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Introduction

Geometric algebra is the Clifford algebra of a finite dimensional vector space over real scalars
cast in a form most appropriate for physics and engineering. This was done by David Hestenes
(Arizona State University) in the 1960’s. From this start he developed the geometric calculus
whose fundamental theorem includes the generalized Stokes theorem, the residue theorem, and
new integral theorems not realized before. Hestenes likes to say he was motivated by the fact
that physicists and engineers did not know how to multiply vectors.

Researchers at Arizona State and Cambridge have applied these developments to classical me-
chanics,quantum mechanics, general relativity (gauge theory of gravity), projective geometry,
conformal geometry, etc.
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Chapter 1

Basic Geometric Algebra

1.1 Axioms of Geometric Algebra

Let V (p,q) be a finite dimensional vector space of signature (p,q)' over ®. Then Va,b,c € V
there exists a geometric product with the properties -

(ab)e = a(be)
a(b+c) =ab+ ac
(a + b)c = ac+ be

aa € N

If a®> # 0 then a™ ! = ia.
a2

1.2 Why Learn This Stuff?

The geometric product of two (or more) vectors produces something “new” like the v/—1 with
respect to real numbers or vectors with respect to scalars. It must be studied in terms of its
effect on vectors and in terms of its symmetries. It is worth the effort. Anything that makes
understanding rotations in a N dimensional space simple is worth the effort! Also, if one proceeds

!To be completely general we would have to consider V (p,q,r) where the dimension of the vector space is
n =p+q+r and p, ¢, and r are the number of basis vectors respectively with positive, negative and zero squares.
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on to geometric calculus many diverse areas in mathematics are unified and many areas of physics
and engineering are greatly simplified.

1.3 Inner, -, and outer, A, product of two vectors and their basic
properties

The inner (dot) and outer (wedge) products of two vectors are defined by

1
a-b= §(ab+ba) (1.1)
1
aNb= §(ab—ba) (1.2)
ab=a-b+aAlbd (1.3)
aNb=—-bAa (1.4)
c=a+b
= (a+b)?
c? =a?+ ab+ ba + b* (1.5)
2a-b=c?—a®— b
a-beR
a-b=|a||b|cos (0) if a®>,b* >0 (1.6)

Orthogonal vectors are defined by a - b = 0. For orthogonal vectors a A b = ab. Now compute
(a A D)

(anb)® = —(anb)(bAa) (1.7)
= —(ab—a- b)(a—a b) (1.8)
= — (abba — (a-b) (ab+ ba) + (a- b)2) (1.9)
~ (1.10)
= —a’b® (1 — cos’ (0)) (1.11)
= —a’b?sin® () (1.12)

Thus in a Euclidean space, a?,b* > 0, (a A b)2 < 0 and a A b is proportional to sin (¢). If ¢ and
e, are any two orthonormal unit vectors in a Euclidean space then (e”e L)2 = —1. Who needs

the v/—17
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1.4 QOuter, A, product for » Vectors in terms of the geometric product

110

Define the outer product of r vectors to be (£7';" is the mixed permutation symbol)

1 i1...0
aN...Nap =~ oy ..y, (1.13)
r 2] 5eeey ir
Thus
al/\...A(aj+bj)A.../\ar =
ar N ANa; NN NaFar AL AD ANy (1.14)
and
CLl/\.../\CL]'/\CLjJrl/\.../\CLT =
—al/\.../\ajﬂ/\aj/\.../\ar (115)
The outer product of r vectors is called a blade of grade r.
1.5 Alternate Definition of Outer, A, product for » Vectors
Let ey, es,...,¢e. be an orthogonal basis for the set of linearly independent vectors aq, as, ..., a,

so that we can write

a; = Z a;je; (1.16)
J
Then

aiag...a, = ( E a1j1€j1> ( E a2j2€j2> ( E ozrjrejT>
J1 J2 Jr

= E 15, 025y « + - Oy, €5, €5, . . €5 (117)

Now define a blade of grade n as the geometric product of n orthogonal vectors. Thus the product
€j,€j, - - - €5, in equation 1.17 could be a blade of grade r, r — 2, r — 4, etc. depending upon the
number of repeated factors.
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If there are no repeated factors in the product we have that

— SJiedr
ej...e5 =1 7"er. e (1.18)

T

Due to the fact that interchanging two adjacent orthogonal vectors in the geometric product will
reverse the sign of the product and we can define the outer product of r vectors as

aN...Na, = Z T e e (1.19)
J1yeesdir
= det(a)e;...e, (1.20)

Thus the outer product of r independent vectors is the part of the geometric product of the r
vectors that is of grade r. Equation 1.19 is equivalent to equation 1.13. This can be proved by
substituting equation 1.17 into equation 1.13 to get

1 o
aiN...Na, = F Z Z 5111._'}“042-1j1 R0 7Ry M S TR & (121)

i17"'7iT jl?"'vjr

1 o
_ E : E : 81 By J1---Jr
= F 811."7” 1. Qg - - QG j5,.€1...6p (122)

Ulgeesle Jlseesdr

1 o

= - Z el et Irdet () ey .. .6, (1.23)
" J1seensr

= det(a)e;...e, (1.24)

i1... 0

We go from equation 1.22 to equation 1.23 by noting that Z Xy -0y g, 18 just det ()
i1 i

J-Ir gives the correct sign for the determi-

with the columns permuted. Multiplying det («) by 7"
nant with the columns permuted.

If eq,...,e, is an orthonormal basis for vector space the unit psuedoscalar is defined as
I'=e...¢, (1.25)
In equation 1.24 let » = n and the a4, ..., a, be another orthonormal basis for the vector space.

Then we may write
a...a, =det(a)e;...e, (1.26)

Since both the a’s and the e’s form orthonormal bases the matrix « is orthogonal and det (o) =
+1. All psuedoscalars for the vector space are identical to within a scale factor of 1.2 Likewise
a1 A ...NAa, is equal to I times a scale factor.

2Tt depends only upon the ordering of the basis vectors.
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1.6 Useful Relation’s

1. For a set of r orthogonal vectors, eq,...,e,
e1N...Ne,.=¢€1...¢e, (1.27)
2. For a set of r linearly independent vectors, aq,...,a,, there exists a set of r orthogonal
vectors, €1, ..., €., such that
agN...Na,=¢€1...¢, (1.28)
If the vectors, ay, ..., a,, are not linearly independent then
agN...Na, =0 (1.29)

The product a; A ... Aa, is call a “blade” of grade r. The dimension of the vector space is the
highest grade any blade can have.

1.7 Projection Operator

A multivector, the basic element of the geometric algebra, is made of of a sum of scalars, vectors,
blades. A multivector is homogeneous (pure) if all the blades in it are of the same grade. The
grade of a scalar is 0 and the grade of a vector is 1. The general multivector A is decomposed
with the grade projection operator (A) as (N is dimension of the vector space):

A=>

r=0

(1.30)

T

As an example consider ab, the product of two vectors. Then
ab = (ab), + (ab), (1.31)
We define (A) = (A), for any multivector A

1.8 Basis Blades

The geometric algebra of a vector space, V (p, q), is denoted G (p, q) or G (V) where (p, q) is the
signature of the vector space (first p unit vectors square to +1 and next g unit vectors square to
—1, dimension of the space is p 4 ¢). Examples are:
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p q Type of Space
3 0 3D Euclidean
1 3 Relativistic Space Time
4 1 3D Conformal Geometry
If the orthonormal basis set of the vector space is ey, ..., ey, the basis of the geometric algebra

(multivector space) is formed from the geometric products (since we have chosen an orthonormal
basis, ei®> = +1) of the basis vectors. For grade r multivectors the basis blades are all the
combinations of basis vectors products taken r at a time from the set of N vectors. Thus the
number basis blades of rank r are (]X ), the binomial expansion coefficient and the total dimension
of the multivector space is the sum of (]X ) over r which is 2%V,

1.8.1 G (3,0) Geometric Algebra (Euclidian Space)

The basis blades for G (3,0) are:

Grade
0 1 2 3
1 €1 €162 €1€3€3
€2 €1€3
€3 €2€3

The multiplication table for the G (3,0) basis blades is

1 €1 €9 €3 €1€9 €1€3 €92€3 €1€e9€3

1 1 €1 €9 €3 €1€9 €1€3 €92€3 €1€e9€3
€1 €1 1 €1€9 €1€3 €9 €3 €1€9€3 €9€3

€9 €9 —e1€e9 1 €92€3 —e1 —e€j1€2€3 €3 —€1€3
es €3 —eje3  —esges 1 e1€2€3 —eq —eo €1€2
€1€9 €1€9 —€2 €1 €1€e9€3 —1 —€9€3 €1€e3 —€3
e1€e3 e1es —e3  —ejeses el €2€3 —1 —e1eg D)
€9€3 €9€3 €1€e2€3 —€3 €9 —€1€3 €1€9 —1 —e1
€1€9€3 | €1€92€3 €oe3 —e1€3 €1€9 —e3 €9 —e1 -1

Note that the squares of all the grade 2 and 3 basis blades are —1. The highest rank basis blade
(in this case ejeses) is usually denoted by I and is called the pseudoscalar.
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1.8.2 G(1,3) Geometric Algebra (Spacetime)
The multiplication table for the G (1, 3) basis blades is

1 Yo gl 72 V3 YoM Y072 1172

1 1 Y0 g V2 V3 Yoy Y072 172

Y0 Yo 1 Yo Y072 Y073 gl 72 Y0Y172

M g —YoM -1 Y172 M3 Y0 —707172 —72

V2 V2 —Y072 —7172 -1 Y273 Y0Y1Y2 Y0 "

3 Y3 —7073 —7173 —7273 -1 Y0173 Y0273 17273
Y01 YoY1 -N -7 Y0172 Y0173 1 —Y172 —7072
Y02 Y072 —72 —707172 —70 Y0273 Y172 1 Y071
Y172 Y172 Y0172 V2 -MN Y1273 Y072 —7oM -1
Y073 Y073 -3 —707173 —707273 —70 Y173 273 Y0Y17Y273
Y173 Y173 Y0173 V3 —Y17273 N Y073 —0Y17Y273 —7273
7273 7273 Y0273 V17273 V3 -2 017273 7073 Y173

Y0172 Y0Y172 Y172 Y072 —YoM YoY17273 Y2 ! -0
Y0173 Y0173 Y173 Y073 —70717273 —oM 73 —717273 —707273
Y0273 Y0273 Y273 YoY17273 Y073 —7072 17273 3 Y0173
17273 Y1273 V0123 —7Y23 Y173 —Y172 Y0273 —Y07173 -3
YoY1Y27Y3 | YoY1Y2Ys TY17273 —707273 YoY173 —707172 Y23 —Y173 —7073
Y073 Y173 Y273 707172 707173 07273 Y1273 Y0Y17Y273

1 Y03 Y173 Y23 Y0172 Y0173 Y0273 Y1273 Y0123

Y0 73 Y0173 Y0273 Y172 Y173 7273 Y0123 V17273

71 —707173 3 17273 YoY2 Y073 017273 —7273 Y0273

Y2 —707273  —7V17273 —73 —YoM Y0Y17273 Y073 Y173 —Y07173

3 Y0 71 V2 —Y0717273 —707 —7072 —7172 Y0172
Y01 —7173 —7Y073 YoY17273 Y2 3 Y1723 —707273 Y273
Y02 —7273 —0717273 —7073 -MN Y1273 73 Y0173 —7173
Y172 YoY17273 Y273 —7173 —"0 Y0273 —707173 -3 —7073
Y073 1 Y071 Y072 —Y17273 -M -2 —707172 Y172
Y173 —7071 -1 Y172 —707273 —0 Y0172 Y2 YoY2
Y273 —7072 —7172 -1 Y0173 —707172 —70 -N —0MN

Y0172 V17273 Y0273 —Y07173 -1 Y23 —7173 —7073 —73
Y0173 -7 —70 Y0172 —Y273 -1 Y172 Y072 Y2
Y0273 -2 —707Y172 -0 Y173 —7172 -1 —70M -N
17273 Y0172 Y2 -N Y073 —7Y072 YoY1 1 -7
Y0Y17273 Y172 Y072 —7071 V3 -2 71 70 -1
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1.9 Reflections

We wish to show that a,v € V — ava € V and v is reflected about a if a? = 1.

