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Introduction
Geometric algebra is the Clifford algebra of a finite dimensional vector space over real scalars
cast in a form most appropriate for physics and engineering. This was done by David Hestenes
(Arizona State University) in the 1960’s. From this start he developed the geometric calculus
whose fundamental theorem includes the generalized Stokes theorem, the residue theorem, and
new integral theorems not realized before. Hestenes likes to say he was motivated by the fact
that physicists and engineers did not know how to multiply vectors.

Researchers at Arizona State and Cambridge have applied these developments to classical me-
chanics,quantum mechanics, general relativity (gauge theory of gravity), projective geometry,
conformal geometry, etc.
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Chapter 1

Basic Geometric Algebra

1.1 Axioms of Geometric Algebra

Let V (p, q) be a finite dimensional vector space of signature (p, q)1 over <. Then ∀a, b, c ∈ V
there exists a geometric product with the properties -

(ab)c = a(bc)
a(b+ c) = ab+ ac
(a+ b)c = ac+ bc

aa ∈ <

If a2 6= 0 then a−1 =
1

a2
a.

1.2 Why Learn This Stuff?

The geometric product of two (or more) vectors produces something “new” like the
√−1 with

respect to real numbers or vectors with respect to scalars. It must be studied in terms of its
effect on vectors and in terms of its symmetries. It is worth the effort. Anything that makes
understanding rotations in a N dimensional space simple is worth the effort! Also, if one proceeds

1To be completely general we would have to consider V (p, q, r) where the dimension of the vector space is
n = p+q+r and p, q, and r are the number of basis vectors respectively with positive, negative and zero squares.

7
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on to geometric calculus many diverse areas in mathematics are unified and many areas of physics
and engineering are greatly simplified.

1.3 Inner, ·, and outer, ∧, product of two vectors and their basic
properties

The inner (dot) and outer (wedge) products of two vectors are defined by

a · b ≡ 1

2
(ab+ ba) (1.1)

a ∧ b ≡ 1

2
(ab− ba) (1.2)

ab = a · b+ a ∧ b (1.3)

a ∧ b = −b ∧ a (1.4)

c = a+ b

c2 = (a+ b)2

c2 = a2 + ab+ ba+ b2

2a · b = c2 − a2 − b2

a · b ∈ <

(1.5)

a · b = |a| |b| cos (θ) if a2, b2 > 0 (1.6)

Orthogonal vectors are defined by a · b = 0. For orthogonal vectors a ∧ b = ab. Now compute
(a ∧ b)2

(a ∧ b)2 = − (a ∧ b) (b ∧ a) (1.7)

= − (ab− a · b) (ba− a · b) (1.8)

= − (abba− (a · b) (ab+ ba) + (a · b)2) (1.9)

= − (a2b2 − (a · b)2) (1.10)

= −a2b2
(
1− cos2 (θ)

)
(1.11)

= −a2b2 sin2 (θ) (1.12)

Thus in a Euclidean space, a2, b2 > 0, (a ∧ b)2 ≤ 0 and a ∧ b is proportional to sin (θ). If e‖ and

e⊥ are any two orthonormal unit vectors in a Euclidean space then
(
e‖e⊥

)2
= −1. Who needs

the
√−1?
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1.4 Outer, ∧, product for r Vectors in terms of the geometric product

Define the outer product of r vectors to be (εi1...ir1...r is the mixed permutation symbol)

a1 ∧ . . . ∧ ar ≡ 1

r!

∑
i1,...,ir

εi1...ir1...r ai1 . . . air (1.13)

Thus

a1 ∧ . . . ∧ (aj + bj) ∧ . . . ∧ ar =

a1 ∧ . . . ∧ aj ∧ . . . ∧ ar + a1 ∧ . . . ∧ bj ∧ . . . ∧ ar (1.14)

and

a1 ∧ . . . ∧ aj ∧ aj+1 ∧ . . . ∧ ar =

−a1 ∧ . . . ∧ aj+1 ∧ aj ∧ . . . ∧ ar (1.15)

The outer product of r vectors is called a blade of grade r.

1.5 Alternate Definition of Outer, ∧, product for r Vectors

Let e1, e2, . . . , er be an orthogonal basis for the set of linearly independent vectors a1, a2, . . . , ar
so that we can write

ai =
∑
j

αijej (1.16)

Then

a1a2 . . . ar =

(∑
j1

α1j1ej1

)(∑
j2

α2j2ej2

)
. . .

(∑
jr

αrjrejr

)
=

∑
j1,...,jr

α1j1α2j2 . . . αrjrej1ej2 . . . ejr (1.17)

Now define a blade of grade n as the geometric product of n orthogonal vectors. Thus the product
ej1ej2 . . . ejr in equation 1.17 could be a blade of grade r, r − 2, r − 4, etc. depending upon the
number of repeated factors.
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If there are no repeated factors in the product we have that

ej1 . . . ejr = εj1...jr1...r e1 . . . er (1.18)

Due to the fact that interchanging two adjacent orthogonal vectors in the geometric product will
reverse the sign of the product and we can define the outer product of r vectors as

a1 ∧ . . . ∧ ar =
∑
j1,...,jr

εj1...jr1...r α1j1 . . . αrjre1 . . . er (1.19)

= det (α) e1 . . . er (1.20)

Thus the outer product of r independent vectors is the part of the geometric product of the r
vectors that is of grade r. Equation 1.19 is equivalent to equation 1.13. This can be proved by
substituting equation 1.17 into equation 1.13 to get

a1 ∧ . . . ∧ ar =
1

r!

∑
i1,...,ir

∑
j1,...,jr

εi1...ir1...r αi1j1 . . . αirjrej1 . . . ejr (1.21)

=
1

r!

∑
i1,...,ir

∑
j1,...,jr

εi1...ir1...r ε
j1...jr
1...r αi1j1 . . . αirjre1 . . . er (1.22)

=
1

r!

∑
j1,...,jr

εj1...jr1...r εj1...jr1...r det (α) e1 . . . er (1.23)

= det (α) e1 . . . er (1.24)

We go from equation 1.22 to equation 1.23 by noting that
∑
i1,...,ir

εi1...ir1...r αi1j1 . . . αirjr is just det (α)

with the columns permuted. Multiplying det (α) by εj1...jr1...r gives the correct sign for the determi-
nant with the columns permuted.

If e1, . . . , en is an orthonormal basis for vector space the unit psuedoscalar is defined as

I = e1 . . . en (1.25)

In equation 1.24 let r = n and the a1, . . . , an be another orthonormal basis for the vector space.
Then we may write

a1 . . . an = det (α) e1 . . . en (1.26)

Since both the a’s and the e’s form orthonormal bases the matrix α is orthogonal and det (α) =
±1. All psuedoscalars for the vector space are identical to within a scale factor of ±1.2 Likewise
a1 ∧ . . . ∧ an is equal to I times a scale factor.

2It depends only upon the ordering of the basis vectors.
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1.6 Useful Relation’s

1. For a set of r orthogonal vectors, e1, . . . , er

e1 ∧ . . . ∧ er = e1 . . . er (1.27)

2. For a set of r linearly independent vectors, a1, . . . , ar, there exists a set of r orthogonal
vectors, e1, . . . , er, such that

a1 ∧ . . . ∧ ar = e1 . . . er (1.28)

If the vectors, a1, . . . , ar, are not linearly independent then

a1 ∧ . . . ∧ ar = 0 (1.29)

The product a1 ∧ . . . ∧ ar is call a “blade” of grade r. The dimension of the vector space is the
highest grade any blade can have.

1.7 Projection Operator

A multivector, the basic element of the geometric algebra, is made of of a sum of scalars, vectors,
blades. A multivector is homogeneous (pure) if all the blades in it are of the same grade. The
grade of a scalar is 0 and the grade of a vector is 1. The general multivector A is decomposed
with the grade projection operator 〈A〉r as (N is dimension of the vector space):

A =
N∑
r=0

〈A〉r (1.30)

As an example consider ab, the product of two vectors. Then

ab = 〈ab〉0 + 〈ab〉2 (1.31)

We define 〈A〉 ≡ 〈A〉0 for any multivector A

1.8 Basis Blades

The geometric algebra of a vector space, V (p, q), is denoted G (p, q) or G (V) where (p, q) is the
signature of the vector space (first p unit vectors square to +1 and next q unit vectors square to
−1, dimension of the space is p+ q). Examples are:
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p q Type of Space
3 0 3D Euclidean
1 3 Relativistic Space Time
4 1 3D Conformal Geometry

If the orthonormal basis set of the vector space is e1, . . . , eN , the basis of the geometric algebra
(multivector space) is formed from the geometric products (since we have chosen an orthonormal
basis, ei2 = ±1) of the basis vectors. For grade r multivectors the basis blades are all the
combinations of basis vectors products taken r at a time from the set of N vectors. Thus the
number basis blades of rank r are

(
N
r

)
, the binomial expansion coefficient and the total dimension

of the multivector space is the sum of
(
N
r

)
over r which is 2N .

