a spacelike slice, but the historyM they construct
will have many spacelike slices not in the list$G i%. Thus, the
theory has a discrete analogue of the multi-fingered time
general relativity.

To each tetrahedronT in M we can associate an ampl
tude, which is the amplitude for a local transition betwe
two string networks. The amplitudeATI

@t,(pi ,qi) I # will
then depend on the labels of the edges of that tetrahedron
be consistent with string theory it should be someSL(2,Z)
invariant function of the the string theory parametert and
the (p,q) integers on its faces. There will also be in gene
different amplitudes for different causal structures on the
rahedron,TI , this is indicated by the dependence onTI in the
form of the amplitudeATI

@t,(pi ,qi) I #.

If the historyM containsN tetrahedraTI , the amplitude
for M is local when it is the product

A@M#5)
I 51

N

ATI
@t,~pi ,qi ! I #. ~6!

For the 1→3 Pachner move,A1→3@t,pi ,qi # must be an
SL(2,Z) invariant function of the parametert, the three in-
coming labels (pi ,qi), i 51,2,3, symmetric in thei , and an
internal pair (pn ,qn) that runs around the internal loop, su
ject to Eq.~2!. ~See Fig. 6.! The amplitude for the inverse
3→1 moves is by Hermiticity the complex conjugate of t
1→3 moves. For the 2→2 move the amplitude
A2→2@t,pi ,qi # is a real function oft and the four externa
edges (pi ,qi), subject to the constraint that( i 51

4 (pi ,qi)
5(0,0). ~See Fig. 6.! An invariant choice ofA1→3@t,pi ,qi #
and A2→2@t,pi ,qi # defines a non-perturbative (p,q) net-
work theory. Using the operators of the last section, a H
mitian operatorĤ on H SN can be defined@8# such that

^T 2uĤuT 1& vanishes unlessT 2 differs fromT 1 by the action

FIG. 6. The allowed Pachner moves for (p,q) string networks.
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of one Pachner move, in which case it is equal to the co
sponding amplitude,ATI

@t,(pi ,qi) I #.

The result of the actionĤuTi& is then the linear combina
tion of the states reached by the possible Pachner mo
from uTi& each multiplied by the corresponding amplitud
ATI

@t,(pi ,qi) I #.
4 GivenTi andTf then, the transition ampli-

tude between the two is

ATi→Tf
5^T i ueıtHuTf&. ~7!

Expansion of~7! gives the amplitude as a sum over histori
M. t is a formal parameter which scales the amplitudes
has no interpretation as a physical time.~One measure of
physical time is the number,N, of tetrahedra in each history
as this is related, in the continuum limit, to an integral of
positive function over the spacetime history.! We note that
formally the evolution defined by Eq.~7! is unitary.

We do not know anything more about the choices of
amplitudes. It is possible that consistency with perturbat
string theory plusSL(2,Z) invariance will constrain or de-
termine them.5 Alternately, one may try to search the spa
of amplitudes for choices that lead to critical behavior,
sulting in a continuum limit. The appropriate critical beha
ior should be related to directed percolation, for reasons
plained in @17#. There is also a result that suggests th
perturbative string theories may be derived from the per
bation theory of theories of the kind we have conside
here, in the case that they have a good continuum limit@18#.

IV. CONCLUSION

What we have described here is a proposal for a form
path integral evolution of abstract (p,q) networks based on
two steps. The first is the construction of a space of sta
H SN composed of abstract graphs with the same labels
combinatorics as a large class of BPS states which are
works of (p,q) strings embedded in (911)-dimensional
Minkowski space. This fits into the categorical framewo
behind much recent work in non-perturbative quantum gr
ity and topological field theory. The second step is a propo
for the dynamics of the theory based on a set of local mov
The exact dynamics of the theory is not prescribed, but
choice reduces to the specification of twoSL(2,Z) invariant
functions.
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