Figure 1.1: Reflection of Vector

1. Decompose v = vj+v, where v is the part of v parallel to a and v, is the part perpendicular
to a.

2. av = av| + av, = vja — v a since a and v, are orthogonal.
3. ava = a® (v —v1) is a vector since a? is a scalar.
4. ava is the reflection of v about the direction of a if a® = 1.

5. Thus a; ...amva,...a; € V and produces a composition of reflections of v if a? = -+ =
2
a; = 1.
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1.10 Rotations

1.10.1 Definitions

First define the reverse of a product of vectors. If R = a;...a, then the reverse is Rf =
(ay ... as)T =a, ...ay, the order of multiplication is reversed. Then let R = ab so that

RR'" = (ab)(ba) = ab®a = a** = R'R (1.32)
Let RRT =1 and calculate (RURT)Q, where v is an arbitrary vector.
(RvR")* = RuR'RuR" = Rv*R! = v RR' = ¢ (1.33)

Thus RuvR' leaves the length of v unchanged. Now we must also prove Rv; Rt - RuoRT = vy - vs.
Since RviR' and Rv,R' are both vectors we can use the definition of the dot product for two

vectors

RviR'- Ru,RY = = (RviR'RusR' + RusR'Ru R)

(R’U1U2RT + RU2U1 RT)

R (v1v5 + vov;) R

= (’Ul . UQ) RT
= v - v RR!

V1 * Uy

NN~ N —

|
=y

Thus the transformation RvR' preserves both length and angle and must be a rotation. The
normal designation for R is a rotor. If we have a series of successive rotations Ry, Rs, ..., R to
be applied to a vector v then the result of the k rotations will be

RiRy_1...RywRIR). .. Rl

Since each individual rotation can be written as the geometric product of two vectors, the com-
position of k£ rotations can be written as the geometric product of 2k vectors. The multivector
that results from the geometric product of r vectors is called a versor of order . A composition
of rotations is always a versor of even order.



16 CHAPTER 1. BASIC GEOMETRIC ALGEBRA

1.10.2 General Rotation

The general rotation can be represented by R = e%" where u is a unit bivector in the plane of
the rotation and 6 is the rotation angle in the plane.?> The two possible non-degenerate cases are
u? = +1

0 { (Euclidean plane) u?*= —1: cos (g) + usin (g)

“ = (Minkowski plane) — w?=1: cosh (%) + usinh (%) } (1.34)
Decompose v = v + (U — v”) where v) is the projection of v into the plane defined by u. Note
that v — v is orthogonal to all vectors in the u plane. Now let u = e e where ¢ is parallel to

v and of course e, is in the plane u and orthogonal to e|. v — v anticommutes with e and e
and v anticommutes with e, (it is left to the reader to show RR" = 1).

1.10.3 Euclidean Case

For the case of u? = —1
"{
....... e
v = vy| ¢

Figure 1.2: Rotation of Vector

ot = (cos (§) + esepsin (5 ) ) -+ (0= ) (cos (§) +epensin (3 )

Since v — v anticommutes with e and e, it commutes with R and

R’URJf = RUHRT + (U — ’UH) (1.35)

oo
3¢4 is defined as the Taylor series expansion e = E - where A is any multivector.
j=0 "
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So that we only have to evaluate

ot = (s () v (2) o (oo (&) ensn (2))

Since vy = |y | ¢
RuyR" = |v| (cos (0) e +sin (0) e.) (1.37)

and the component of v in the u plane is rotated correctly.

1.10.4 Minkowski Case

For the case of u? = 1 there are two possibilities, vﬁ > (0 or vﬁ < 0. In the first case eﬁ =1 and

et = —1. In the second case ef = —1 and €] = 1. Again v — v) is not affected by the rotation

so that we need only evaluate

0 . 0 0 ) 0
RUHRT = (cosh (§> + ey e sinh (5)) o (COSh (5) + ¢jeL sinh (5))

and

Note that in this case ‘v”‘ = vﬁ

RoyRt — { vﬁ >0 || (cosh (B) e + sinh (A) e ) }

vﬁ <0: ‘v”‘ (cosh (6) e — sinh (6) GL) (1.38)

1.11 Expansion of geometric product and generalization of - and A

If A, and By are respectively grade r and s pure grade multivectors then
A’I‘BS = <A7‘BS>|T‘—S‘ + <ATBS>|T‘—SH-2 + PR + <ATBS>min(’I’+S,2N—(T‘+S)) (139)
AT’ * BS = <ATBS>|T'—S| (140)
A, N By = (A, By) (1.41)

Thus if r + s > N then A, A B, = 0, also note that these formulas are the most efficient way of
calculating A, - By and A, A\ B. Using equations 1.28 and 1.39 we can prove that for a vector a
and a grade r multivector B,

r+s

0B, — %(aBT — (=1) Ba) (1.42)
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1
al B, = 3 (aB, + (—1)" Ba) (1.43)

If equations 1.42 and 1.43 are true for a grade r blade they are also true for a grade r multivector
(superposition of grade r blades). By equation 1.28 let B, = e; ... e, where the ¢’s are orthogonal
and expand a

a:aLJrZozjej (1.44)
j=1

where a, is orthogonal to all the e’s. Then*

,
i1 2 g
aB, = E(—l)] Qj€jer - € et ajer... e
j=1

= a-B,+aNDB, (1.45)

Now calculate

r

Braf - Z(_l)r_jaje‘?el e \é] R I (_1)7‘71 ae;...e,

=1
— (—1)“1 (Z(—l)j_lozje?el e Ejerep—ager .. .er>

=1
= (=1)""(a-B,—aAB,) (1.46)

Adding and subtracting equations 1.45 and 1.46 gives equations 1.42 and 1.43.

1.12 Duality and the Pseudoscalar

If e1,...,e, is an orthonormal basis for the vector space the the pseudoscalar I is defined by
I=e...e, (1.47)

Since one can transform one orthonormal basis to another by an orthogonal transformation the
I’s for all orthonormal bases are equal to within a £1 scale factor with depends on the ordering
of the basis vectors. If A, is a pure r grade multivector (A, = (A,),) then

AT = (A.I) (1.48)

n—r

4 > —
€1...€j-1€j€541...€p =€1...€j_1€541...Cp
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or A,I is a pure n — r grade multivector. Further by the symmetry properties of I we have
IA, = (1) AT (1.49)

I can also be used to exchange the - and A products as follows using equations 1.42 and 1.43

a-(AI) = %(aAT]—(—l)”TATIa) (1.50)
_ %(aAr[—(—1)”_T(—1)”_1Ara1) (1.51)
_ %(aAr—i-(—l)rAra)] (1.52)
— (anA)T (1.53)

More generally if A, and B, are pure grade multivectors with r+s < n we have using equation 1.40
and 1.48

= (A.BJ), (r+5) (1.55)
= (ABy), 1 (1.56)
= (A, AB)I (1.57)
Finally we can relate I to IT by
n(n—1)
I"'=(-1)"7 1 (1.58)
1.13 Reciprocal Frames
Let eq,...,e, be a set of linearly independent vectors that span the vector space that are not

necessarily orthogonal. These vectors define the frame (frame vectors are shown in bold face since
they are almost always associated with a particular coordinate system) with volume element

E,=eN...Ne, (1.59)
So that E,, o< I. The reciprocal frame is the set of vectors e!, ..., e" that satisfy the relation
e-e; =0, Vij=1,...,n (1.60)

The €’ are constructed as follows

& =(-1Y"erAes A A& A Ne B! (1.61)



20 CHAPTER 1. BASIC GEOMETRIC ALGEBRA

So that the dot product is (using equation 1.53 since E, ! oc I)

e -e = (—1)j71e,- . (el NeaN...N€N... /\enEgl) (1.62)
= (=1 (e;AerAes AL A A Ne,) BT (1.63)
= 0, Vi#j (1.64)
and
e -el = e (ez/\.../\enErjl) (1.65)
= (e AexA...Ne,) B! (1.66)

1.14 Coordinates

The reciprocal frame can be used to develop a coordinate representation for multivectors in

an arbitrary frame ey,...,e, with reciprocal frame e!,... e". Since both the frame and it’s

reciprocal span the base vector space we can write any vector a in the vector space as
a=ae; = a;e (1.68)

where if an index such as 7 is repeated it is assumes that the terms with the repeated index will
be summed from 1 to n. Using that e; - €/ = §7 we have

a; = a-e; (1.69)
at = a-é (1.70)

In tensor notation a; would be the covariant representation and a’ the contravariant representa-
tion of the vector a. Now consider the case of grade 2 and grade 3 blades:

e-(aANb) = a-eb—b-ea
ei(a-eib—b-eia) = ab—ba=2aNb
e-(aANbhc) =

a-ebNhNc—b-eahc+c-eanb
ei(a-eib/\c—b~eia/\c+c-eia/\b) =
abNc—baNc+caNb=3aAbAc
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for an r-blade A, we have (the proof is left to the reader)
ee - A, =rA, (1.71)
Since e;e’ = n we have
e NA, =e, (eiAT —e'. AT) =(n—r)A, (1.72)
Flipping e’ and A, in equations 1.71 and 1.72 and subtracting equation 1.71 from 1.72 gives
e;Ae’ = (—=1)" (n—2r) A, (1.73)
In Hestenes and Sobczyk (3.14) it is proved that
(e A nef) (e, Ao ney) =000 . 61 (1.74)

so that the general multivector A can be expanded in terms of the blades of the frame and
reciprocal frame as

A= ) Ajue'neA---net (1.75)
i<j<--<k
where
AZ]k = (ek VANRRIIVAY €; VAN ei) A (176)

The components A;;.., are totally antisymmetric on all indices and are usually referred to as the
components of an antisymmetric tensor.

1.15 Linear Transformations

1.15.1 Definitions

Let f be a linear transformation on a vector space f : V — V with f (aa + 8b) = af (a)+5f (b)
Va,b € V and o, 3 € R. Then define the action of f on a blade of the geometric algebra by

flaarn...Na)=fla)N... A fay) (1.77)
and the action of f on any two A, B € G (V) by

f(aA+GB) = af (A)+ 5[ (B) (1.78)
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Since any multivector A can be expanded as a sum of blades f(A) is defined. This has many
consequences. Consider the following definition for the determinant of f, det (f).

F(I) =det (f) 1 (1.79)

First show that this definition is equivalent to the standard definition of the determinant (again
e1, ..., ey is an orthonormal basis for V).

N
fle)= Z Urs€s (1.80)
s=1
Then
N N
f) = <Z a15165> A (Z @NSN65>
s1=1 sy=1
= Z A1sy - - - ANsyEsy - - - Csy (1.81)
S1yeeny SN
But
sy - sy =E7NVErL. . EN (1.82)
so that
FI) =" eiNar, . ang I (1.83)
S1,.sSN
or
det (f) = D eV ans - aney (1.84)
81,-sSN

which is the standard definition. Now compute the determinant of the product of the linear
transformations f and g

det (fg) I = fg(I)

= flg())

= [(det(g)1)

= det(g) f (1)

= det(g)det (f)I (1.85)
det (fg) = det (f) det (g) (1.86)

Do you have any idea of how miserable that is to prove from the standard definition of determi-
nant?
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1.15.2 Adjoint

If F is linear transformation and a and b are two arbitrary vectors the adjoint function, F, is
defined by

a-F(b)=b-F(a) (1.87)
From the definition the adjoint is also a linear transformation. For an arbitrary frame ey, ..., e,
we have B
e -F(a)=a-F(e) (1.88)
So that we can explicitly construct the adjoint as
F(a) = ea-Fl(e) (1.89)
= € (F(e)-€)a; (1.90)
so that F;; = F (e;) - €/ is the matrix representation of F for the ey, ..., e, frame. However
F(a)=¢€(F(€)-e)a; (1.91)
so that the matrix representation of F'is Fj; = F (¢’) - e;. If the ey, ..., e, are orthonormal then

e; = e’ for all j and Fij = F}; exactly the same as the adjoint in matrices.