1.8.1 G (3, 0) Geometric Algebra (Euclidian Space)

The basis blades for G (3, 0) are:

Grade
0 1 2 3
1 e1 e1e2 e1e2e3

e2 e1e3

e3 e2e3

The multiplication table for the G (3, 0) basis blades is

1 e1 e2 e3 e1e2 e1e3 e2e3 e1e2e3

1 1 e1 e2 e3 e1e2 e1e3 e2e3 e1e2e3

e1 e1 1 e1e2 e1e3 e2 e3 e1e2e3 e2e3

e2 e2 −e1e2 1 e2e3 −e1 −e1e2e3 e3 −e1e3

e3 e3 −e1e3 −e2e3 1 e1e2e3 −e1 −e2 e1e2

e1e2 e1e2 −e2 e1 e1e2e3 −1 −e2e3 e1e3 −e3

e1e3 e1e3 −e3 −e1e2e3 e1 e2e3 −1 −e1e2 e2

e2e3 e2e3 e1e2e3 −e3 e2 −e1e3 e1e2 −1 −e1

e1e2e3 e1e2e3 e2e3 −e1e3 e1e2 −e3 e2 −e1 −1

Note that the squares of all the grade 2 and 3 basis blades are −1. The highest rank basis blade
(in this case e1e2e3) is usually denoted by I and is called the pseudoscalar.
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1.8.2 G (1, 3) Geometric Algebra (Spacetime)

The multiplication table for the G (1, 3) basis blades is

1 γ0 γ1 γ2 γ3 γ0γ1 γ0γ2 γ1γ2

1 1 γ0 γ1 γ2 γ3 γ0γ1 γ0γ2 γ1γ2

γ0 γ0 1 γ0γ1 γ0γ2 γ0γ3 γ1 γ2 γ0γ1γ2

γ1 γ1 −γ0γ1 −1 γ1γ2 γ1γ3 γ0 −γ0γ1γ2 −γ2

γ2 γ2 −γ0γ2 −γ1γ2 −1 γ2γ3 γ0γ1γ2 γ0 γ1

γ3 γ3 −γ0γ3 −γ1γ3 −γ2γ3 −1 γ0γ1γ3 γ0γ2γ3 γ1γ2γ3

γ0γ1 γ0γ1 −γ1 −γ0 γ0γ1γ2 γ0γ1γ3 1 −γ1γ2 −γ0γ2

γ0γ2 γ0γ2 −γ2 −γ0γ1γ2 −γ0 γ0γ2γ3 γ1γ2 1 γ0γ1

γ1γ2 γ1γ2 γ0γ1γ2 γ2 −γ1 γ1γ2γ3 γ0γ2 −γ0γ1 −1
γ0γ3 γ0γ3 −γ3 −γ0γ1γ3 −γ0γ2γ3 −γ0 γ1γ3 γ2γ3 γ0γ1γ2γ3

γ1γ3 γ1γ3 γ0γ1γ3 γ3 −γ1γ2γ3 −γ1 γ0γ3 −γ0γ1γ2γ3 −γ2γ3

γ2γ3 γ2γ3 γ0γ2γ3 γ1γ2γ3 γ3 −γ2 γ0γ1γ2γ3 γ0γ3 γ1γ3

γ0γ1γ2 γ0γ1γ2 γ1γ2 γ0γ2 −γ0γ1 γ0γ1γ2γ3 γ2 −γ1 −γ0

γ0γ1γ3 γ0γ1γ3 γ1γ3 γ0γ3 −γ0γ1γ2γ3 −γ0γ1 γ3 −γ1γ2γ3 −γ0γ2γ3

γ0γ2γ3 γ0γ2γ3 γ2γ3 γ0γ1γ2γ3 γ0γ3 −γ0γ2 γ1γ2γ3 γ3 γ0γ1γ3

γ1γ2γ3 γ1γ2γ3 −γ0γ1γ2γ3 −γ2γ3 γ1γ3 −γ1γ2 γ0γ2γ3 −γ0γ1γ3 −γ3

γ0γ1γ2γ3 γ0γ1γ2γ3 −γ1γ2γ3 −γ0γ2γ3 γ0γ1γ3 −γ0γ1γ2 γ2γ3 −γ1γ3 −γ0γ3

γ0γ3 γ1γ3 γ2γ3 γ0γ1γ2 γ0γ1γ3 γ0γ2γ3 γ1γ2γ3 γ0γ1γ2γ3

1 γ0γ3 γ1γ3 γ2γ3 γ0γ1γ2 γ0γ1γ3 γ0γ2γ3 γ1γ2γ3 γ0γ1γ2γ3

γ0 γ3 γ0γ1γ3 γ0γ2γ3 γ1γ2 γ1γ3 γ2γ3 γ0γ1γ2γ3 γ1γ2γ3

γ1 −γ0γ1γ3 −γ3 γ1γ2γ3 γ0γ2 γ0γ3 −γ0γ1γ2γ3 −γ2γ3 γ0γ2γ3

γ2 −γ0γ2γ3 −γ1γ2γ3 −γ3 −γ0γ1 γ0γ1γ2γ3 γ0γ3 γ1γ3 −γ0γ1γ3

γ3 γ0 γ1 γ2 −γ0γ1γ2γ3 −γ0γ1 −γ0γ2 −γ1γ2 γ0γ1γ2

γ0γ1 −γ1γ3 −γ0γ3 γ0γ1γ2γ3 γ2 γ3 −γ1γ2γ3 −γ0γ2γ3 γ2γ3

γ0γ2 −γ2γ3 −γ0γ1γ2γ3 −γ0γ3 −γ1 γ1γ2γ3 γ3 γ0γ1γ3 −γ1γ3

γ1γ2 γ0γ1γ2γ3 γ2γ3 −γ1γ3 −γ0 γ0γ2γ3 −γ0γ1γ3 −γ3 −γ0γ3

γ0γ3 1 γ0γ1 γ0γ2 −γ1γ2γ3 −γ1 −γ2 −γ0γ1γ2 γ1γ2

γ1γ3 −γ0γ1 −1 γ1γ2 −γ0γ2γ3 −γ0 γ0γ1γ2 γ2 γ0γ2

γ2γ3 −γ0γ2 −γ1γ2 −1 γ0γ1γ3 −γ0γ1γ2 −γ0 −γ1 −γ0γ1

γ0γ1γ2 γ1γ2γ3 γ0γ2γ3 −γ0γ1γ3 −1 γ2γ3 −γ1γ3 −γ0γ3 −γ3

γ0γ1γ3 −γ1 −γ0 γ0γ1γ2 −γ2γ3 −1 γ1γ2 γ0γ2 γ2

γ0γ2γ3 −γ2 −γ0γ1γ2 −γ0 γ1γ3 −γ1γ2 −1 −γ0γ1 −γ1

γ1γ2γ3 γ0γ1γ2 γ2 −γ1 γ0γ3 −γ0γ2 γ0γ1 1 −γ0

γ0γ1γ2γ3 γ1γ2 γ0γ2 −γ0γ1 γ3 −γ2 γ1 γ0 −1
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1.9 Reflections

We wish to show that a, v ∈ V → ava ∈ V and v is reflected about a if a2 = 1.

Figure 1.1: Reflection of Vector

1. Decompose v = v‖+v⊥ where v‖ is the part of v parallel to a and v⊥ is the part perpendicular
to a.

2. av = av‖ + av⊥ = v‖a− v⊥a since a and v⊥ are orthogonal.

3. ava = a2
(
v‖ − v⊥

)
is a vector since a2 is a scalar.

4. ava is the reflection of v about the direction of a if a2 = 1.

5. Thus a1 . . . arvar . . . a1 ∈ V and produces a composition of reflections of v if a2
1 = · · · =

a2
r = 1.
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1.10 Rotations

1.10.1 Definitions

First define the reverse of a product of vectors. If R = a1 . . . as then the reverse is R† =
(a1 . . . as)

† = ar . . . a1, the order of multiplication is reversed. Then let R = ab so that

RR† = (ab)(ba) = ab2a = a2b2 = R†R (1.32)

Let RR† = 1 and calculate
(
RvR†

)2
, where v is an arbitrary vector.

(
RvR†

)2
= RvR†RvR† = Rv2R† = v2RR† = v2 (1.33)

Thus RvR† leaves the length of v unchanged. Now we must also prove Rv1R
† · Rv2R

† = v1 · v2.
Since Rv1R

† and Rv2R
† are both vectors we can use the definition of the dot product for two

vectors

Rv1R
† ·Rv2R

† =
1

2

(
Rv1R

†Rv2R
† +Rv2R

†Rv1R
†)

=
1

2

(
Rv1v2R

† +Rv2v1R
†)

=
1

2
R (v1v2 + v2v1)R†

= R (v1 · v2)R†

= v1 · v2RR
†

= v1 · v2

Thus the transformation RvR† preserves both length and angle and must be a rotation. The
normal designation for R is a rotor. If we have a series of successive rotations R1, R2, . . . , Rk to
be applied to a vector v then the result of the k rotations will be

RkRk−1 . . . R1vR
†
1R
†
2 . . . R

†
k

Since each individual rotation can be written as the geometric product of two vectors, the com-
position of k rotations can be written as the geometric product of 2k vectors. The multivector
that results from the geometric product of r vectors is called a versor of order r. A composition
of rotations is always a versor of even order.
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1.10.2 General Rotation

The general rotation can be represented by R = e
θ
2
u where u is a unit bivector in the plane of

the rotation and θ is the rotation angle in the plane.3 The two possible non-degenerate cases are
u2 = ±1

e
θ
2
u =

{
(Euclidean plane) u2 = −1 : cos

(
θ
2

)
+ u sin

(
θ
2

)
(Minkowski plane) u2 = 1 : cosh

(
θ
2

)
+ u sinh

(
θ
2

) } (1.34)

Decompose v = v‖ +
(
v − v‖

)
where v‖ is the projection of v into the plane defined by u. Note

that v − v‖ is orthogonal to all vectors in the u plane. Now let u = e⊥e‖ where e‖ is parallel to
v‖ and of course e⊥ is in the plane u and orthogonal to e‖. v − v‖ anticommutes with e‖ and e⊥
and v‖ anticommutes with e⊥ (it is left to the reader to show RR† = 1).

1.10.3 Euclidean Case

For the case of u2 = −1

Figure 1.2: Rotation of Vector

RvR† =

(
cos

(
θ

2

)
+ e⊥e‖ sin

(
θ

2

))(
v‖ +

(
v − v‖

))(
cos

(
θ

2

)
+ e‖e⊥ sin

(
θ

2

))
Since v − v‖ anticommutes with e‖ and e⊥ it commutes with R and

RvR† = Rv‖R
† +
(
v − v‖

)
(1.35)

3eA is defined as the Taylor series expansion eA =
∞∑

j=0

Aj

j!
where A is any multivector.
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So that we only have to evaluate

Rv‖R
† =

(
cos

(
θ

2

)
+ e⊥e‖ sin

(
θ

2

))
v‖

(
cos

(
θ

2

)
+ e‖e⊥ sin

(
θ

2

))
(1.36)

Since v‖ =
∣∣v‖∣∣ e‖

Rv‖R
† =

∣∣v‖∣∣ (cos (θ) e‖ + sin (θ) e⊥
)

(1.37)

and the component of v in the u plane is rotated correctly.

1.10.4 Minkowski Case

For the case of u2 = 1 there are two possibilities, v2
‖ > 0 or v2

‖ < 0. In the first case e2
‖ = 1 and

e2
⊥ = −1. In the second case e2

‖ = −1 and e2
⊥ = 1. Again v − v‖ is not affected by the rotation

so that we need only evaluate

Rv‖R
† =

(
cosh

(
θ

2

)
+ e⊥e‖ sinh

(
θ

2

))
v‖

(
cosh

(
θ

2

)
+ e‖e⊥ sinh

(
θ

2

))

Note that in this case
∣∣v‖∣∣ =

√∣∣∣v2
‖

∣∣∣ and

Rv‖R
† =

{
v2
‖ > 0 :

∣∣v‖∣∣ (cosh (θ) e‖ + sinh (θ) e⊥
)

v2
‖ < 0 :

∣∣v‖∣∣ (cosh (θ) e‖ − sinh (θ) e⊥
) } (1.38)

1.11 Expansion of geometric product and generalization of · and ∧

If Ar and Bs are respectively grade r and s pure grade multivectors then

ArBs = 〈ArBs〉|r−s| + 〈ArBs〉|r−s|+2 + · · ·+ 〈ArBs〉min(r+s,2N−(r+s)) (1.39)

Ar ·Bs ≡ 〈ArBs〉|r−s| (1.40)

Ar ∧Bs ≡ 〈ArBs〉r+s (1.41)

Thus if r + s > N then Ar ∧ Bs = 0, also note that these formulas are the most efficient way of
calculating Ar ·Bs and Ar ∧Bs. Using equations 1.28 and 1.39 we can prove that for a vector a
and a grade r multivector Br

a ·Br =
1

2
(aBr − (−1)r Bra) (1.42)
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a ∧Br =
1

2
(aBr + (−1)r Bra) (1.43)

If equations 1.42 and 1.43 are true for a grade r blade they are also true for a grade r multivector
(superposition of grade r blades). By equation 1.28 let Br = e1 . . . er where the e′s are orthogonal
and expand a

a = a⊥ +
r∑
j=1

αjej (1.44)

where a⊥ is orthogonal to all the e′s. Then4

aBr =
r∑
j=1

(−1)j−1αje
2
je1 · · · ĕj · · · er + a⊥e1 . . . er

= a ·Br + a ∧Br (1.45)

Now calculate

Bra =
r∑
j=1

(−1)r−jαje
2
je1 · · · ĕj · · · er − (−1)r−1 a⊥e1 . . . er

= (−1)r−1

(
r∑
j=1

(−1)j−1αje
2
je1 · · · ĕj · · · er − a⊥e1 . . . er

)
= (−1)r−1 (a ·Br − a ∧Br) (1.46)

Adding and subtracting equations 1.45 and 1.46 gives equations 1.42 and 1.43.

1.12 Duality and the Pseudoscalar

If e1, . . . , en is an orthonormal basis for the vector space the the pseudoscalar I is defined by

I = e1 . . . en (1.47)

Since one can transform one orthonormal basis to another by an orthogonal transformation the
I’s for all orthonormal bases are equal to within a ±1 scale factor with depends on the ordering
of the basis vectors. If Ar is a pure r grade multivector (Ar = 〈Ar〉r) then

ArI = 〈ArI〉n−r (1.48)

4e1 . . . ej−1ĕjej+1 . . . er = e1 . . . ej−1ej+1 . . . er
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or ArI is a pure n− r grade multivector. Further by the symmetry properties of I we have

IAr = (−1)(n−1)r ArI (1.49)

I can also be used to exchange the · and ∧ products as follows using equations 1.42 and 1.43

a · (ArI) =
1

2

(
aArI − (−1)n−r ArIa

)
(1.50)

=
1

2

(
aArI − (−1)n−r (−1)n−1AraI

)
(1.51)

=
1

2
(aAr + (−1)r Ara) I (1.52)

= (a ∧ Ar) I (1.53)

More generally ifAr andBs are pure grade multivectors with r+s ≤ n we have using equation 1.40
and 1.48

Ar · (BsI) = 〈ArBsI〉|r−(n−s)| (1.54)

= 〈ArBsI〉n−(r+s) (1.55)

= 〈ArBs〉r+s I (1.56)

= (Ar ∧Bs) I (1.57)

Finally we can relate I to I† by

I† = (−1)
n(n−1)

2 I (1.58)

1.13 Reciprocal Frames

Let e1, . . . , en be a set of linearly independent vectors that span the vector space that are not
necessarily orthogonal. These vectors define the frame (frame vectors are shown in bold face since
they are almost always associated with a particular coordinate system) with volume element

En ≡ e1 ∧ . . . ∧ en (1.59)

So that En ∝ I. The reciprocal frame is the set of vectors e1, . . . , en that satisfy the relation

ei · ej = δij, ∀i, j = 1, . . . , n (1.60)

The ei are constructed as follows

ej = (−1)j−1 e1 ∧ e2 ∧ . . . ∧ ĕj ∧ . . . ∧ enE
−1
n (1.61)
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So that the dot product is (using equation 1.53 since E−1
n ∝ I)

ei · ej = (−1)j−1 ei ·
(
e1 ∧ e2 ∧ . . . ∧ ĕj ∧ . . . ∧ enE

−1
n

)
(1.62)

= (−1)j−1 (ei ∧ e1 ∧ e2 ∧ . . . ∧ ĕj ∧ . . . ∧ en)E−1
n (1.63)

= 0, ∀i 6= j (1.64)

and

e1 · e1 = e1 ·
(
e2 ∧ . . . ∧ enE

−1
n

)
(1.65)

= (e1 ∧ e2 ∧ . . . ∧ en)E−1
n (1.66)

= 1 (1.67)

1.14 Coordinates

The reciprocal frame can be used to develop a coordinate representation for multivectors in
an arbitrary frame e1, . . . , en with reciprocal frame e1, . . . , en. Since both the frame and it’s
reciprocal span the base vector space we can write any vector a in the vector space as

a = aiei = aie
i (1.68)

where if an index such as i is repeated it is assumes that the terms with the repeated index will
be summed from 1 to n. Using that ei · ej = δji we have

ai = a · ei (1.69)

ai = a · ei (1.70)

In tensor notation ai would be the covariant representation and ai the contravariant representa-
tion of the vector a. Now consider the case of grade 2 and grade 3 blades:

ei · (a ∧ b) = a · eib− b · eia
ei
(
a · eib− b · eia) = ab− ba = 2a ∧ b

ei · (a ∧ b ∧ c) =

a · eib ∧ c− b · eia ∧ c+ c · eia ∧ b
ei
(
a · eib ∧ c− b · eia ∧ c+ c · eia ∧ b) =

ab ∧ c− ba ∧ c+ ca ∧ b = 3a ∧ b ∧ c
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for an r-blade Ar we have (the proof is left to the reader)

eie
i · Ar = rAr (1.71)

Since eie
i = n we have

eie
i ∧ Ar = ei

(
eiAr − ei · Ar

)
= (n− r)Ar (1.72)

Flipping ei and Ar in equations 1.71 and 1.72 and subtracting equation 1.71 from 1.72 gives

eiAre
i = (−1)r (n− 2r)Ar (1.73)

In Hestenes and Sobczyk (3.14) it is proved that(
ekr ∧ . . . ∧ ek1

) · (ej1 ∧ . . . ∧ ejr) = δj1k1δ
j2
k2
. . . δjrkr (1.74)

so that the general multivector A can be expanded in terms of the blades of the frame and
reciprocal frame as

A =
∑

i<j<···<k

Aij···ke
i ∧ ej ∧ · · · ∧ ek (1.75)

where
Aij···k = (ek ∧ · · · ∧ ej ∧ ei) · A (1.76)

The components Aij···k are totally antisymmetric on all indices and are usually referred to as the
components of an antisymmetric tensor.

1.15 Linear Transformations

1.15.1 Definitions

Let f be a linear transformation on a vector space f : V → V with f (αa+ βb) = αf (a) +βf (b)
∀a, b ∈ V and α, β ∈ <. Then define the action of f on a blade of the geometric algebra by

f (a1 ∧ . . . ∧ ar) = f (a1) ∧ . . . ∧ f (a1) (1.77)

and the action of f on any two A,B ∈ G (V) by

f (αA+ βB) = αf (A) + βf (B) (1.78)
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Since any multivector A can be expanded as a sum of blades f (A) is defined. This has many
consequences. Consider the following definition for the determinant of f , det (f).

f (I) = det (f) I (1.79)

First show that this definition is equivalent to the standard definition of the determinant (again
e1, . . . , eN is an orthonormal basis for V).

f (er) =
N∑
s=1

arses (1.80)

Then

f (I) =

(
N∑

s1=1

a1s1es

)
∧ . . . ∧

(
N∑

sN=1

aNsN es

)
=

∑
s1,...,sN

a1s1 . . . aNsN es1 . . . esN (1.81)

But
es1 . . . esN = εs1...sN1...N e1 . . . eN (1.82)

so that
f (I) =

∑
s1,...,sN

εs1...sN1...N a1s1 . . . aNsN I (1.83)

or
det (f) =

∑
s1,...,sN

εs1...sN1...N a1s1 . . . aNsN (1.84)

which is the standard definition. Now compute the determinant of the product of the linear
transformations f and g

det (fg) I = fg (I)

= f (g (I))

= f (det (g) I)

= det (g) f (I)

= det (g) det (f) I (1.85)

or
det (fg) = det (f) det (g) (1.86)

Do you have any idea of how miserable that is to prove from the standard definition of determi-
nant?
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1.15.2 Adjoint

If F is linear transformation and a and b are two arbitrary vectors the adjoint function, F , is
defined by

a · F (b) = b · F (a) (1.87)

From the definition the adjoint is also a linear transformation. For an arbitrary frame e1, . . . , en
we have

ei · F (a) = a · F (ei) (1.88)

So that we can explicitly construct the adjoint as

F (a) = eia · F (ei) (1.89)

= ei
(
F (ei) · ej

)
aj (1.90)

so that F ij = F (ei) · ej is the matrix representation of F for the e1, . . . , en frame. However

F (a) = ei
(
F
(
ej
) · ei) aj (1.91)

so that the matrix representation of F is Fij = F (ej) · ei. If the e1, . . . , en are orthonormal then
ej = ej for all j and F ij = Fji exactly the same as the adjoint in matrices.