Other basic properties of the adjoint are:
F(a)=e'a-T(e;) =e'e;- F(a) = F(a) (1.92)

and

FG(a) = e_ia-_F (G (ei)).: ]i(g) -G (e;) e
= G(F(a)-e€e =GF(a) (1.93)

so that F = F and FG = GF. A symmetric function is one where F = F. As an example
consider F'F

FF =

gl

F=FF (1.94)

1.15.3 Inverse

Another linear algebraic relation in geometric algebra is

_ If(I7'A)
LA =—=—~ vA 1.
= ) vaegm) (1.95)
where f is the adjoint transformation defined by a - f (b)) = b- f (a) Va,b € V and you have an

explicit formula for the inverse of a linear transformation!
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1.16 Commutator Product

The commutator product of two multivectors A and B is defined as

AxB = % (AB — BA) (1.96)

An important theorem for the commutator product is that for a grade 2 multivector, Ay = (A),,
and a grade r multivector B, = (B), we have

AQBT :Ag/\Br—FAQXBT—FAQ'BT (197)

From the geometric product grade expansion for multivectors we have

A B, = (AsBy), 5 + (A2B;), + (A2By) |,y (1.98)
Thus we must show that
(4:B,), = AxB, (1.99)
Let ey, ..., e, be an orthogonal set for the vector space where B, = e; ...e, and Ay = Zn: A C1em,
SO we can write . e
Asx B, = ( Z ozlmelem> X (e1...e) (1.100)
l<m=2

Now consider the following three cases
1. { and m > r where eje,e1 ..., =€1...€.€16,
2. I <r and m > r where eeeq...6, = —e1...e.€6p,
3. l and m < r where eje,eq...e, = €1...¢e.€6m,

For case 1 and 3 ¢e,, commute with B, and the contribution to the commutator product is
zero. In case 3 eje,, anticommutes with B, and thus are the only terms that contribute to
the commutator. All these terms are of grade r and the theorem is proved. Additionally, the
commutator product obeys the Jacobi identity

Ax (BxC) = (AxB) xC + Bx (Ax(C) (1.101)

This is important for the geometric algebra treatment of Lie groups and algebras.
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Examples of Geometric Algebra

2.1 Quaternions

Any multivector A € G (3,0) may be written as
A=a+a+B+pI (2.1)

where o, 5 € R, a € V(3,0), B is a bivector, and I is the unit pseudoscalar. The quaternions
are the multivectors of even grades

A=a+B (2.2)

B can be represented as

B =i+ fj+k (2.3)

where i = ege3, j = ejez, and k = eqes, and
i?=j2=k*=ijk=—1. (2.4)

The quaternions form a subalgebra of G (3, 0) since the geometric product of any two quaternions
is also a quaternion since the geometric product of two even grade multivector components is a
even grade multivector. For example the product of two grade 2 multivectors can only consist
of grades 0, 2, and 4, but in G (3,0) we can only have grades 0 and 2 since the highest possible
grade is 3.
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2.2 Spinors

The general definition of a spinor is a multivector, ¥ € G (p, q), such that Yo" € V (p,q) Vv €
V (p,q). Practically speaking a spinor is the composition of a rotation and a dilation (stretching
or shrinking) of a vector. Thus we can write

Yoy’ = pRuR! (2.5)
where R is a rotor (RRJr = 1). Letting U = R4y we must solve
UvUT = pv (2.6)

U must generate a pure dilation. The most general form for U based on the fact that the lLh.s
of equation 2.6 must be a vector is

U=a+p1 (2.7)

so that
UoU' = o®v + af (Tv+oI') + B*Ivlt = pv (2.8)

(n—1)(n—2)

Using oIt = (=1)" 2 Tv, It = (=1)""' Iv, and ITT = (—1) we get

(n=1)(n—2)

o*v + af (1 - (—1)f> Tv+ (=1)""7' 5% = pu (2.9)

(n—1)(n—2)

If
2

is even 3 =0 and « # 0, otherwise «, 3 # 0. For the odd case

Y =R(a+pBI) (2.10)

where p = a2+ (—1)""9"" 32 In the case of G (1, 3) (relativistic space time) we have p = a2 + 32,
p > 0.

2.3 Geometric Algebra of the Minkowski Plane

Because of Relativity and QM the Geometric Algebra of the Minkowski Plane is very important
for physical applications of Geometric Algebra so we will treat it in detail.
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Let the orthonormal basis vectors for the plane be 7o and 7; where 73 = —y# = 1.! Then the
geometric product of two vectors a = apyy + a1y1 and b = byyg + b1y is

ab = (aoyo + a1m) (bovo + bim) (2.11)
= aoboyy + arbryi + (aghy — arbo) yom (2.12)
= aobo — a1b1 + (a0b1 - albo) I (213)
so that
a-b= aobo — a1b1 (214)
and
alNb= (Gobl — Cllb[)) I (215)
and
P =yym =-1%% =1 (2.16)
Thus
ol = ff”i (2.17)
=l '
o2 0 2T
= ) ot o (2.18)
— (20)! = (20 + 1)
= cosh (a) +sinh (o) I (2.19)

since I% = 1.

In the Minkowski plane all vectors of the form ay = a (7o & 1) are null (ai = O). One question
to answer are there any vectors b4 such that a4 - b+ = 0 that are not parallel to a..

ai-bi:a(boi:Fbli):O
bEFbE=0
by = +bf

Thus b+ must be proportional to a4+ and the are no vectors in the space that can be constructed
that are normal to ay. Thus there are no non-zero bivectors, a A b, such that (a A b)> = 0.
Conversely, if a A b # 0 then (a A b)* > 0.

Finally for the condition that there always exist two orthogonal vectors e; and es such that
aANb=ees (2.20)

we can state that neither e; nor ey can be null.

U =yom
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2.4 Lorentz Transformation

We now have all the tools needed to derive the Lorentz transformation with Geometric Algebra.
Consider a two dimensional time-like plane with with coordinates ¢? and z; and basis vectors 7,
and ;. Then a general space-time vector in the plane is given by

T =ty + o171 =ty + 2™ (2.21)

where the basis vectors of the two coordinate systems are related by

Y = Ry R pp=0,1 (2.22)
and R is a Minkowski plane rotor
R = sinh (%) + cosh (%) 710 (2.23)
so that
RyoR" = cosh (a) 7o + sinh (a) 11 (2.24)
and
Ry R = cosh (a) 1 + sinh (a) 7o (2.25)

Now consider the special case that the primed coordinate system is moving with velocity 3 in
the direction of 4; and the two coordinate systems were coincident at time t = 0. Then z; = 3t
and 2] = 0 so we may write

to + Bty = t' Ry R’ (2.26)
% (70 + 871) = cosh () v + sinh (a) 1 (2.27)
Equating components gives
cosh (o) = 5 (2.28)
sinh (o) = %ﬁ (2.29)

t
Solving for o and — in equations 2.28 and 2.29 gives
t/

tanh (o) = 8 (2.30)

2We let the speed of light ¢ = 1.
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t 1

R

Now consider the general case of x,t and 2/, t' giving

tvo+ v = tRyR'+ 2’ RyR!
= t'y (v + Bn) + 2"y (1 + B)

Equating basis vector coefficients recovers the Lorentz transformation

t=~ (' + p2’)
z =7 (2 + Bt
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Chapter 3

Geometric Calculus - The Derivative

3.1 Definitions

If F(a) if a multivector valued function of the vector a, and a and b are any vectors in the space
then the derivative of F'is defined by

b-VFElimF(a+€b)_F(a)

e—0 €

(3.1)

then letting b = e, be the components of a coordinate frame with x = x*e;, (we are using the

summation convention that the same upper and lower indices are summed over 1 to N) we have

F (27e; + eep) — F (27e;)

e, VF = 11_{% ; (3.2)
Using what we know about coordinates gives
OF .
VF = e]% = ejajF (33)
or looking at V as a symbolic operator we may write
V =¢9; (3.4)

Due to the properties of coordinate frame expansions VF' is independent of the choice of the ey
frame. If we consider x to be a position vector then F'(z) is in general a multivector field.
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3.2 Derivatives of Scalar Functions

If f(x) is scalar valued function of the vector z then the derivative is
Vf=e"of (3.5)

which is the standard definition of the gradient of a scalar function (remember that in an or-
thonormal coordinate system e, = e*). Using equation 3.5 we can show the following results for
the gradient of some specific scalar functions

f = z-a, 2 zx

Vf = a, € 2z (3.6)

3.3 Product Rule

Let o represent a bilinear product operator such as the geometric, inner, or outer product and
note that for the multivector fields ' and G we have

Ok (FoG)=(0xF) oG+ F o (0xG) (3.7)
so that

V(FoG) = € ((0uF)oG+ Fo(dG))
= " (OLF) oG +€e"F o (0,G) (3.8)

However since the geometric product is not communicative, in general
V(FoG)# (VF)oG+ Fo (VG) (3.9)
The notation adopted by Hestenes is
V(FoG)=VFoG+VFoG (3.10)
The convention of the overdot notation is
i. In the absence of brackets, V acts on the object to its immediate right

11. When the V is followed by brackets, the derivative acts on all the the terms in the brackets.

14. When the V acts on a multivector to which it is not adjacent, we use overdots to describe
the scope.

Note that with the overdot notation the expression AV makes sense!
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3.4 Interior and Exterior Derivative

The interior and exterior derivatives of an r-grade multivector field are simply defined as (don’t
forget the summation convention)

V-A. =(VA), _ =e" A, (3.11)

and

VAA = (VA) , =e" NJA, (3.12)

r+1
Note that

VA(VAAL) = €0 (e NJjA,)
= ei A\ ej N (818]14,,)
= 0 (3.13)

since €' N e/ = —e/ A €', but 9,0;A, = 9,0;A,.

V- (V-A)=¢€-0 (e 0;A,)
— e (@ (0054)
= +e'- ( (0,0, AT ))
=de' - ((e/ A (9,0;A0) 1)
=+ (e' A (e A (9;0;A0))) I
=0 (3.14)

Where * indicates the dual of a multivector, A* = AI (I is the pseudoscalar and A = £A*[ since
I? = 41), and we use equation 1.53 to exchange the inner and outer products.

Thus for the general multivector field A (built from sums of A,’s) we have VA (V A A) =0 and
V- (V-A)=0. If ¢ is a scalar function we also have

VA (Vo) = e Ad; (e/0;0)

= ei VAN ejaiajgb
=0 (3.15)

Another use for the overdot notation would in the case where f (z,a) is a linear function of its
second argument (f(x,aa+ 0b) = af(z,a)+ Bf(z,b)) and a is a general function of position
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(a(r) = a'(x) e;). Now calculate

Vf(z,a)= ef—

Defining
.. )
ik k
Vf(a)=ade py

Then suppressing the explicit x dependence of f we get

(x,e;) =e

o f(w0)

a=constant

. oa
Vi) = Vi@ - (55
Other basic results (examples) are
Vz- A, =rA,
Ve ANA, =(n—r)A,
VA.i = (=1)" (n—2r) A,
The basic identities for the case of a scalar field o and multivector field F' are

V(aF)=(Va)F+aVF
V-(aF)=(Va)-F+aV - -F
VA(@F)=(Vao)ANF+aV AF
if fi and f5 are vector fields
VASinf)=VAN)N2=(VAf)A S
and finally if F, is a grade r multivector field
V- (FI)=(VAF)I

where [ is the psuedoscalar for the geometric algebra.