Other basic properties of the adjoint are:

F (a) = eia · F (ei) = eiei · F (a) = F (a) (1.92)

and

FG (a) = eia · F (G (ei)) = F (a) ·G (ei) ei

= G
(
F (a)

) · eiei = GF (a) (1.93)

so that F = F and FG = GF . A symmetric function is one where F = F . As an example
consider FF

FF = F F = FF (1.94)

1.15.3 Inverse

Another linear algebraic relation in geometric algebra is

f−1 (A) =
If (I−1A)

det (f)
∀A ∈ G (V) (1.95)

where f is the adjoint transformation defined by a · f (b) = b · f (a) ∀a, b ∈ V and you have an
explicit formula for the inverse of a linear transformation!
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1.16 Commutator Product

The commutator product of two multivectors A and B is defined as

A×B ≡ 1

2
(AB −BA) (1.96)

An important theorem for the commutator product is that for a grade 2 multivector, A2 = 〈A〉2,
and a grade r multivector Br = 〈B〉r we have

A2Br = A2 ∧Br + A2×Br + A2 ·Br (1.97)

From the geometric product grade expansion for multivectors we have

A2Br = 〈A2Br〉r+2 + 〈A2Br〉r + 〈A2Br〉|r−2| (1.98)

Thus we must show that
〈A2Br〉r = A2×Br (1.99)

Let e1, . . . , en be an orthogonal set for the vector space whereBr = e1 . . . er andA2 =
n∑

l<m=2

αlmelem

so we can write

A2×Br =

(
n∑

l<m=2

αlmelem

)
× (e1 . . . er) (1.100)

Now consider the following three cases

1. l and m > r where eleme1 . . . er = e1 . . . erelem

2. l ≤ r and m > r where eleme1 . . . er = −e1 . . . erelem

3. l and m ≤ r where eleme1 . . . er = e1 . . . erelem

For case 1 and 3 elem commute with Br and the contribution to the commutator product is
zero. In case 3 elem anticommutes with Br and thus are the only terms that contribute to
the commutator. All these terms are of grade r and the theorem is proved. Additionally, the
commutator product obeys the Jacobi identity

A× (B×C) = (A×B)×C +B× (A×C) (1.101)

This is important for the geometric algebra treatment of Lie groups and algebras.
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Examples of Geometric Algebra

2.1 Quaternions

Any multivector A ∈ G (3, 0) may be written as

A = α + a+B + βI (2.1)

where α, β ∈ <, a ∈ V (3, 0), B is a bivector, and I is the unit pseudoscalar. The quaternions
are the multivectors of even grades

A = α +B (2.2)

B can be represented as

B = αi + βj + γk (2.3)

where i = e2e3, j = e1e3, and k = e1e2, and

i2 = j2 = k2 = ijk = −1. (2.4)

The quaternions form a subalgebra of G (3, 0) since the geometric product of any two quaternions
is also a quaternion since the geometric product of two even grade multivector components is a
even grade multivector. For example the product of two grade 2 multivectors can only consist
of grades 0, 2, and 4, but in G (3, 0) we can only have grades 0 and 2 since the highest possible
grade is 3.

25
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2.2 Spinors

The general definition of a spinor is a multivector, ψ ∈ G (p, q), such that ψvψ† ∈ V (p, q) ∀v ∈
V (p, q). Practically speaking a spinor is the composition of a rotation and a dilation (stretching
or shrinking) of a vector. Thus we can write

ψvψ† = ρRvR† (2.5)

where R is a rotor
(
RR† = 1

)
. Letting U = R†ψ we must solve

UvU † = ρv (2.6)

U must generate a pure dilation. The most general form for U based on the fact that the l.h.s
of equation 2.6 must be a vector is

U = α + βI (2.7)

so that

UvU † = α2v + αβ
(
Iv + vI†

)
+ β2IvI† = ρv (2.8)

Using vI† = (−1)
(n−1)(n−2)

2 Iv, vI† = (−1)n−1 I†v, and II† = (−1)q we get

α2v + αβ
(

1 + (−1)
(n−1)(n−2)

2

)
Iv + (−1)n+q−1 β2v = ρv (2.9)

If
(n− 1) (n− 2)

2
is even β = 0 and α 6= 0, otherwise α, β 6= 0. For the odd case

ψ = R (α + βI) (2.10)

where ρ = α2 +(−1)n+q−1 β2. In the case of G (1, 3) (relativistic space time) we have ρ = α2 +β2,
ρ > 0.

2.3 Geometric Algebra of the Minkowski Plane

Because of Relativity and QM the Geometric Algebra of the Minkowski Plane is very important
for physical applications of Geometric Algebra so we will treat it in detail.
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Let the orthonormal basis vectors for the plane be γ0 and γ1 where γ2
0 = −γ2

1 = 1.1 Then the
geometric product of two vectors a = a0γ0 + a1γ1 and b = b0γ0 + b1γ1 is

ab = (a0γ0 + a1γ1) (b0γ0 + b1γ1) (2.11)

= a0b0γ
2
0 + a1b1γ

2
1 + (a0b1 − a1b0) γ0γ1 (2.12)

= a0b0 − a1b1 + (a0b1 − a1b0) I (2.13)

so that
a · b = a0b0 − a1b1 (2.14)

and
a ∧ b = (a0b1 − a1b0) I (2.15)

and
I2 = γ0γ1γ0γ1 = −γ2

0γ
2
1 = 1 (2.16)

Thus

eαI =
∞∑
i=0

αiI i

i!
(2.17)

=
∞∑
i=0

α2i

(2i)!
+
∞∑
i=0

α2i+1I

(2i+ 1)!
(2.18)

= cosh (α) + sinh (α) I (2.19)

since I2i = 1.

In the Minkowski plane all vectors of the form a± = α (γ0 ± γ1) are null
(
a2
± = 0

)
. One question

to answer are there any vectors b± such that a± · b± = 0 that are not parallel to a±.

a± · b± = α
(
b±0 ∓ b±1

)
= 0

b±0 ∓ b±1 = 0
b±0 = ±b±1

Thus b± must be proportional to a± and the are no vectors in the space that can be constructed
that are normal to a±. Thus there are no non-zero bivectors, a ∧ b, such that (a ∧ b)2 = 0.
Conversely, if a ∧ b 6= 0 then (a ∧ b)2 > 0.

Finally for the condition that there always exist two orthogonal vectors e1 and e2 such that

a ∧ b = e1e2 (2.20)

we can state that neither e1 nor e2 can be null.

1I = γ0γ1
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2.4 Lorentz Transformation

We now have all the tools needed to derive the Lorentz transformation with Geometric Algebra.
Consider a two dimensional time-like plane with with coordinates t2 and x1 and basis vectors γ0

and γ1. Then a general space-time vector in the plane is given by

x = tγ0 + x1γ1 = t′γ′0 + x′1γ
′
1 (2.21)

where the basis vectors of the two coordinate systems are related by

γ′µ = RγµR
† µ = 0, 1 (2.22)

and R is a Minkowski plane rotor

R = sinh
(α

2

)
+ cosh

(α
2

)
γ1γ0 (2.23)

so that

Rγ0R
† = cosh (α) γ0 + sinh (α) γ1 (2.24)

and

Rγ1R
† = cosh (α) γ1 + sinh (α) γ0 (2.25)

Now consider the special case that the primed coordinate system is moving with velocity β in
the direction of γ1 and the two coordinate systems were coincident at time t = 0. Then x1 = βt
and x′1 = 0 so we may write

tγ0 + βtγ1 = t′Rγ0R
† (2.26)

t

t′
(γ0 + βγ1) = cosh (α) γ0 + sinh (α) γ1 (2.27)

Equating components gives

cosh (α) =
t

t′
(2.28)

sinh (α) =
t

t′
β (2.29)

Solving for α and
t

t′
in equations 2.28 and 2.29 gives

tanh (α) = β (2.30)

2We let the speed of light c = 1.
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t

t′
= γ =

1√
1− β2

(2.31)

Now consider the general case of x, t and x′, t′ giving

tγ0 + xγ1 = t′Rγ0R
† + x′Rγ1R

† (2.32)

= t′γ (γ0 + βγ1) + x′γ (γ1 + βγ0) (2.33)

Equating basis vector coefficients recovers the Lorentz transformation

t = γ (t′ + βx′)
x = γ (x′ + βt′)

(2.34)
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Chapter 3

Geometric Calculus - The Derivative

3.1 Definitions

If F (a) if a multivector valued function of the vector a, and a and b are any vectors in the space
then the derivative of F is defined by

b · ∇F ≡ lim
ε→0

F (a+ εb)− F (a)

ε
(3.1)

then letting b = ek be the components of a coordinate frame with x = xkek (we are using the
summation convention that the same upper and lower indices are summed over 1 to N) we have

ek · ∇F = lim
ε→0

F (xjej + εek)− F (xjej)

ε
(3.2)

Using what we know about coordinates gives

∇F = ej
∂F

∂xj
= ej∂jF (3.3)

or looking at ∇ as a symbolic operator we may write

∇ = ej∂j (3.4)

Due to the properties of coordinate frame expansions ∇F is independent of the choice of the ek
frame. If we consider x to be a position vector then F (x) is in general a multivector field.

31
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3.2 Derivatives of Scalar Functions

If f (x) is scalar valued function of the vector x then the derivative is

∇f = ek∂kf (3.5)

which is the standard definition of the gradient of a scalar function (remember that in an or-
thonormal coordinate system ek = ek). Using equation 3.5 we can show the following results for
the gradient of some specific scalar functions

f = x · a, xk, xx
∇f = a, ek, 2x

(3.6)

3.3 Product Rule

Let ◦ represent a bilinear product operator such as the geometric, inner, or outer product and
note that for the multivector fields F and G we have

∂k (F ◦G) = (∂kF ) ◦G+ F ◦ (∂kG) (3.7)

so that

∇ (F ◦G) = ek ((∂kF ) ◦G+ F ◦ (∂kG))

= ek (∂kF ) ◦G+ ekF ◦ (∂kG) (3.8)

However since the geometric product is not communicative, in general

∇ (F ◦G) 6= (∇F ) ◦G+ F ◦ (∇G) (3.9)

The notation adopted by Hestenes is

∇ (F ◦G) = ∇F ◦G+ ∇̇F ◦ Ġ (3.10)

The convention of the overdot notation is

i. In the absence of brackets, ∇ acts on the object to its immediate right

ii. When the ∇ is followed by brackets, the derivative acts on all the the terms in the brackets.

iii. When the ∇ acts on a multivector to which it is not adjacent, we use overdots to describe
the scope.

Note that with the overdot notation the expression Ȧ∇̇ makes sense!
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3.4 Interior and Exterior Derivative

The interior and exterior derivatives of an r-grade multivector field are simply defined as (don’t
forget the summation convention)

∇ · Ar ≡ 〈∇Ar〉r−1 = ek · ∂kAr (3.11)

and
∇∧ Ar ≡ 〈∇Ar〉r+1 = ek ∧ ∂kAr (3.12)

Note that

∇∧ (∇∧ Ar) = ei∂i
(
ej ∧ ∂jAr

)
= ei ∧ ej ∧ (∂i∂jAr)

= 0 (3.13)

since ei ∧ ej = −ej ∧ ei, but ∂i∂jAr = ∂j∂iAr.

∇ · (∇ · Ar) = ei · ∂i
(
ej · ∂jAr

)
= ei · (ej · (∂i∂jAr))
= ±ei · (ej · (∂i∂jA∗rI)

)
= ±ei · ((ej ∧ (∂i∂jA

∗
r)
)
I
)

= ± (ei ∧ (ej ∧ (∂i∂jA
∗
r)
))
I

= 0 (3.14)

Where ∗ indicates the dual of a multivector, A∗ = AI (I is the pseudoscalar and A = ±A∗I since
I2 = ±1), and we use equation 1.53 to exchange the inner and outer products.

Thus for the general multivector field A (built from sums of Ar’s) we have ∇∧ (∇∧ A) = 0 and
∇ · (∇ · A) = 0. If φ is a scalar function we also have

∇∧ (∇φ) = ei ∧ ∂i
(
ej∂jφ

)
= ei ∧ ej∂i∂jφ

= 0 (3.15)

Another use for the overdot notation would in the case where f (x, a) is a linear function of its
second argument (f(x, αa+ βb) = αf(x, a) + βf(x, b)) and a is a general function of position
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(a(x) = ai(x) ei). Now calculate

∇f(x, a) = ek
∂

∂xk
f(x, a) = ek

∂

∂xk
f
(
x, ai(x) ei

)
(3.16)

= ek
∂

∂xk
(
ai(x) f(x, ei)

)
(3.17)

= ek
∂ai

∂xk
f(x, ei) + aiek

∂

∂xk
f(x, ei) (3.18)

= ekf

(
x,

∂a

∂xk

)
+ aiek

∂

∂xk
f(x, ei) (3.19)

Defining

∇̇ḟ (a) ≡ aiek
∂

∂xk
f(x, ei) = ek

∂

∂xk
f(x, a)

∣∣∣∣
a=constant

(3.20)

Then suppressing the explicit x dependence of f we get

∇̇ḟ (a) = ∇f (a)− ekf

(
∂a

∂xk

)
(3.21)

Other basic results (examples) are
∇x · Ar = rAr (3.22)

∇x ∧ Ar = (n− r)Ar (3.23)

∇̇Arẋ = (−1)r (n− 2r)Ar (3.24)

The basic identities for the case of a scalar field α and multivector field F are

∇ (αF ) = (∇α)F + α∇F (3.25)

∇ · (αF ) = (∇α) · F + α∇ · F (3.26)

∇∧ (αF ) = (∇α) ∧ F + α∇∧ F (3.27)

if f1 and f2 are vector fields

∇∧ (f1 ∧ f2) = (∇∧ f1) ∧ f2 − (∇∧ f2) ∧ f1 (3.28)

and finally if Fr is a grade r multivector field

∇ · (FrI) = (∇∧ Fr) I (3.29)

where I is the psuedoscalar for the geometric algebra.
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3.5 Derivative of a Multivector Function

For a vector space of dimension N spanned by the vectors ui the coordinates of a vector x are the
xi = x ·ui so that x = xiui (summation convention is from 1 to N). Curvilinear coordinates for
that space are generated by a one to one invertible differentiable mapping from

(
x1, . . . , xN

)↔(
θ1, . . . , θN

)
where the θi are called the curvilinear coordinates. If the mapping is given by

x
(
θ1, . . . , θN

)
= xi

(
θ1, . . . , θN

)
ui then the basis vectors associated with the transformation are

given by

ek =
∂x

∂θk
=
∂xi

∂θk
ui (3.30)

The one critical relationship that is required to express the geometric derivative in curvilinear
coordinated is

ek =
∂θk

∂xi
ui (3.31)

The proof is

ej · ek =
∂xm

∂θj
∂θk

∂xn
um · un (3.32)

=
∂xm

∂θj
∂θk

∂xn
δnm (3.33)

=
∂xm

∂θj
∂θk

∂xm
(3.34)

=
∂θk

∂θj
= δkj (3.35)

We wish to express the geometric derivative of an R-grade multivector field FR in terms of the
curvilinear coordinates. Thus

∇FR = ui∂FR
∂xi

=

(
ui∂θ

k

∂xi

)
∂FR
∂θk

= ek
∂FR
∂θk

(3.36)

Note that if we start by defining the ek’s the reciprocal frame vectors ek can be calculated
geometrically (we do not need the inverse partial derivatives). Now define a new blade symbol
by

e[i1,...,iR] = ei1 ∧ . . . ∧ eiR (3.37)

and represent an R-grade multivector function F by

F = F i1...iRe[i1,...,iR] (3.38)
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Then

∇F =
∂F i1...iR

∂θk
eke[i1,...,iR] + F i1...iRek

∂

∂θk
e[i1,...,iR] (3.39)

Define

C
{
e[i1,...,iR]

} ≡ ek
∂

∂θk
e[i1,...,iR] (3.40)

Where C
{
e[i1,...,iR]

}
are the connection multivectors for each base of the geometric algebra and

we can write

∇F =
∂F i1...iR

∂θk
eke[i1,...,iR] + F i1...iRC

{
e[i1,...,iR]

}
(3.41)

Note that all the quantities in the equation not dependent upon the F i1...iR can be directly
calculated if the ek

(
θ1, . . . , θN

)
is known so further simplification is not needed.

In general the ek’s we have defined are not normalized so define

|ek| =
√
|e2
k| (3.42)

êk =
ek
|ek| (3.43)

and note that ê2
k = ±1 depending upon the metric. Note also that

êk = |ek| ek (3.44)

since

êj · êk =
(|ej| ej) · ( ek

|ek|
)

= δjk
|ej|
|ek| = δjk (3.45)

so that if FR is represented in terms of the normalized basis vectors we have

FR = F i1...iR
R ê[i1,...,iR] (3.46)

and the geometric derivative is now

∇F =
∂F i1...iR

∂θk
êk

|ek| ê[i1,...,iR] + F i1...iRĈ
{
ê[i1,...,iR]

}
(3.47)

and

Ĉ
{
ê[i1,...,iR]

}
=

êk

|ek|
∂

∂θk
ê[i1,...,iR] (3.48)
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3.5.1 Spherical Coordinates

For spherical coordinates the coordinate generating function is:

x = r (sin (θ) uz + cos (θ) (cos (φ) ux + sin (φ) uy)) (3.49)

so that

er = cos (θ) (cos (φ) ux + sin (φ) uy) + sin (θ) uz (3.50)

eθ = r (− sin (θ) (cos (φ) ux + sin (φ) uy) + cos (θ) uz) (3.51)

eφ = r cos (θ) (− sin (φ) ux + cos (φ) uy) (3.52)

where

|er| = 1 |eθ| = r |eφ| = r cos (θ) (3.53)

and

êr = cos (θ) (cos (φ) ux + sin (φ) uy) + sin (θ) uz (3.54)

êθ = − sin (θ) (cos (φ) ux + sin (φ) uy) + cos (θ) uz (3.55)

êφ = − sin (φ) ux + cos (φ) uy (3.56)

the connection mulitvectors for the normalize basis vectors are

Ĉ {êr} =
2

r
(3.57)

Ĉ {êθ} =
cos (θ)

r sin (θ)
+

1

r
êr ∧ êθ (3.58)

Ĉ {êφ} =
1

r
êr ∧ êφ +

cos (θ)

r sin (θ)
êθ ∧ êφ (3.59)

Ĉ {êr ∧ êθ} = − cos (θ)

r sin (θ)
êr +

1

r
êθ (3.60)

Ĉ {êr ∧ êφ} =
1

r
êφ − cos (θ)

r sin (θ)
êr ∧ êθ ∧ êφ (3.61)

Ĉ {êθ ∧ êφ} =
2

r
êr ∧ êθ ∧ êφ (3.62)

Ĉ {êr ∧ êθ ∧ êφ} = 0 (3.63)
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For a vector function A using equation 3.41 and that ∇A = ∇ · A+∇∧ A

∇ · A =
1

r sin (θ)

(
Aθ cos (θ) + ∂φA

φ
)

+
1

r

(
2Ar + ∂θA

θ
)

+ ∂rA
r (3.64)

=
1

r2
∂r
(
r2Ar

)
+

1

r sin (θ)

(
∂θ
(
sin (θ)Aθ

)
+ ∂φA

φ
)

(3.65)

∇× A =− I (∇∧ A) (3.66)

=

(
∂θA

φ

r
+

1

r sin (θ)

(
Aφ cos (θ)− ∂φAθ

))
êr (3.67)

+

(
∂φA

r

r sin (θ)
− Aφ

r
− ∂rAφ

)
êθ (3.68)

+

(
Aθ

r
+ ∂rA

θ − ∂θA
r

r

)
êφ (3.69)

∇× A =
1

r sin (θ)

(
∂θ
(
sin (θ)Aφ

)− ∂φAθ) êr (3.70)

+
1

r

(
1

sin (θ)
∂φA

r − ∂r
(
rAφ

))
êθ (3.71)

+
1

r

(
∂r
(
rAθ

)− ∂θAr) êφ (3.72)

These are the standard formulas for div and curl in spherical coordinates.