(3.16)
(3.17)
(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
(3.23)
(3.24)
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3.5 Derivative of a Multivector Function

For a vector space of dimension N spanned by the vectors u; the coordinates of a vector x are the
z' = x-u' so that = x'u; (summation convention is from 1 to N). Curvilinear coordinates for
that space are generated by a one to one invertible differentiable mapping from (:L‘l, e
(6',...,0") where the §" are called the curvilinear coordinates. If the mapping is given by
z(0',...,0N) = 2'(0',...,0") u,; then the basis vectors associated with the transformation are
given by

) e

or O’
0% — ogE
The one critical relationship that is required to express the geometric derivative in curvilinear
coordinated is

€er —

(3.30)

S u’ (3.31)
The proof is

e;-e" = %%um -u” (3.32)

m 9k
_omatt 23)

m 9k
_ %ﬂé)j 5% (3.34)
= Z_Z’; = (5;“ (3.35)

We wish to express the geometric derivative of an R-grade multivector field F in terms of the
curvilinear coordinates. Thus

ue =e (3.36)

00* 06*

k
Vi, = uiFm ( .00 >8FR LOFR
oxt

Note that if we start by defining the e;’s the reciprocal frame vectors e* can be calculated

geometrically (we do not need the inverse partial derivatives). Now define a new blade symbol
by
i,vin] = €ip N oo N\ € (3.37)

and represent an R-grade multivector function F' by

F=F"""ey i (3.38)
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Then o
VF = a]g%eke[il ,,,,, in) + Fh- ZRek%e 7777 in] (3.39)
Define
C{efi,.in | —e’“%e[n ..... i (3.40)

Where C {ey;,

we can write

,,,,,

VF = —eke[il iR + FtrC {e[z

g€ €l rvoin] } (3.41)

Note that all the quantities in the equation not dependent upon the F® can be directly
calculated if the e (91, 0N ) is known so further simplification is not needed.

In general the e;’s we have defined are not normalized so define

eul = \/le] (3.42)

€k

ép = — 3.43
and note that €2 = +1 depending upon the metric. Note also that
é" = |ey| € (3.44)
since
& e, = (le;]€) - (&) = 6iﬂ = (3.45)
x| e|
so that if Fg is represented in terms of the normalized basis vectors we have
Frp=Fp "4 in (3.46)
and the geometric derivative is now
OFh-ir gk 1in
VF=———¢ i Frtn Blit i 3.47
B |ek| ~~~~~ Rl T {6[1 ~~~~~ R]} ( )
and .
A e é" 0 .
C{éirin)} = — 77 €lir..in] (3.48)
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3.5.1 Spherical Coordinates

For spherical coordinates the coordinate generating function is:

z =7 (sin (0) w, + cos () (cos (¢) w, + sin (¢) u,))

so that
e, = cos (#) (cos (¢) u, + sin (¢) u,) + sin (0) u,
eg = r (—sin () (cos (¢) u, + sin (¢) u,) + cos (6) u,)
e, = 1 cos (0) (—sin (¢) u, + cos (¢) uy)
where
le.| =1 |ep| =7 |ey| =1rcos(6)
and

é, = cos (0) (cos (¢) u, + sin (¢) u,) + sin () u,
é9 = —sin (0) (cos (¢) u, + sin (¢) w,) + cos (0) u,

A~

é, = —sin (¢) u, + cos (¢) u,

the connection mulitvectors for the normalize basis vectors are

Cle)=>
C{ép} = :;Sn(fe)) e g
C{és} = %ér N éy+ rC;)iSn((eg) €y N\ é,
Clé, neg) = —:;Z(é)) 5+ Le,
Cie, ne,) — Lo, — <& ©) & peyn é,

r ” rsin(f)

A 2

C{égNéyt=—-€ NégNé,
r

Cl{é.Néghéy) =0

37

(3.49)

(3.50)
(3.51)
(3.52)

(3.53)

(3.54)
(3.55)
(3.56)

(3.57)

(3.58)
(3.59)
(3.60)
(3.61)

(3.62)
(3.63)
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For a vector function A using equation 3.41 and that VA=V -A4+ VA A

. = 1 0 ¢ 1 r 0 T
VA= e A os (0) +0,4%) + 2 (247 + 0, A7) + 0, A (3.64)
1 r 1 .
= ﬁar (r’AT) + rsin (8) (9 (sin (0) A%) + 0,A%) (3.65)
VxA=—T1(VAA (3.66)
[ 9pA? 1 . o\
B ( r s (9) (47 cos (0) = 0, 47) ) & (3.67)
D AT A? AW
* (r sin(6)  r 0,A ) €o (3.68)
0 r
+ (A + o0~ 24 )é¢ (3.69)
r r
VX A = (00 (s (0)A4%) ~ 0,4°) &, (3.70)
1
_ T o}
. (Sm 0sA" = 0, (rA )> (3.71)
+ % (8r (TAQ) 0 AT) 2 (3.72)

These are the standard formulas for div and curl in spherical coordinates.

3.6 Analytic Functions

Starting with G (2,0) and orthonormal basis vectors e, and e, so that I = e,e, and I? = —1.
Then we have
r = ze, + ye, (3.73)
0 0
V=e,— — 3.74
e ax + ey ay ( )

Map r onto the complex number 2 via

z=x+Iy=e,r (3.75)
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Define the multivector field ¢ = u + Iv where v and v are scalar fields. Then

ou Ov v  Ou
—(ZZ - )e, — 4= 3.76
Ve (356 83/) et (356 i ay) o (8.76)
Thus the statement that 1 is an analytic function is equivalent to
Vi =0 (3.77)

This is the fundamental equation that can be generalized to higher dimensions remembering that
in general that v is a multivector rather than a scalar function! To complete the connection with
complex analysis we define (27 =z — Iy)

0 1/0 0 0 1/0 0
@‘5(%_10_1/)’ %‘5(%”@) (3.78)
so that
1 2
z z
o, o &)
ozt 7 92t

An analytic function is one that depends on z alone so that we can write ¢ (z + [y) = ¢ (2) and

O (2)

=0 3.80
0zt (3.:80)
equivalently
1/0 0 1
— = 4+T1= = —e, Vi) = 81
2<8x+ 8y)¢ 2ew 0 (3.81)
Now it is simple to show why solutions to V¢ = 0 can be written as a power series in z. First
Vz = V(epr)
Jor n Jor
= ee,— +ee,—
ox YT Oy

e;e;e; +eje, ey

= €; — €,
=0 (3.82)
so that
V(z—2)" =kV (e,r — z) (2 —2)" " =0 (3.83)
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Chapter 4

Geometric Calculus - Integration

4.1 Line Integrals

If F'(z) is a multivector field and x (\) is a parametric representation of a vector path (curve)
then the line Integral of I’ along the path z is defined to be

d oo
/F(m) d—id/\ - /Fdx = lim Y FA (4.1)
=1

where

Azt =x; — a1, Fl==(F(x;_1)+ F (1)) (4.2)

N | —

d d
if x,, = 1 the path is closed. Since dz is a vector, that is F' (x) g # gF (x), a more general

line integral would be
/F(x)%(?(x) dr = /F(x) dz G (x) (4.3)

The most general form of line integral would be

/ L (Ora; ) dA = / L (dz) (4.4)

where L (a) = L (a; x) = is a multivector-valued linear function of a. The position dependence in
L can often be suppressed to streamline the notation.
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4.2 Surface Integrals

The next step is a directed surface integral. Let F' () be a multivector field and let a surface be
parametrized by two coordinates x (z', z?). Then we can define a directed surface measure by

Jxr  Ox
dX = py A Eye dr'ds® = e; N ey dx'da® (4.5)

A directed surface integral takes the form

/F dX = /Fe1 A ey dotda? (4.6)

In order to construct some of the more important proof it is necessary to express the surface
integral as the limit of a sum. This requires the concept of a triangulated surface as shown Each

B

Figure 4.1: Triangulated Surface

triangle in the surface is described by a planar simplex as shown The three vertices of the planar
simplex are xg, x1, and xo with the vectors e; and e, defined by

€ = T1 — Tp, €2 =T2 — X (47)

so that the surface measure of the simplex is

1 1
AXE561/\82:5([[‘1/\1’24‘[132/\1’04‘1]0/\%’1) (48)
with this definition of AX we have
/ FdX = lim § FPAXP (4.9)
-

where F* is the average of I over the k' simplex.
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)

€9

Zo €1 1

Figure 4.2: Planar Simplex

4.3 Directed Integration - n-dimensional Surfaces

4.3.1 Ek-Simplex Definition

In geometry, a simplex or k-simplex is an k-dimensional analogue of a triangle. Specifically, a
simplex is the convex hull of a set of (k+ 1) affinely independent points in some Euclidean space
of dimension & or higher.

For example, a O-simplex is a point, a 1-simplex is a line segment, a 2-simplex is a triangle, a 3-
simplex is a tetrahedron, and a 4-simplex is a pentachoron (in each case including the interior).
A regular simplex is a simplex that is also a regular polytope. A regular k-simplex may be
constructed from a regular (k — 1)-simplex by connecting a new vertex to all original vertices by
the common edge length.

4.3.2 k-Chain Definition (Algebraic Topology)

A finite set of k-simplexes embedded in an open subset of " is called an affine k-chain. The
simplexes in a chain need not be unique, they may occur with multiplicity. Rather than using
standard set notation to denote an affine chain, the standard practice to use plus signs to separate
each member in the set. If some of the simplexes have the opposite orientation, these are prefixed
by a minus sign. If some of the simplexes occur in the set more than once, these are prefixed with
an integer count. Thus, an affine chain takes the symbolic form of a sum with integer coefficients.
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4.3.3 Simplex Notation

If (zg,x1,...,2x) is the k-simplex defined by the k + 1 points xg, x1, ..., zx. This is abbreviated
by
(@) ) = (@0, 21, - . ., Tp) (4.10)

The order of the points is important for a simplex, since it specifies the orientation of the
simplex. If any two adjacent points are swapped the simplex orientation changes sign. The
boundary operator for the simplex is denoted by 0 and defined by

k
0 () = Z (1) (o, -+ Eiy o k) oy (4.11)
=0

To see that this make sense consider a triangle () = (2o, 21, z2). Then

(@)m = (21,32) ) — (To,22) ) + (2o, 1))
= (#1,22) () + (2, 70) () + (0, 1) 5 (4.12)

each 2-simplex in the boundary 2-chain connects head to tail with the same sign.

Now consider the boundary of the boundary

0’ (55)(3) = 0(x, 552)(2) + 0 (22, 330)(2) + 0 (0, xl)(2)
(@1) 1y — (22) 1) + (@2) 1y — (@0) (1) + (o) 1y — (@1) o)

0 (4.13)
We need to prove is that in general §° () ) = 0. To do this consider the boundary of the ith
term on thr r.h.s. of equation 4.11 letting AZ(-;?_2) = (20, ..., Tiy.. ., Ty, ,xk)(kfl).
Then
6(1'0, .. 7i’i, Ce ,flfk)(k_l) =
( k 3\
1 4(k—2
i=0 > (=1t Al
j=1
i—1 ‘ k . (4 14)
O<i<h: Y (1Y AF?+ > (=11 Al :
=0 j=it1
k-1 '
i=k (—1) ALY
. 3=0 J
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The critical point in equation 4.14 is that the exponent of —1 in the second term on the r.h.s.
is not j, but j — 1. The reason for this is that when x; was removed from the simplex the
vertices were not renumbered. We can now express the boundary of the boundary in terms of

the following matrix elements (Bg?ﬁ) = (—1)"™" Ag-c*z)) as

k k—1
i— k—2 k k—2
O () gy = > (1) TAET 4+ (=1)F D (—1) A
j=1 §=0
k—1 i—1 k
7 j k—2 — k—2
+37(=1) (Z(—l)J AT+ N (—1y Al >>
i=1 j:O j=i+1
k
IR
j=1
k—1 i—1 k—1 k
(k—2) (k—2) __
T By =323 By =0 (4.15)
i=1 j=0 i=1 j=i+1

The consider ijk 2 as a matrix (i-row index, j-column index). The matrix is symmetrical and
in equation 4.15 you are subtracting all the elements above the main diagonal from the elements
below the main diagonal so that 9? ()4 = 0 and the boundary of a boundary of a simplex is
Z€ero.