3.6 Analytic Functions

Starting with G (2, 0) and orthonormal basis vectors ex and ey so that I = exey and I2 = −1.
Then we have

r = xex + yey (3.73)

∇ = ex
∂

∂x
+ ey

∂

∂y
(3.74)

Map r onto the complex number z via

z = x+ Iy = exr (3.75)
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Define the multivector field ψ = u+ Iv where u and v are scalar fields. Then

∇ψ =

(
∂u

∂x
− ∂v

∂y

)
ex +

(
∂v

∂x
+
∂u

∂y

)
ey (3.76)

Thus the statement that ψ is an analytic function is equivalent to

∇ψ = 0 (3.77)

This is the fundamental equation that can be generalized to higher dimensions remembering that
in general that ψ is a multivector rather than a scalar function! To complete the connection with
complex analysis we define (z† = x− Iy)

∂

∂z
=

1

2

(
∂

∂x
− I ∂

∂y

)
,

∂

∂z†
=

1

2

(
∂

∂x
+ I

∂

∂y

)
(3.78)

so that
∂z

∂z
= 1,

∂z†

∂z
= 0

∂z

∂z†
= 0,

∂z†

∂z†
= 1

(3.79)

An analytic function is one that depends on z alone so that we can write ψ (x+ Iy) = ψ (z) and

∂ψ (z)

∂z†
= 0 (3.80)

equivalently
1

2

(
∂

∂x
+ I

∂

∂y

)
ψ =

1

2
ex∇ψ = 0 (3.81)

Now it is simple to show why solutions to ∇ψ = 0 can be written as a power series in z. First

∇z = ∇ (exr)

= exex
∂r

∂x
+ eyex

∂r

∂y
= exexex + eyexey

= ex − ex

= 0 (3.82)

so that
∇ (z − z0)k = k∇ (exr− z0) (z − z0)k−1 = 0 (3.83)
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Chapter 4

Geometric Calculus - Integration

4.1 Line Integrals

If F (x) is a multivector field and x (λ) is a parametric representation of a vector path (curve)
then the line Integral of F along the path x is defined to be∫

F (x)
dx

dλ
dλ =

∫
F dx ≡ lim

n7→∞

n∑
i=1

F̄ i∆xi (4.1)

where

∆xi = xi − xi−1, F̄ i =
1

2
(F (xi−1) + F (xi)) (4.2)

if xn = x1 the path is closed. Since dx is a vector, that is F (x)
dx

dλ
6= dx

dλ
F (x), a more general

line integral would be ∫
F (x)

dx

dλ
G (x) dλ =

∫
F (x) dx G (x) (4.3)

The most general form of line integral would be∫
L (∂λx;x) dλ =

∫
L (dx) (4.4)

where L (a) = L (a;x) = is a multivector-valued linear function of a. The position dependence in
L can often be suppressed to streamline the notation.

41
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4.2 Surface Integrals

The next step is a directed surface integral. Let F (x) be a multivector field and let a surface be
parametrized by two coordinates x (x1, x2). Then we can define a directed surface measure by

dX =
∂x

∂x1
∧ ∂x

∂x2
dx1dx2 = e1 ∧ e2 dx

1dx2 (4.5)

A directed surface integral takes the form∫
F dX =

∫
Fe1 ∧ e2 dx

1dx2 (4.6)

In order to construct some of the more important proof it is necessary to express the surface
integral as the limit of a sum. This requires the concept of a triangulated surface as shown Each

Figure 4.1: Triangulated Surface

triangle in the surface is described by a planar simplex as shown The three vertices of the planar
simplex are x0, x1, and x2 with the vectors e1 and e2 defined by

e1 = x1 − x0, e2 = x2 − x0 (4.7)

so that the surface measure of the simplex is

∆X ≡ 1

2
e1 ∧ e2 =

1

2
(x1 ∧ x2 + x2 ∧ x0 + x0 ∧ x1) (4.8)

with this definition of ∆X we have∫
F dX ≡ lim

n7→∞

n∑
k=1

F̄ k∆Xk (4.9)

where F̄ k is the average of F over the kth simplex.
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Figure 4.2: Planar Simplex

4.3 Directed Integration - n-dimensional Surfaces

4.3.1 k-Simplex Definition

In geometry, a simplex or k-simplex is an k-dimensional analogue of a triangle. Specifically, a
simplex is the convex hull of a set of (k+ 1) affinely independent points in some Euclidean space
of dimension k or higher.

For example, a 0-simplex is a point, a 1-simplex is a line segment, a 2-simplex is a triangle, a 3-
simplex is a tetrahedron, and a 4-simplex is a pentachoron (in each case including the interior).
A regular simplex is a simplex that is also a regular polytope. A regular k-simplex may be
constructed from a regular (k− 1)-simplex by connecting a new vertex to all original vertices by
the common edge length.

4.3.2 k-Chain Definition (Algebraic Topology)

A finite set of k-simplexes embedded in an open subset of <n is called an affine k-chain. The
simplexes in a chain need not be unique, they may occur with multiplicity. Rather than using
standard set notation to denote an affine chain, the standard practice to use plus signs to separate
each member in the set. If some of the simplexes have the opposite orientation, these are prefixed
by a minus sign. If some of the simplexes occur in the set more than once, these are prefixed with
an integer count. Thus, an affine chain takes the symbolic form of a sum with integer coefficients.
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4.3.3 Simplex Notation

If (x0, x1, . . . , xk) is the k-simplex defined by the k + 1 points x0, x1, . . . , xk. This is abbreviated
by

(x)(k) = (x0, x1, . . . , xk) (4.10)

The order of the points is important for a simplex, since it specifies the orientation of the
simplex. If any two adjacent points are swapped the simplex orientation changes sign. The
boundary operator for the simplex is denoted by ∂ and defined by

∂ (x)(k) ≡
k∑
i=0

(−1)i (x0, . . . , x̆i, . . . , xk)(k−1) (4.11)

To see that this make sense consider a triangle (x)(3) = (x0, x1, x2). Then

∂ (x)(3) = (x1, x2)(2) − (x0, x2)(2) + (x0, x1)(2)

= (x1, x2)(2) + (x2, x0)(2) + (x0, x1)(2) (4.12)

each 2-simplex in the boundary 2-chain connects head to tail with the same sign.

Now consider the boundary of the boundary

∂2 (x)(3) = ∂ (x1, x2)(2) + ∂ (x2, x0)(2) + ∂ (x0, x1)(2)

= (x1)(1) − (x2)(1) + (x2)(1) − (x0)(1) + (x0)(1) − (x1)(1)

= 0 (4.13)

We need to prove is that in general ∂2 (x)(k) = 0. To do this consider the boundary of the ith

term on thr r.h.s. of equation 4.11 letting A
(k−2)
ij = (x0, . . . , x̆i, . . . , x̆j, . . . , xk)(k−1).

Then
∂ (x0, . . . , x̆i, . . . , xk)(k−1) =

i = 0 :
k∑
j=1

(−1)j−1A
(k−2)
ij

0 < i < k :
i−1∑
j=0

(−1)j A
(k−2)
ij +

k∑
j=i+1

(−1)j−1A
(k−2)
ij

i = k :
k−1∑
j=0

(−1)j A
(k−2)
ij


(4.14)
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The critical point in equation 4.14 is that the exponent of −1 in the second term on the r.h.s.
is not j, but j − 1. The reason for this is that when xi was removed from the simplex the
vertices were not renumbered. We can now express the boundary of the boundary in terms of
the following matrix elements (B

(k−2)
ij = (−1)i+j A

(k−2)
ij ) as

∂2 (x)(k) =
k∑
j=1

(−1)j−1A
(k−2)
0j + (−1)k

k−1∑
j=0

(−1)j A
(k−2)
kj

+
k−1∑
i=1

(−1)i
(

i−1∑
j=0

(−1)j A
(k−2)
ij +

k∑
j=i+1

(−1)j−1A
(k−2)
ij

)

=−
k∑
j=1

B
(k−2)
0j +

k−1∑
j=0

B
(k−2)
kj

+
k−1∑
i=1

i−1∑
j=0

B
(k−2)
ij −

k−1∑
i=1

k∑
j=i+1

B
(k−2)
ij = 0 (4.15)

The consider B
(k−2)
ij as a matrix (i-row index, j-column index). The matrix is symmetrical and

in equation 4.15 you are subtracting all the elements above the main diagonal from the elements
below the main diagonal so that ∂2 (x)(k) = 0 and the boundary of a boundary of a simplex is
zero.

Now add geometry to the simplex by defining the vectors

ei = xi − x0, i = 1, . . . , k, (4.16)

and the directed volume element

∆X =
1

k!
e1 ∧ · · · ∧ ek (4.17)

We now wish to prove that ∫
(x)(k)

dX = ∆X (4.18)

Any point in the simplex can be written in terms of the coordinates λi as

x = x0 +
k∑
i=1

λiei (4.19)
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with restrictions

0 ≤ λi ≤ 1 and
k∑
i=1

λi ≤ 1 (4.20)

First we show that ∫
(x)(k)

dX =

∫
(x)(k)

e1 ∧ · · · ∧ ek dλ1 · · · dλk = ∆X (4.21)

or ∫
(x)(k)

dλ1 · · · dλk =
1

k!
(4.22)

define Λj = 1−∑j
i=1 λ

i (Note that Λ0 = 1). From the restrictions on the λi’s we have∫
(x)(k)

dλ1 · · · dλk =

∫ Λ0

0

dλ1

∫ Λ1

0

dλ2 · · ·
∫ Λk−1

0

dλk (4.23)

To prove that the r.h.s of equation 4.23 is 1/k! we form the following sequence and use induction
to prove that Vj is the result of the first j partial Integrations of equation 4.23

Vj =
1

j!
(Λk−j)

j (4.24)

Then

Vj+1 =

∫ Λk−j−1

0

dλk−jVj

=

∫ Λk−j−1

0

dλk−j
1

j!