Now add geometry to the simplex by defining the vectors

e =x; —xy, 1=1,....k, (4.16)
and the directed volume element
1
We now wish to prove that
/ dX = AX (4.18)
() (k)

Any point in the simplex can be written in terms of the coordinates \! as

k
T =0+ Z Ne; (4.19)
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with restrictions

k
0<XN <1 and ) N<1 (4.20)
=1
First we show that
dX:/ et A Aepd\---d\F = AX (4.21)
(w)(k) (I)(k)
or
/ dA\' -\ = % (4.22)

@) k)

define A; =1 — 327, X’ (Note that Ag = 1). From the restrictions on the \’s we have

Ao Ay Agk_1
/ d\' - AN = / d\! / d\?- - / d\" (4.23)
(@) k) 0 0 0

To prove that the r.h.s of equation 4.23 is 1/k! we form the following sequence and use induction
to prove that Vj is the result of the first j partial Integrations of equation 4.23

1 ‘
Vi = i (Ag—s)’ (4.24)

Then
Ap_j1 )
o = [
0

Ag—j—1 1 o
= / AN = (Agjor = M)
0 J:

ol S R
G+ [(A’H*l X) ]0
1 .
IRNCESIT (A—jmr)™ (4.25)

so that Vi, = 1/k! and the assertion is proved. Now let there be a multivector field F' (z) that
assumes the values F; = F' (x;) at the vertices of the simplex and define the interpolating function

f@)=Fy+ Y N(F-F) (4.26)

i=1
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We now wish to show that
1 k
dX = —— F, | AX = FAX 4.27
[, s (n) (121

To prove this we must show that

. 1 .
/ NdX = ——AX, VYN (4.28)
(x)(k) k +1

To do this consider the integral (equation 4.25 with V; replaced by \*=7V})

Ap_j1 i b Ag_j1 k:—‘l i v d
/0 AN NIV = /O VAT (Mg = A)
1 .
~ (j+2) (Ajor) ™ (4.29)

Note that since the extra A factor occurs in exactly one of the subintegrals for each different \*

the final result of the total integral is multiplied by a factor of ﬁ since the weight of the total

integral is now ﬁ and the assertion (equation 4.28 and hence equation 4.27) is proved.

Now summing over all the simplices making up the directed volume gives

/ FdX = lim Y FAX' (4.30)
volume neo i

The most general statement of equation 4.30 is
/ L(dX) = lim » ['(AX) (4.31)
volume oo L

where L (F,; ) is a position dependent linear function of a grade-n multivector F), and L’ is the
average value of L (dX) over the vertices of each simplex.

An example of this would be
L(F,;z) =G (z) F,H (x) (4.32)

where G (z) and H (x) are multivector functions of x.
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4.4 Fundamental Theorem of Geometric Calculus

Now prove that the directed measure of a simplex boundary is zero

Start with a planar simplex of three points
0 ($Oax1a x2)(2) = (x17$2)(1) - ($Oa fL‘Q)(l) + (an l‘l)(l)

so that
A <8 (:1:0,3:1,:172)(2)> =(ry—x1) — (x2 —x0) + (1 —19) =0

We shall now prove equation 4.33 via induction. First note that

1
i=0 A (Zo) g9y N (T — 21)
A (&) ) = | o
O<i<k-—1: HA (xl)(ku)/\(xk_x())
and
) 1
A (k) 1y = = (x1 — o) A+ A ()1 — x0)
so that
=
A(0(@)g) = =7 D2 (F0 A (1) oy A —20) +C
i=1
where
1 9 o
C= 7A@ g A (@r—21) + (1) A (&) )
if we let 6 = o — x1 we can write
1 . 1 . kA /o
C= HA (%0) gy A (@k — T0) + HA (Z0) ggy N O+ (—=1)" A (Tk) oy

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)
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Then
Alln) g N6 = 7 ! 357 (@2~ 20 A A — ) A5 (4.40)
:(k_12)!(x2—$0+5)/\---/\(1’k—1—$0+5)/\5 (4.41)
= -2 _1 ] (wg —20) Av - A (Tp—1 — X)) A (4.42)
k-2
Ek 1_) ) SN (g — o) N+ A (Tg—1 — To) (4.43)
Thus
k_—_llA (o) oz N0 = (4.45)
— D o= ) A o = ) A A (s — ) (446
= (_1)k A (fk)(k—l) (4.47)
However _1
(‘Uk A (fk)(k_n - HA (‘%0>(k—2) A (4.48)
so that .
C= HA ([i’o)(k_Q) VAN (ka — ZL'()) (449)
and

(4.50)

We have proved equation 4.33. Note that to reduce equation 4.49 we had to use that for any set
of vectors 6, y1,...,yr we have

ONWL+O)N ANy +0) =AYy A Ayg (4.51)
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Think about equation 4.51. It’s easy to prove (6 A d = 0)!
Equation 4.33 is sufficient to prove that the directed integral over the surface of simplex is zero
k .
]{ S => " (-1) %zx =A (a (x)(k)> =0 (4.52)
(@) () i=0 (Zi) (1)
The characteristics of a general volume are:
1. A general volume is built up from a chain of simplices.

2. Simplices in the chain are defined so that at any common boundary the directed areas of
the bounding faces are equal and opposite.

3. Surface integrals over two simplices cancel over their common face.

4. The surface integral over the boundary of the volume can be replaced by the sum of the
surface integrals over each simplex in the chain.

If the boundary of the volume is closed we have

fds = lim Z%dsa =0 (4.53)
a=1

Where ¢ dS* is the surface Integral over the a'™ simplex. Implicit in equation 4.53 is that the
surface is orientated, simply connected, and closed.

The next lemma to prove that if b is a constant vector on the simplex (z),, then

j’{ b-dezb-A((az)(k)> —b-AX (4.54)
(=) (x)

The starting point of the lemma is equation 4.28. First define

k
b= b (4.55)
=1

where the e'’s are the reciprocal frame to e; = z; — x¢ so that

k
r—x0 = Z Neg, (4.56)
i=1
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b =b-e;, (4.57)
and
k
> Xby=b-(z—xp). (4.58)
i=1
Substituting into equation 4.28 we get
k ' 12
Z/bixdxz b (z— xp) dX:k—HZb-eiAX (4.59)
i=1 (z)(k) (z)(k) i=1
Rearranging terms gives
1 k
b-xdX =—— b-(:cl—azo)>—|—(k—|—1)b x0>AX
/(“)w) kit ((;
b k
- . | AX
k+1 (; xz)
—b-ZAX (4.60)

1< ; y y
fg(b-xdszEZ(—m b-(x0+---+xi+---+xk)A((:)si)(k_l)> (4.61)

1
The coefficient multiplying the r.h.s. of equation 4.61 is z and not 1

and (), _,) refer to k — 1 simplices (the boundary of (), is the sum of all the simplices (),
with proper sign assigned).

Now to prove equation 4.54 we need to prove one final purely algebraic lemma

k
i y y 1
(=D)'b-(xo+ -+ —I—---+xk)A(z,~)(k_1) = = 1)‘b- (ex A+ Neg) (4.62)
i=0 ’
Begin with the definition of the L.h.s. of equation 4.62
k . k
C=> (~D)'b-(mo+ -+ &+ +a) Ay = Y G (4.63)

1=0 i=0

because both (zg + « -+ + & + -+ + 13,)
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where C; is defined by

1=0: b'(xl‘i‘"""l’k)A(fO)(k_U
o A 4.64
CZ {0<Z§]€ (—1)113-(l’o+"'+Zfi+"'+xk)A<j7i>(k_1) ( 6)

now define F = e; A--- A ey so that (using equation 1.61 from the section on reciprocal frames)

(—) ' eEy=e A NEN--Nep, YO<i<k (4.65)
and
The main problem is in evaluating Cy since
. 1
A (To)gy) = (] (2 —21) Ao A (e — 21) (4.67)
using e; = x; — o reduces equation 4.67 to
. 1
A (Zo) 1) = h=1) (e2—e) A+ Afep —e) (4.68)

but equation 4.68 can be expanded into equation 4.69. The critical point in doing the expansion
is that in generating the sum on the r.h.s. of the first line of equation 4.69 all products containing
x1 (of course all terms in the sum contain x; exactly once since we are using the outer product)
are put in normal order by bringing the x, factor to the front of the product thus requiring the
factor of (—1)" in each term in the sum.

k
(62—61)/\"'/\(€k—€1):62/\"'/\€k—Z(—1>i€1/\62/\"'/\éi/\"'/\€k
i=2

k
=D (D) Trer Aea A NE N ey

k
=> ¢'Ey (4.69)
or

k
y 1 3
=1
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from equation 4.69 we have

:ﬁ(b-Eker/\Ek)

1
=— b F 4.71
and equation 4.62 is proved which means substituting equation 4.62 into equation 4.61 proves
equation 4.54

4.4.1 The Fundamental Theorem At Last!

The simplicial coordinates, A\, can be expressed in terms of the position vector, z, and the frame
vectors of the simplex, e; = z; — xo. Let the vectors ¢’ be the reciprocal frame to ¢; (e; - €/ = (5{ ).
Then

No=e' (1 — x) (4.72)

and let f(x) be an affine multivector function of z (equation 4.26) which interpolates, F, a
differentiable multivector function of x on the simplex. Then

k
) dS = F; — F e (v —x0)dS
j{ f<k> 121 ( " ]g(g”)(m ( g
k
=3 (F - Fy)e' - (AX) (4.73)
But
o) _p g (4.74)
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so that the surface integral of equation 4.73 can be rewritten

k
x) dS =

fi as=3

k

-3

(F;, — Ry e - (AX)

e ax) = v ax) (4.75)

If we now sum equation 4.75 over a chain of simplices realizing that the interpolated function
f (x) takes on the same value over the common boundary of two adjacent simplices, since f (x)
is only defined by the values at the common vertices. In forming a sum over a chain, all of the
internal faces cancel and only the surface integral over the boundary remains. Thus

]f f) ds =3 f - (Ax0) (4.76)

with the sum running over all simplices in the chain. Taking the limit as more points are added
and each simplex is shrunk in size we obtain the first realization of the fundamental theorem of

geometric calculus
7{ FdS = / FV dX (4.77)
oV 1%

We can write VdX instead of V- dX since the vector V is totally within the vector space defined
by dX so that V A dX = 0. The method of proof used can also be applied to the form

7{ dSG:/VdXG (4.78)
ov 14

A more general statement of the theorem is as follows:

Let L(Ax—1) = L(Ax_1;2) be a linear functional of a multivector A;_; of grade £k — 1 and a
general function of position z which returns a general multivector. The linear interpolation
(approximation) of L over a simplex is defined by:

L(A) = L(A;z +ZAZ (A; ;) — L (A; ) (4.79)

Then the integral over a simplex is (Note that since integration is a linear operation, a summation,
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the integral can be placed inside L (A) since L (A) is linear in A)

k

L(dS)zL(j{dS;xo) +ZL(%)\idS;xi) _

k
i=1 =

1

(k)

(2

I

(L (eiAX; :v,) —L (eiAX; xo))

=1

-y (vAX) (4.80)

Taking the limit of a sum of simplicies gives

jng(dS)_ /V L(WX) (4.81)

4.5 Examples of the Fundamental Theorem

4.5.1 Divergence and Green’s Theorems

As a specific example consider L (A) = (JAI™!) where J is a vector, I is the unit pseudoscalar
for a n-dimensional vector space, and A is a multivector of grade n — 1. Then equation 4.81 gives

[ gvaxrty = [viaxi= § s o

we have dX = I'|dX| where |dX]| is the scalar measure of the volume. The normal to the surface,
n, is defined by

n|dS| = dSI* (4.83)
where |dS| is the scalar valued measure over the surface. With this definition we get
/V-J\dX| :Jq{ n- J1dS| (4.84)
1% av

Now using the form of the Fundamental Theorem of Geometric Calculus in equation 4.78 and let
G be the vector J in two-dimensional Euclidean space and noting that since dA is a pseudoscalar
(for 2-D ds is the boundary measure and dA is the volume measure) it anticommutes with vectors
in two dimensions we get -

f{ dsJ = / VdAJ = — / VJdA (4.85)
0A A A
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In 2-D Cartesian coordinates dA = Idxdy and ds = nl |ds| so that

]{ dsd = —/ VJIdzdy. (4.86)
0A A

or

% nlJ |ds| = —/ VJIdzdy
oA A

—j{ nJd I |ds| = —/ VJIdzdy (4.87)
oA A
7{ nd |ds| = / VJdzdy (4.88)
0A A
Letting J = Pe, + QQe, and n = n"e, + n’e, we get -
nd =n-J+ (n"Q —n'P)e,e, (4.89)
Q oP
-V - -~ 4.
VJ=V-J+ (89& 8y) e,e, (4.90)
so that
% n-Jl|ds| = / V- Jdxdy (4.91)
2A A
. Q 0P
fg QP |ds e, = /A (% - a_y) drdye.e, (4.92)
but dy = n*|ds| and dz = —n¥ |ds| so that
P
7{ Pdz + Qdy = / (@ — 8_) dzdy (4.93)
oA a\0x Oy

which is Green’s theorem in the plane.

4.5.2 Cauchy’s Integral Formula In Two Dimensions (Complex Plane)

Consider a two dimensional euclidean space with vectors r = ze, + ye,. Then the complex
number z corresponding to r is

z=e,r =2+yee, =x+yl (4.94)

s =re, =1 —ye,e, =z —yl (4.95)

22l =2ty = 2% 492 = 72 (4.96)
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Thus even grade multivectors correspond to complex numbers since I? = —1 and the reverse of
z, 21 corresponds to the conjugate of z. Even grade multivectors commute with dS, since dS is
proportional to I.

Let ¢ (r) be an even multivector function of 7, then

/ VipdS = f dsyp = f %wd/\ (4.97)

but the complex number z is given by z = e,r and
ex]{dsgb = ]{@Ddz = [ e, VudS. (4.98)

Thus if a function ¢ is analytic, Vi = 0 and ¢ ¢»dz = 0. Now note that (this will be proved for
the N-dimensional case in the next example)

Vﬁ =276 (r — a) (4.99)
where a = e,a. Now let
rT—a

so that

e, jf ds) = e, f ds (ﬁel«f (ew))
- j{dz (ﬁemf (ex'r))

Y O, (4.101)
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?{ jizzldz = ez/V (ﬁexf (exr)) ds

= egc/ <27r5 (r—a)e,f(e,r)+ Vf(e,r) ﬁex) I|dS]

2 —af
=2rlf(a)+ [ e,V f(e,r) ml |dS]|
=2nlf(a)+ [ e,V f(e,r) o a] |dS)|
0 0 1
If Vf(z) =0 we have -
j Ezidz — 271 f (a) (4.103)

which is the Cauchy integral formula. If V f (z) is not zero we can write the more general relation

B f af 1
27l f (a) —j{z_adz 2 8sz—aI|dS| (4.104)
since 5 L/ o 5
e =5 (% + [a_y) (4.105)
and o 1[0 0

4.5.3 Green’s Functions in N-dimensional Euclidean Spaces
Let ¢ be an even multivector function or let N be even so that ¢ commutes with /. The analog
of an analytic function in N-dimensions is Vi = 0.

The Green’s function of the V operator is (Sy = 27%/2/T'(N/2) is the hyperarea of the unit
radius sphere in N dimensions)

G (z;y) = lim i

i = (|x_y|N+€> (4.107)
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So that
lir% V.G (z;y) =6 (x —y).

To prove equation 4.108 we need to use

Ve(@—y)=N and V,|z—y/" =M@ —y)|z—y/" >

So that
_ 1 ) (e Y _
V.=V (ol o) T+ (=l +) Vo)
N — |z —y|V N 1
=< P
Sn (\x—y\N—l—e) (’$_Q|N+€>

Y (le =yl +e)
so what must be proved is that

N
lim — ‘ =0(x—y)

N 2
0 Sy <|x—y|N+e)

First define the volume B, (7 > 0) by

r€B, < |z|<T

59

(4.108)

(4.109)

(4.110)

(4.111)

and let y = 0 and calculate (Note that we use |dV| since in our notation dV' = I'|dV| and the

oriented dV is not needed in this proof. Also r = |z|.)

(rN 4 ¢)?

N [ee) N N-1
= [N
) 0

oo N (jaf¥ 4 ¢

[

(4.112)
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Thus the first requirement of a delta function is fulfilled. Now let ¢(z) be a scalar test function
on the N-dimensional space and S a point set in the space and define the functions

max (¢, S) = {max (¢(z)) Ve € S} and min (¢, S) = {min (¢(z))Vz € S}

and calculate the integral

N T
— | ——— v =/ %d(ﬂv)
SN Jg. <|:L‘|N—i—6> o (N +e)
— € ’
n ™ +e],
€
=1- 4.11
™ + € ( 3)
and note that
N
. V] = = (4.114)
N JBo—B- <|ZE|N + 6) T + €
Thus V7 > 0 we have
hm—/ —— = |dV|=0 (4.115)
0 Sy Jp._ B, ]:c\ )
and
hm—/ dV| =1 4.116
e—0 SN ‘I| 2 | ‘ ( )
Thus
N
min (¢, Boo — By) — V| <
SN JBo-B, (]m|N + 6)
N 6 ()
S_ N2 |dV|
N Bne (|af ¥ 4 )
N
< max (¢, Bo — By) — < jav| (4.117)

SN JBu-B, <|x|N—i—€>
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and
N
win (6, 5,) g | V] <
N <|x\N + e)
2
Sy Ja, (|x|N - 6)
N
< max (¢, B;) — ;2 V| (4.118)
Sy /B, (|x!N + 6)
Thus
hn%—/ _ )y =0 (4.119)
0N S, |x| + €>
and
N
win (0, 5,) < i 2 [ v < max (6, 52 (4.120)
TN b (0] )
Finally
lim limﬁ/ % |dV| = ¢(0) (4.121)
T=0e=0 Sy Jp <|$|N + €>
and we have proved equation 4.110 since
lim (max(¢, B;) —min(¢, B;)) =0 (4.122)

7—0

Now in the fundamental theorem of geometric calculus let L(A) = G A so that (remember that
¥ commutes with dV' and Vi) = 0)

L(%dv) — GV, AV + GV, V)
- (va + szl/)) []dV]

= GV I |dV|
= V,GyI |dV| (4.123)
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and

f@dsw / v — ) (@) I|dV]
ov

—Iw( ) (4.124)
or ]—1 _y
60) = g S (4.125)

because 1 is a monogenic function (Vi) = 0).



Chapter 5

Geometric Calculus on Manifolds

5.1 Definition of a Vector Manifold

The definition of a manifold that we will use is -

A wvector manifold (generalized surface) is a set of points labeled by vectors lying in a geometric algebra of arbitre
dimension and signature. If we consider a path in the surface x (X\), the tangent vector is defined by

,_ Or(N)

o (At €) — 2 (Ao)
B = lim

e—0 €

T

Ao
and the path length

A2
SE/ Va2 |dA (5
A1

5.1.1 The Pseudoscalar of the Manifold

Now introduce a set of paths in the surface all passing through the same point x. These paths
define a set of tangent vectors {ey,...,e,}. We assume these paths have been picked so that the
vectors are independent and form a basis for the tangent space at point . The outer product of

63
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the tangent vectors form the pseudoscalar, I (x), for the tangent space
epxNeaN---Ne

_ 5.3
|61/\€2/\"'/\€n| ( )

Thus

I’ =41 (5.4)
We require that for any point on the manifold the denominator of equation 5.3 is nonzero. We
also assume that for all points on the manifold that I (z) is continuous, differentiable, singled
valued, and has the same grade everywhere.

5.1.2 The Projection Operator

Define the projection operator P (A) operating on any multivector A in the embedding multi-
vector space as

PA) = (A1) (x) (5.5)
We can show that P (A) extracts those components of A that lie in the geometric algebra defined
by I (z). Since P (A) is linear in A if we show that if P (A,) projects correctly for an r-grade
multivector it will do so for a general mulitvector. If n is the dimension of the tangent space and
A, is a pure grade multivector we can write equation 5.5 as

P (Ar) = (Al (), I (2) (5.6)

Now consider the blades that make up the components of A,. They will either consist only of
blades formed from the tangent vectors e; or they will contain at least one basis vector that is
not a tangent vector. In the first case

r—n|

(Al (), _py = Arl () (5.7)

and

P(A,) = A, (5.8)
In the second case there is no component of A, I (x) of grade |r — n| and

P(A)=0 (5.9)
This is easily seen if one constructs at point z an orthogonal basis (o; - 0; = d;;0?) for the
tangent space {o01,...,0,} and an orthogonal basis for the remainder of the embedding space
{0ns1,---,0m}. Then any component blade of A, is of the form

Alvizesing, oo (5.10)

(o
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where i1 < ip <--- <4,. If i; <nV1< 75 <rthen

Alizetrg, o 0g, - I = Ao, 00 ] (5.11)
and
(Alt2tro 04 0 - I) I7H = A0, 04,0y, (5.12)
and
P (A2 0,04,...05) = A0, 04 L0, (5.13)
If any i; > m then Ao, 0, ...0; I contains no grade |r — n| and
P (A0, 04 .. 0;) = 0 (5.14)
5.1.3 The Exclusion Operator
For an arbitrary multivector A the exclusion operator P, (A) is defined by
PL(A)=A—-P(A) (5.15)

5.1.4 The Intrinsic Derivative

Given a set of tangent vectors {e;} spanning the tangent space the derivative intrinsic to the
manifold is defined everywhere by

d=¢e'e;-V="P(V) (5.16)

Also note that
P(0)=0 (5.17)
When we write P (V) or P (0) the V or 0 is not differentiating the I (x) in the P operator

anymore than V is differentiating dX in the fundamental theorem of Geometric Calculus.

We also note that if the vector a is in the tangent space that
a-0=a-V (5.18)

and that a-0 is a scalar operator that gives the directional derivative in the a direction. Also since
it is scalar it satisfies Leibniz’s rules without using the dot notation (remember the convention
that if parenthesis are not present the operator precedence is dot product then wedge
product then geometric product).

a-0(AB)=(a-0A)B+ A(a-0B) (5.19)
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5.1.5 The Covariant Derivative

The O operator is entirely within the tangent space and if the general multivector function A (x)
is also entirely within the tangent space, it is still possible (even likely) that 0A is not entirely
within the tangent space. We need a covariant derivative D that will result in a multivector
entirely within the tangent space. This can be done by defining

a-DA(z) =P (a-0A(x)) (5.20)
so that
a-0A=P(a-0A)+P,L(a-0A)=a- DA+ P, (a-0A) (5.21)
Again since a - D is a scalar operator we have
a-D(AB)=P(a-0(AB))=(a-DA)B+ A(a-DB) (5.22)

A component expansion of D is given in the usual way by (do not forget the summation conven-
tion)

D =¢e'e;- D (5.23)
and '
DA, =¢'(e;- DA,) =P (0A,) (5.24)
and
DA, = (DA, _, (5.25)
DAA, = (DAY, 5.26)
if () is a scalar function on the manifold then
da (z) = Da (z) (5.27)

because in equation 5.27 no basis vectors are differentiated. To relate 0 and D if the function

operated on is not a scalar first construct a normalized basis {e;} for the tangent space at point
x. Then
I=e; ANesA...Ney and I? = +1 (5.28)

and (since a - 0 and a - D are scalar operators we can move them across the wedge products
without any problems)

(a-0I)I (Z er N . (a- De; + Py (a-0e;)) A en> ! (5.29)

(a-DI)I™ +Z YTIPL(a-de)Ner A NEN . Neg ! (5.30)

=(a-DI)T7" +PL( - de;) N (5.31)
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We go from equation 5.30 to equation 5.31 by using equation 1.61 on page 33 in the section on
reciprocal frames.