(
Λk−j−1 − λk−j

)j
=

−1

(j + 1) j!

[(
Λk−j−1 − λk−j

)j+1
]Λk−j−1

0

=
1

(j + 1)!
(Λk−j−1)j+1 (4.25)

so that Vk = 1/k! and the assertion is proved. Now let there be a multivector field F (x) that
assumes the values Fi = F (xi) at the vertices of the simplex and define the interpolating function

f (x) = F0 +
k∑
i=1

λi (Fi − F0) (4.26)
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We now wish to show that∫
(x)(k)

f dX =
1

k + 1

(
k∑
i=0

Fi

)
∆X = F̄ ∆X (4.27)

To prove this we must show that∫
(x)(k)

λi dX =
1

k + 1
∆X, ∀ λi (4.28)

To do this consider the integral (equation 4.25 with Vj replaced by λk−jVj)∫ Λk−j−1

0

dλk−j λk−jVj =

∫ Λk−j−1

0

dλk−j
1

j!
λk−j

(
Λk−j−1 − λk−j

)j
=

1

(j + 2)!
(Λk−j−1)j+2 (4.29)

Note that since the extra λi factor occurs in exactly one of the subintegrals for each different λi

the final result of the total integral is multiplied by a factor of 1
(k+1)

since the weight of the total

integral is now 1
(k+1)!

and the assertion (equation 4.28 and hence equation 4.27) is proved.

Now summing over all the simplices making up the directed volume gives∫
volume

F dX = lim
n 7→∞

n∑
i=1

F̄ i∆X i (4.30)

The most general statement of equation 4.30 is∫
volume

L (dX) = lim
n7→∞

n∑
i=1

L̄i
(
∆X i

)
(4.31)

where L (Fn;x) is a position dependent linear function of a grade-n multivector Fn and L̄i is the
average value of L (dX) over the vertices of each simplex.

An example of this would be

L (Fn;x) = G (x)FnH (x) (4.32)

where G (x) and H (x) are multivector functions of x.
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4.4 Fundamental Theorem of Geometric Calculus

Now prove that the directed measure of a simplex boundary is zero

∆
(
∂ (x)(k)

)
= ∆

(
∂ (x0, . . . , xk)(k)

)
= 0 (4.33)

Start with a planar simplex of three points

∂ (x0, x1, x2)(2) = (x1, x2)(1) − (x0, x2)(1) + (x0, x1)(1) (4.34)

so that

∆
(
∂ (x0, x1, x2)(2)

)
= (x2 − x1)− (x2 − x0) + (x1 − x0) = 0 (4.35)

We shall now prove equation 4.33 via induction. First note that

∆ (x̆i)(k−1) =


i = 0 :

1

k − 1
∆ (x̆0)(k−2) ∧ (xk − x1)

0 < i ≤ k − 1 :
1

k − 1
∆ (x̆i)(k−2) ∧ (xk − x0)

 (4.36)

and

∆ (x̆k)(k−1) =
1

(k − 1)!
(x1 − x0) ∧ · · · ∧ (xk−1 − x0) (4.37)

so that

∆
(
∂ (x)(k)

)
=

1

k − 1

k−1∑
i=1

(−1)i ∆ (x̆i)(k−2) ∧ (xk − x0) + C

where

C =
1

k − 1
∆ (x̆0)(k−2) ∧ (xk − x1) + (−1)k ∆ (x̆k)(k−1) (4.38)

if we let δ = x0 − x1 we can write

C =
1

k − 1
∆ (x̆0)(k−2) ∧ (xk − x0) +

1

k − 1
∆ (x̆0)(k−2) ∧ δ + (−1)k ∆ (x̆k)(k−1) (4.39)
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Then

∆ (x̆0)(k−2) ∧ δ =
1

(k − 2)!
(x2 − x1) ∧ · · · ∧ (xk−1 − x1) ∧ δ (4.40)

=
1

(k − 2)!
(x2 − x0 + δ) ∧ · · · ∧ (xk−1 − x0 + δ) ∧ δ (4.41)

=
1

(k − 2)!
(x2 − x0) ∧ · · · ∧ (xk−1 − x0) ∧ δ (4.42)

=
(−1)k−2

(k − 2)!
δ ∧ (x2 − x0) ∧ · · · ∧ (xk−1 − x0) (4.43)

=
(−1)k−1

(k − 2)!
(x1 − x0) ∧ (x2 − x0) ∧ · · · ∧ (xk−1 − x0) (4.44)

Thus

−1

k − 1
∆ (x̆0)(k−2) ∧ δ = (4.45)

=
(−1)k

(k − 1)!
(x1 − x0) ∧ (x2 − x0) ∧ · · · ∧ (xk−1 − x0) (4.46)

= (−1)k ∆ (x̆k)(k−1) (4.47)

However

(−1)k ∆ (x̆k)(k−1) =
−1

k − 1
∆ (x̆0)(k−2) ∧ δ (4.48)

so that

C =
1

k − 1
∆ (x̆0)(k−2) ∧ (xk − x0) (4.49)

and

∆
(
∂ (x)(k)

)
=

1

k − 1

(
k−1∑
i=0

(−1)i ∆ (x̆i)(k−2)

)
∧ (xk − x0)

=
1

k − 1

(
∆
(
∂ (x)(k−1)

))
∧ (xk − x0)

= 0 (4.50)

We have proved equation 4.33. Note that to reduce equation 4.49 we had to use that for any set
of vectors δ, y1, . . . , yk we have

δ ∧ (y1 + δ) ∧ · · · ∧ (yk + δ) = δ ∧ y1 ∧ · · · ∧ yk (4.51)
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Think about equation 4.51. It’s easy to prove (δ ∧ δ = 0)!

Equation 4.33 is sufficient to prove that the directed integral over the surface of simplex is zero∮
∂(x)(k)

dS =
k∑
i=0

(−1)i
∫

(x̆i)(k−1)

dX = ∆
(
∂ (x)(k)

)
= 0 (4.52)

The characteristics of a general volume are:

1. A general volume is built up from a chain of simplices.

2. Simplices in the chain are defined so that at any common boundary the directed areas of
the bounding faces are equal and opposite.

3. Surface integrals over two simplices cancel over their common face.

4. The surface integral over the boundary of the volume can be replaced by the sum of the
surface integrals over each simplex in the chain.

If the boundary of the volume is closed we have∮
dS = lim

n7→∞

n∑
a=1

∮
dSa = 0 (4.53)

Where
∮
dSa is the surface Integral over the ath simplex. Implicit in equation 4.53 is that the

surface is orientated, simply connected, and closed.

The next lemma to prove that if b is a constant vector on the simplex (x)(k) then∮
∂(x)(k)

b · x dS = b ·∆
(

(x)(k)

)
= b ·∆X (4.54)

The starting point of the lemma is equation 4.28. First define

b =
k∑
i=1

bie
i, (4.55)

where the ei’s are the reciprocal frame to ei = xi − x0 so that

x− x0 =
k∑
i=1

λiei, (4.56)
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bi = b · ei, (4.57)

and
k∑
i=1

λibi = b · (x− x0) . (4.58)

Substituting into equation 4.28 we get

k∑
i=1

∫
(x)(k)

biλ
i dX =

∫
(x)(k)

b · (x− x0) dX =
1

k + 1

k∑
i=1

b · ei ∆X (4.59)

Rearranging terms gives∫
(x)(k)

b · x dX =
1

k + 1

((
k∑
i=1

b · (xi − x0)

)
+ (k + 1) b · x0

)
∆X

=
b

k + 1
·
(

k∑
i=0

xi

)
∆X

= b · x̄∆X (4.60)

Now using the definition of a simplex boundary (equation 4.11) and equation 4.60 we get∮
∂(x)(k)

b · x dS =
1

k

k∑
i=0

(−1)i b · (x0 + · · ·+ x̆i + · · ·+ xk) ∆
(

(x̆i)(k−1)

)
(4.61)

The coefficient multiplying the r.h.s. of equation 4.61 is
1

k
and not

1

k + 1
because both (x0 + · · ·+ x̆i + · · ·+ xk)

and (x̆i)(k−1) refer to k−1 simplices (the boundary of (x)(k) is the sum of all the simplices (x̆i)(k)

with proper sign assigned).

Now to prove equation 4.54 we need to prove one final purely algebraic lemma

k∑
i=0

(−1)i b · (x0 + · · ·+ x̆i + · · ·+ xk) ∆ (x̆i)(k−1) =
1

(k − 1)!
b · (e1 ∧ · · · ∧ ek) (4.62)

Begin with the definition of the l.h.s. of equation 4.62

C =
k∑
i=0

(−1)i b · (x0 + · · ·+ x̆i + · · ·+ xk) ∆ (x̆i)(k−1) =
k∑
i=0

Ci (4.63)
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where Ci is defined by

Ci =

{
i = 0 : b · (x1 + · · ·+ xk) ∆ (x̆0)(k−1)

0 < i ≤ k : (−1)i b · (x0 + · · ·+ x̆i + · · ·+ xk) ∆ (x̆i)(k−1)

}
(4.64)

now define Ek = e1 ∧ · · · ∧ ek so that (using equation 1.61 from the section on reciprocal frames)

(−1)i−1 eiEk = e1 ∧ · · · ∧ ĕi ∧ · · · ∧ ek, ∀ 0 < i ≤ k (4.65)

and

C0<i≤k =
−1

(k − 1)!
b · (x0 + · · ·+ x̆i + · · ·+ xk) e

iEk (4.66)

The main problem is in evaluating C0 since

∆ (x̆0)(k−1) =
1

(k − 1)!
(x2 − x1) ∧ · · · ∧ (xk − x1) (4.67)

using ei = xi − x0 reduces equation 4.67 to

∆ (x̆0)(k−1) =
1

(k − 1)!
(e2 − e1) ∧ · · · ∧ (ek − e1) (4.68)

but equation 4.68 can be expanded into equation 4.69. The critical point in doing the expansion
is that in generating the sum on the r.h.s. of the first line of equation 4.69 all products containing
x1 (of course all terms in the sum contain x1 exactly once since we are using the outer product)
are put in normal order by bringing the x1 factor to the front of the product thus requiring the
factor of (−1)i in each term in the sum.