Since (a- D) I is a grade n multivector in the tangent space it must be proportional to I and
thus commute with I so that ((a-9)I)I =1 ((a-9)I). Also I"! = 4T so that we have

(a-DDI ' =+(a-DII

= %((a-D])]—I—](a-DI))
=42 (0D (1))
=0 (5.32)
Thus
(a-0I) =Py (a-0e;) Ne'l =—S(a)l (5.33)

Where S (a) is the shape tensor associated with the manifold. Since S (a) is a bivector we can
write (A x B = (AB — BA) /2)
a-0I =1x S (a) (5.34)

since

S(a)-T=S(a)AIl=0 (5.35)

and by equation 1.97 page 58. Given that a (x) and b (z) are vector fields on the manifold (both
are in the tangent space at point x), form the expressions in equation 5.36 (remember that for
any three vectors u, v, and w we have u - (v Aw) = (u-v)w — (u - w)v)

-5 (@)= b- (¢ AP (a- 06,)
=(b- )P (a-0e;)— (b-Py(a-e;))é
= ((tVe;) - €) Po(a- 0e;)
= V6P (a- Oe;)
but
Pi(a-0b) =P (a-0(Ve;))
=P (a -Ob'e; +a- 3biéi>
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and

b-S(a) =P, (a-0b)

Thus

a-0b="P(a-0b)+P,(a

and (using the fact that the dot product of a vector and bivector are antisymmetric)

a-Db=a-0b+ S (a)-b

Now consider the expression

a-D Zzn (a-8b;+ S (a)-b;)...b,

_Zbl (a - Ob;)

:aa(blbr)%—

—a-9(br... b))+ = (S(@(br...b)—(by...b)S () +

—a-9(br...b)+=(S(@)(br...b)—(by...b)S () +

2

1 r—1
5 (Zbl...s
i=3

=a-0(b...b)+ S(a) x

(by-..0,_1S (a) by — byS (a) by .. b))

(by...b)

-0b)=a-Db+0b- S (a)

a) b; ..br—Zbl...biS(a)...bT>+ (5.41)

(5.42)

To get from equation 5.41 to equation 5.42 note that in the sums in parenthesis in equation 5.41

the 7" term in the first sum cancels the "

+ 1 term in the second sum.
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Since any multivector is a linear superposition of terms containing b ...b, with 1 <r <n and
a scalar we have

a-DA=a-0A+S(a) x A (5.43)

Where a () and b (z) are vector fields on the manifold write
a-Ob=a-0P((b)=a-0P (D) +P(a-0b)=a-IP () +a- Db (5.44)
Now substitute equation 5.43 into equation 5.44 to get

a-OP(b)=0b-5(a) (5.45)

5.2 Coordinates and Derivatives

In a region of the manifold we introduce local coordinates x* and define the frame vectors as

B oz
Ot

From the definition of 9 is follows that e’ = dx'. The {e;} are referred to as tangent vectors and
the reciprocal frame {e'} as the cotangent vector (or 1-forms). The covariant derivative along a
coordinate vector, e; - D, satisfies and defines both D; and S;.

€; DA = DIA = 67',014 + S ((‘37',) X A= OZA + Si x A (547)

The tangent frame vectors satisfy
0,e; — 0je; = (0;0; — 0;0;) x =0 (5.48)
Using the P operator on equation 5.48 gives
Diej — Dje; =0 (5.49)

while using P, gives
€; - Sj =€ SZ (550)

For arbitrary vectors a and b in the tangent space equation 5.50 becomes

a-Sb)=0b-5(a) (5.51)
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In terms of the coordinate vectors the shape tensor becomes

S(a) =e" AP, (a-Oey) (5.52)
and
S; =" ANPL(e; - Oeg) = X AP (ey - Oe;) (5.53)
Then
ONe;=e" NOwe; = e A (P (Ore;) + PoL(0kei)) =D Ae; + S; (5.54)
Letting a = a’e; be a constant vector in the tangent space gives the general result
ONa=DANa+ S (a) (5.55)
Additionally
INa=0N(P(a))
=OAP(a)+P(DNa)
=DAa+dAP(a) (5.56)
Thus o
ONP(a)=S(a) (5.57)

Note that if @ and b are any two vectors in the embedding space then P (a Ab) = P (a) A P ()
and if ¢ () is a scalar function on the manifold we have

ONOp=0NP (Vo)
zéAP(V'gb)+3/\7'>(v¢)
:7D<v)/\7?<v'¢>+8/\7'3(v¢)

=P (VAVS) +INP (V) (5.58)
but VAV =0 so
IONIp=S(Vo) (5.59)
Since S (a) for any vector a lies outside the manifold we have
DA (D¢) =0 (5.60)
Letting ¢ (z) = 2* (), then since 2’ (z) is a scalar function
DA (Ds'y=DAe =0 (5.61)

so that for a general vector a = a; () ¢! we have
DAa=DA (a;e’) =€ Ne (9;a;) = 567’ A€l (0;a; — 0;a;) (5.62)

Equation 5.62 is isomorphic to the definition of the exterior derivative of differential geometry.
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5.3 Riemannian Geometry

We shall now relate the shape tensor to the metric tensor and Christoffel connection. The metric

tensor is defined by
9ij = €i " € (5.63)

and the Christoffel connection by . '
I = (Djey) - € (5.64)

so that the components of the covariant derivative are given by
(a-Db)-e" =d (D; (b'e)) - €
=a’ (9;b" + T%b") (5.65)

The I' ix can be expressed in terms of the g;; by considering the following relations. First, the
I; are symmetric in the j and & indices.

I, — T4 = (Djer, — Dyej) - €' =0 (5.66)
Second, the curl of the basis vectors is given by (equation 5.61)
DA €; = DA (gijej) = (Dg”) A ej (567)
By equation 5.66 we can write
- 1,
Iy = ze' - (Djey, + Dye;)

2°
S¢' (e D)ex + (ex- D)ey) (5.69)
A

Now apply equation A.5 (Appendix A) and equation 5.67 to each term in equation 5.68 to get

D/\ek)—l—ek (D/\ej)+(€j'ék)D+(ek'éj)D
D/\@k)+€k (D/\€j>+D(gjk>

(ej'D)€k+(€k'D)€a =€ - (
i (
i+ ((Dgw) Ne') +ex - ((Dg) Ae’) + D (g;i) (5.69)
)

Now apply equation A.2 (Appenchx A) toe; - (ngl A el) and ey, - (Dgj A €) giving in the first
case

¢j - (Dgu Ae') = (ej - (Dg)) ' — (e - €') Dgu
= ((ej - D) g) €' — 6. Dgpy

= ( ]gkl)e — Dgg;

= (0

gkl) e — 89@ (570)
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so that equation 5.68 becomes
Iy = 562 : ((ajgkl) e + (Okgi1) el — 3gkj)
1 .
= 561 - ((939u) € + (Orgs) €' — €'Og)
1 .
= 59” (9jgm1 + Okgji — Dugr;) (5.71)
which is the standard formula for the I',.

1
Now define the commutator bracket [A, B] of the multivectors A and B by (note there is no 5

factor)

[A,B]= AB — BA (5.72)

Now form equation A.2 (Appendix A) and use the Jacobi identity (equation 1.101) to reduce the
double commutator products on the r.h.s. of the equation

[DZ,DJ]A: 82(83144—5] X A) —|—Sz X (@A—i—S] X A) —aj (&A—i—Sz X A) —Sj X (&A—i—Sz X A)
However (see equations 5.33 and 5.34, page 153) so that S; = — (9;I) [, and
(0,8 = 9;8;) = =0, (O;1) I™') + 95 (A1) I7Y)
= (0;1) (0:1) 172 — (:]) (0;1) "™
=D tonIrt—nrtonrt
= S]SZ — SZS] = —252 X Sj (574)

where we have used that 7! and the partial derivatives of I commute to reduce the second line
of equation 5.74

The commutator of the covariant derivatives defines the Riemann tensor

R (a,b) =P (S (b) x S (b)) (5.76)
Since R (a,b) is a bilinear antisymmetric function of a and b we may write

R(aNb) =P (S () xS(a)) (5.77)

or

R (e; Nej) =P (S(ej) xS (e)) (5.78)
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Since both S (a) and S (b) are bivectors we can use equation A.10 (Appendix A) to reduce
S (b) x S(a)
S (b) x S(a) = (" APL(b-0ey)) x (e APL(a-ey))
= (" P (a-0e)) P (b-ex) Ne' — (e - e') P (b Dey) APy (a- Dey)
+ (PL(b-Oey) - €)e* NPy (a-0e) — (PL(b-Dex) - Py(a-0e))e* net  (5.79)

In equation 5.79 the first and third terms are zero. The second term is entirely outside the
tangent space and the fourth term is entirely inside the tangent space. Also note that since the
second term consists of bivectors that are entirely outside the tangent space that term commutes
with all multivectors A in the tangent space so that the commutator of the second term with A
is zero. Thus the Riemann tensor reduces to

R(aNb)=—(PL(b-0e,) PyL(a-0e,))e* Ne® (5.80)

or

R (e; Nej) = — (PL(0jey) - PL(0iey)) e* N e’ (5.81)

To calculate the Riemann tensor in terms of the Christoffel symbols note that

[Di, Dj] e = Sj X Sz X €k (582)
= Sj X Sz c ek (583)
=R (e; Nej) - e (5.84)

Equation 5.82 comes from letting A = ¢, in equation 5.75. Equation 5.83 comes from the fact
that S; x S; is a bivector and that the commutator product of a bivector and a vector is the same
as the dot product. Finally we have that S; x S; - e, = P (S; X S;) - ex since from equation 5.79
PL(S; xS;)=— (em . el) Py (ej - 0em) NP (e - Oe) so that Py (S; x S;) - e, = 0. Thus
R (ei A 6]') cC — [Dl, Dj] (A3

= Dz (F?kea) — D] (ngea)

= (@‘F?k) eq + I Dieq — (0;1%) €a — I Djeq

= (0%, + T5.T%) ea — (9,15, — T4T%) eq (5.85)

SO

(R(ei Nej)-ex)-e = ((8:0%,) + F?kzr?b) 5, — ((0,T5) + Fi’kfﬁb) S,
= O 4+ Ty — 0,1, — To.T, (5.86)



74 CHAPTER 5. GEOMETRIC CALCULUS ON MANIFOLDS

Using equation 5.81 we have
(R(eiNej)-er) e =—(PL(9en) - Po(0ien)) ((€“ Ne¥) - ep) - el (5.87)
Using equation A.9 (Appendix A) to reduce ((e* A e?) - e;) - €' gives
((e" Ae”)-ep) - e = g6y — g"lo} (5.88)
Substituting equation 5.88 into equation 5.87 gives
(R (e; ANej) - ex) - =Py (9jer) - Py (Diey) g — Py (0je,) - P1 (Diex) g™
=P, (0;ex) - PL (aiel) - P, (ajel) - Py (Oiex) (5.89)
because
P (0iey) g =PL
i (9%e0) = (0i9") eu)

d;e') (5.90)
Finally
Rijkl = PJ_ (8jek) : PJ_ (81-61) - ,PJ_ (8jel) . PJ_ (azek)
= O, + 0T, — 0,0, — To.IY, (5.91)
Which is the standard form of the Riemann tensor in terms of the Christoffel symbols. Note that
Rijii = R,ji." gul
= PJ_ (8j6k) : PJ_ (&el) - PJ_ (8]'61) . PJ_ (816k) (592)

From equation 5.92 and equation 5.48 (0;e; = Oje;) we can see that the symmetries of the co-
variant Riemann tensor are

Rijii = —Rjirr, Rijr = —Rijik, and Rijp = Riij
To prove the first Bianchi identity form R (e; A e;) - e and use equation 5.49 (Dje; = Dye;) to
get
R (Gi A Gj) e — DiDjek — DjDZBk
= Dz'Dkej — DjDkei
= [DZ, Dk] € — [Dj, Dk] e; + Dk (Diej — Djei)
=R (e;Nep)-ej—R(ej Neg) - e (5.93)
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or

F(a,b,c)=a-R(bAc)+c-R(aANb)+b-R(cNa)=0 (5.94)
However F'(a, b, ¢) is a linear function of a, b, and ¢. Also F' (b,a,c) = —F (a,b,c) and F (a,c,b) =
—F (a,b,c) so since F' is antisymmetric in all arguments we may write

F(a,b,c)=F(aANbAc) (5.95)

n
3

tensor is a bivector valued function of a bivector the degrees of freedom of the tensor is no more
2
n(n—1)

scalar coefficients. Since the Riemann

2
-1 .
Thus equation 5.94 contains n(}) = n*(n—1)(n

than and equation 5.94 reduces the degrees of freedom by n(g) so that the total

degrees of freedom of the Riemann tensor is

(52 () -

5.4 Manifold Mappings

One way of illuminating the connection between geometric calculus on manifolds and the standard
presentation of differential geometry is to study the effects of mappings from one manifold to
another (including mapping of the manifold onto itself). Let f : M — M’ define a mapping
from the manifold M to M’. For our purposes f is a diffeomorphism. That is f and all of its
derivatives are continuous and invertible. We shall denote the image of x € M as 2’ so that
f(x) = a'. Then if x (\) defines a curve on M, then f (z (\)) = 2/ (\) defines a curve on M’.

x
Since a is in the tangent space of M and (remember dot product before geometric product)

de'  d dx dx' Of
= P @) =0 0f (o) = oo (5.96)

is in the tangent space of M’ (the u;’s would be a basis for the embedding space of M’). Thus
if a is in the tangent space of M at point x then

ad=a-0f (x)="f(a;2) =f(a) (5.97)

is in the tangent space of M’ at point ' and the frame (basis) vectors for M at point x map
from one tangent space to the other via

e, =¢e;-0f (x) =f(e;;x) =f(e) (5.98)
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where in the rhs of equations 5.97 and 5.98 we suppress the position dependence, x, in the linear
functional f. Note that we actually have e; (z) and €} (x). The cotangent frame, €', in M is
mapped to e in M’ via the inverse of the adjoint

e =" (). (5.99)

This is simply proved by noting (remember that by definition a - f (b) = b - f (a))

(5.100)

Lab (5.101)



Chapter 6

Case Study of a Manifold for a Model
Universe

We wish to construct a spatially curved closed isotropic Minkowski space with 1, 2, and 3 spatial
dimensions.

To do this consider a Minkowski space with one time dimension (€3 = 1) and 2, 3, or 4 spatial
dimensions (unit vector squares to —1) as indicated below

The vector manifolds will designated by

Vector Function Spatial Dimensions Coordinates Components

x @ 1 T, P €o, €1, €2
xX® 2 T,p,0 €p, €1, €2, €3
X3 3 T,p,0,0 €, €1, €2, €3, €4

The condition that 7 does parametrize the time coordinate of the manifold is that

oxX@ Hox@ )
or  or

er e =
since then the time coordinate is given by (all spatial coordinates are fixed)
/\/eT e dr =T (6.3)

7
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Then the manifolds in 1, 2, and 3 spatial dimensions are defined by

XY =t (1)eg+7(7) <cos (§>61 + sin <§>62) (6.4)
X =t(r)eg+7(7) <cos ($>61 + sin (é) (cosfey + sin 963)> (6.5)
XO) =t(1) e+

r(T) (COS <§>61 + sin (g) (cos fey + sin @ (cos pes + sin ¢e4))> (6.6)

Where 7 (7) is the spatial radius of the manifolds. In order for equation 6.2 to be satisfied for all
the three manifolds we must have

e () () o

1
For the specific case of r (1) = 57'2 the derivatives and ¢ (7) are given by

10

Figure 6.1: Expansion Radius of Model Universe, r (1), where 7 is the time coordinate.



dr _
dTﬁT

dt
d—:\/1+7'2
-

1
t(r) = 3 <Tm + sinh™! 7')

79

Spatial coordinates for the model universes are given by p a spatial radius and the angular
coordinates # and ¢ if required. A visualization of the 1-D spatial dimensional manifold is shown

in figure 6.2. e, and e, are

oxM ax®
5 and e, = 9p

e, =

and metric tensors for the three cases are

Iw =" “ow

where pu, v = {1, p,0,¢}. If we define h (7, p) as

dr p

h(TaP):Em

Then the differential arclength given by the metric tensor, g, is

(ds)? = g dx"dz”

and the metric tensors for the three cases are (using sympy to do the algebra)

y ([ 1=h* h
="

1—h® h 0

2) h -1 0
QLV)— P\ 2
0 0 —(rsin(—))

,
1—h% h 0 0
h -1 0 0

2
g3 = 0 0 —<rsin<—>> 0
r

(6.8)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)



80

9SIOATU() (JT :g'9 9INSI]

CHAPTER 6. CASE STUDY OF A MANIFOLD FOR A MODEL UNIVERSE

)

()




81

If we renormalize ey and ey to be unit vectors

’ €9

)rsm (-)]
r
/ €¢
7 sin <£> sin@‘
r
: 2) (3)
The metric tensors g,y and gus become
1-h h 0
g = h -1 0 (6.17)
0 0 -1
1-h2 h 0 O
h -1 0 0
13) _
9 = 0 0 -1 0 (6.18)
0 0o 0 -1
and
det (g))) = det (¢\2) = det (g/)) = -1 =1" (6.19)
For the 1-Dimensional space the differential arc length is
(ds)® = (1 — h?) (dr)* + 2hdrdp + (dp)® (6.20)
so that for the light cone, ds = 0, we have the differential equation
L ean®e g () (6.21)
dr dr) '
: . : . . . do
Note that this equation also applies to the 2 and 3 dimensional case if we set P 0.
T T
d
Solving for er gives
i d 1d d
0 r
—=htl=—-——p+1={(-—1 +1 6.22
dr rdTp (dT n(r)) P ( )

Using the integration factor for linear first order differential equations the solution to equation
6.22 is (p(79) = 0)
) =trn) [ T (6.29)
T)==%r (7 :
4 r(7)

70
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Note that r (7) and ar (1) have the same solution p (7). Now consider the case that r (1) = 77,
then

- n=1, +7ln T
- T
pir) =t [ () - o o) L (6.24)
o n# 1, T —To

1— T0

Typical p (7)’s for various —1.5 < 1 < 1.5 are shown in the light cone plot. If > 0 the speed of
light is greater than c in flat space. If n < 0 the speed of light is less than ¢ in flat space. Note
that if the universe is curved, but not expanding or contracting the speed of light is the same as
c in flat space.

Figure 6.3: Lightcone in Curved Space

-
For a time periodic universe r (7) = sin (—) where T is twice the period of the universe and
p(10) = 0, then

p (1) = Tsin (%) In -

csc <%) + cot (T
(7) et (

The plot of equation 6.25 is shown in figure 6.4



QU

14

12

Photon Path (r () = sin (%))

Figure 6.4: Periodic Light Cone
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6.1 The Edge of Known Space

Another kinematic question to answer is under what conditions light cannot access parts of the
universe. The critical quantity is

A(r) = ﬁpr((?) (6.26)

where 9 (the angular distance around the universe restricted to 0 < ¢ < 7) is the measure of
how far from the observer you are. Since the universe is spatially periodic the maximum value
of ¥ is m. If A(7) > 1 for some finite 7 you can access the distance defined by ¥. Substituting
equation 6.23 into equation 6.26 gives

A1) = % / T (6.27)

/T G (6.28)

First consider a linear expansion model of the form

r(r) =ro (1 +a (Tio = 1)) (6.29)

1 | —
T2 \n/ 1 (6.30)
To (6%

so that the connection condition is

where r (19) = rg. Then

In a linearly expanding universe the photon time of flight increases exponentially with distance.
Now consider super-linear expansion of the form (n > 1)

r(r) = ro (1 +a (Tlo - 1)77) (6.31)

1
an (T——l) d
ACP / ° P>y, (6.32)
To 0 L4 pm

but the integral in equation 6.32 does not have a closed form solution unless we let 7 — oo. In

that case! we can write ) 9
“amese (S) > (2) (2 (6.33)
n n ™ To

A contour plot of the left side of equation 6.33 is shown below

Then

1)o7 2 is 3.241-2 in " Gradshteyn and Ryzhik”
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Figure 6.5: Photon Exclusion Zone
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)
The right side of equation 6.33, (—) (@) is interpreted as follows -
m To0

) 9
1. — is the fractional distance around the closed spatially periodic universe. — = 1 is as far
™ T
as one can go before the distance from the observer starts to decrease.

T T
2. -2 is a measure of inflation. Immediately after an inflationary epoch 2>
To 7o

0,
Thus equation 6.33 determined the maximum distance — that a photon can propagate in a finite
T

amount of time.

. . . " o .q . .
Another question to consider is under what conditions — will increase as 7y increases or when

70
will the following be true
ri) , rim) (6.34)
T To
Equation 6.34 is equivalent to
n—1
a (1 - 1) > 1 (6.35)
70

7 (7o)

To

so that if n > 1 then will eventually grow as 7 increases.



Appendix A

BAC-CAB Formulas

Using the geometric algebra module in sympy' several formulas containing the dot and wedge
products can be reduced. Let a, b, ¢, d, and e be vectors, then we have

a-(be)=(b-c)a—(a-c)b+(a-b)c (A1)
(b/\c) (a-b)e—(a-c)b (A.2)
(b/\c/\d) (a-d)y(bAc)—(a-c)(bAA)
+(a-b)(cAd) (A.3)
a-(bANecANdNe)=—(a-e)(bAcAd)+ (a-d)(bAcNe)
—(a-c)(bAdNe)+(a-b)(cNdNe) (A4)

If in equation A.2 the vector b is replace by a vector differential operator such as V, 9, or D (we
will use D as an example) it can be rewritten as

(a-Dyc=a-(DAc)+ (a-é) D
—a-(DAc)+D(a-¢)

=a-(DAc)+D(é-a) (A.5)

Cyclic reduction formulas are
a-(bAc)+c-(aNb)+b-(cAha)=0 (A.6)
albhc)—b(aNnc)+c(anb)=3aANbAc (A.7)

thttp://docs.sympy.org/
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a(bAeANd)—blaneNd)+c(laNbAd)—d(aNbAc) =
daNbANcNd (A.8)

Basis blade reduction formula

(@nb)-(cANd)=((anb)-c)-d
=(a-d)(b-c)—(a-c)(b-d) (A.9)

Finally one formula for reducing the commutator product of two bivectors

(anb)x (cANd)=(a-d)bANc—(a-c)bNd
+(b-c)and—(b-d)anc (A.10)



Appendix B

Blade Orientation Theorem

A blade only depends on the relative orientation of the vectors in the plane defined by the blade.
Since any blade can be defined by the geometric product of two orthogonal vectors let them be

e, and e,. Then any two vectors in the plane can be define by:

a = az€e; + aye,
b=b.e, +bye,

and any rotor in the plane by

R =ab=(a-b)+ (azb, — ayb,) e,e,

as long as
RRAT=1
but
Re,e, = e e, R
and

Re,R'Re,R' = Re,e,R' = e,e,RR' = e e,

and absolute orientations of e, and e, does not matter for e,e,.
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APPENDIX B. BLADE ORIENTATION THEOREM
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