(e2 − e1) ∧ · · · ∧ (ek − e1) = e2 ∧ · · · ∧ ek −
k∑
i=2

(−1)i e1 ∧ e2 ∧ · · · ∧ ĕi ∧ · · · ∧ ek

=
k∑
i=1

(−1)i−1 e1 ∧ e2 ∧ · · · ∧ ĕi ∧ · · · ∧ ek

=
k∑
i=1

eiEk (4.69)

or

∆ (x̆0)(k−1) =
1

(k − 1)!

k∑
i=1

eiEk (4.70)
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from equation 4.69 we have

C =
1

(k − 1)!

k∑
i=1

(b · (xi − x0)) eiEk

=
1

(k − 1)!

k∑
i=1

(b · ei) eiEk

=
1

(k − 1)!

k∑
i=1

bie
iEk

=
1

(k − 1)!
bEk

=
1

(k − 1)!
(b · Ek + b ∧ Ek)

=
1

(k − 1)!
b · Ek (4.71)

and equation 4.62 is proved which means substituting equation 4.62 into equation 4.61 proves
equation 4.54

4.4.1 The Fundamental Theorem At Last!

The simplicial coordinates, λi, can be expressed in terms of the position vector, x, and the frame
vectors of the simplex, ei = xi−x0. Let the vectors ej be the reciprocal frame to ei (ei · ej = δji ).
Then

λi = ei · (x− x0) (4.72)

and let f (x) be an affine multivector function of x (equation 4.26) which interpolates, F , a
differentiable multivector function of x on the simplex. Then∮

∂(x)(k)

f (x) dS =
k∑
i=1

(Fi − F0)

∮
∂(x)(k)

ei · (x− x0) dS

=
k∑
i=1

(Fi − F0) ei · (∆X) (4.73)

But
∂f (x)

∂λi
= Fi − F0 (4.74)
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so that the surface integral of equation 4.73 can be rewritten

∮
∂(x)(k)

f (x) dS =
k∑
i=1

(Fi − F0) ei · (∆X)

=
k∑
i=1

∂f

∂λi
ei · (∆X) = ḟ∇̇ · (∆X) (4.75)

If we now sum equation 4.75 over a chain of simplices realizing that the interpolated function
f (x) takes on the same value over the common boundary of two adjacent simplices, since f (x)
is only defined by the values at the common vertices. In forming a sum over a chain, all of the
internal faces cancel and only the surface integral over the boundary remains. Thus∮

f (x) dS =
∑
a

ḟ∇̇ · (∆Xa) (4.76)

with the sum running over all simplices in the chain. Taking the limit as more points are added
and each simplex is shrunk in size we obtain the first realization of the fundamental theorem of
geometric calculus ∮

∂V

F dS =

∫
V

Ḟ ∇̇ dX (4.77)

We can write ∇dX instead of ∇·dX since the vector ∇ is totally within the vector space defined
by dX so that ∇∧ dX = 0. The method of proof used can also be applied to the form∮

∂V

dS G =

∫
V

∇̇ dX Ġ (4.78)

A more general statement of the theorem is as follows:

Let L (Ak−1) = L (Ak−1;x) be a linear functional of a multivector Ak−1 of grade k − 1 and a
general function of position x which returns a general multivector. The linear interpolation
(approximation) of L over a simplex is defined by:

L (A) ≡ L (A;x0) +
k∑
i=1

λi (L (A;xi)− L (A;x0)) (4.79)

Then the integral over a simplex is (Note that since integration is a linear operation, a summation,
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the integral can be placed inside L (A) since L (A) is linear in A)∮
∂(x)(k)

L (dS) = L

(∮
dS;x0

)
+

k∑
i=1

L

(∮
λidS;xi

)
−

k∑
i=1

L

(∮
λidS;x0

)

=
k∑
i=1

(
L
(
ei∆X;xi

)− L
(
ei∆X;x0

))
= L̇

(
∇̇∆X

)
(4.80)

Taking the limit of a sum of simplicies gives∮
∂V

L (dS) =

∫
V

L̇
(
∇̇dX

)
(4.81)

4.5 Examples of the Fundamental Theorem

4.5.1 Divergence and Green’s Theorems

As a specific example consider L (A) = 〈JAI−1〉 where J is a vector, I is the unit pseudoscalar
for a n-dimensional vector space, and A is a multivector of grade n−1. Then equation 4.81 gives∫

V

〈
J̇∇̇dXI−1

〉
=

∫
V

∇ · J |dX| =
∮
∂V

〈
JdSI−1

〉
(4.82)

we have dX = I |dX| where |dX| is the scalar measure of the volume. The normal to the surface,
n, is defined by

n |dS| = dSI−1 (4.83)

where |dS| is the scalar valued measure over the surface. With this definition we get∫
V

∇ · J |dX| =
∮
∂V

n · J |dS| (4.84)

Now using the form of the Fundamental Theorem of Geometric Calculus in equation 4.78 and let
G be the vector J in two-dimensional Euclidean space and noting that since dA is a pseudoscalar
(for 2-D ds is the boundary measure and dA is the volume measure) it anticommutes with vectors
in two dimensions we get - ∮

∂A

dsJ =

∫
A

∇̇dAJ̇ = −
∫
A

∇JdA (4.85)
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In 2-D Cartesian coordinates dA = Idxdy and ds = nI |ds| so that∮
∂A

dsJ = −
∫
A

∇JIdxdy. (4.86)

or ∮
∂A

nIJ |ds| = −
∫
A

∇JIdxdy

−
∮
∂A

nJI |ds| = −
∫
A

∇JIdxdy (4.87)∮
∂A

nJ |ds| =
∫
A

∇Jdxdy (4.88)

Letting J = Pex +Qey and n = nxex + nyey we get -

nJ = n · J + (nxQ− nyP ) exey (4.89)

∇J = ∇ · J +

(
∂Q

∂x
− ∂P

∂y

)
exey (4.90)

so that ∮
∂A

n · J |ds| =
∫
A

∇ · Jdxdy (4.91)∮
∂A

(nxQ− nyP ) |ds| exey =

∫
A

(
∂Q

∂x
− ∂P

∂y

)
dxdyexey (4.92)

but dy = nx |ds| and dx = −ny |ds| so that∮
∂A

Pdx+Qdy =

∫
A

(
∂Q

∂x
− ∂P

∂y

)
dxdy (4.93)

which is Green’s theorem in the plane.

4.5.2 Cauchy’s Integral Formula In Two Dimensions (Complex Plane)

Consider a two dimensional euclidean space with vectors r = xex + yey. Then the complex
number z corresponding to r is

z = exr = x+ yexey = x+ yI (4.94)

z† = rex = x− yexey = x− yI (4.95)

zz† = z†z = x2 + y2 = r2 (4.96)
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Thus even grade multivectors correspond to complex numbers since I2 = −1 and the reverse of
z, z† corresponds to the conjugate of z. Even grade multivectors commute with dS, since dS is
proportional to I.

Let ψ (r) be an even multivector function of r, then

∫
∇ψdS =

∮
dsψ =

∮
∂r

∂λ
ψdλ (4.97)

but the complex number z is given by z = exr and

ex

∮
dsψ =

∮
ψdz =

∫
ex∇ψdS. (4.98)

Thus if a function ψ is analytic, ∇ψ = 0 and
∮
ψdz = 0. Now note that (this will be proved for

the N-dimensional case in the next example)

∇ r− a

(r− a)2 = 2πδ (r− a) (4.99)

where a = exa. Now let

ψ =
r− a

(r− a)2 exf (exr) (4.100)

so that

ex

∮
dsψ = ex

∮
ds

(
r− a

(r− a)2 exf (exr)

)
=

∮
dz

(
r− a

(r− a)2 exf (exr)

)
=

∮
dz

(
(z − a)†

(z − a) (z − a)†
f (z)

)

=

∮
f (z)

z − adz (4.101)
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and ∮
f (z)

z − adz = ex

∫
∇
(

r− a

(r− a)2 exf (exr)

)
dS

= ex

∫ (
2πδ (r− a) exf (exr) +∇f (exr)

r− a

(r− a)2 ex

)
I |dS|

= 2πIf(a) +

∫
ex∇f (exr)

z† − a†
|z − a|2 I |dS|

= 2πIf(a) +

∫
ex∇f (exr)

1

z − aI |dS|

= 2πIf(a) +

∫ (
∂

∂x
+ I

∂

∂y

)
f (z)

1

z − aI |dS| (4.102)

If ∇f (z) = 0 we have - ∮
f (z)

z − adz = 2πIf (a) (4.103)

which is the Cauchy integral formula. If∇f (z) is not zero we can write the more general relation
-

2πIf (a) =

∮
f

z − adz − 2

∫
∂f

∂z†
1

z − aI |dS| (4.104)

since
∂

∂z†
=

1

2

(
∂

∂x
+ I

∂

∂y

)
(4.105)

and
∂

∂z
=

1

2

(
∂

∂x
− I ∂

∂y

)
(4.106)

4.5.3 Green’s Functions in N-dimensional Euclidean Spaces

Let ψ be an even multivector function or let N be even so that ψ commutes with I. The analog
of an analytic function in N -dimensions is ∇ψ = 0.

The Green’s function of the ∇ operator is (SN = 2πN/2/Γ(N/2) is the hyperarea of the unit
radius sphere in N dimensions)

G (x; y) = lim
ε→0

x− y
SN

(
|x− y|N + ε

) (4.107)
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So that

lim
ε→0
∇xG (x; y) = δ (x− y) . (4.108)

To prove equation 4.108 we need to use

∇x (x− y) = N and ∇x |x− y|M = M (x− y) |x− y|M−2

So that

∇xG =
1

SN

{
∇x

(
|x− y|N + ε

)−1

(x− y) +
(
|x− y|N + ε

)−1

∇x (x− y)

}

=
N

SN

 − |x− y|N(
|x− y|N + ε

)2 +
1(

|x− y|N + ε
)


=
N

SN

ε(
|x− y|N + ε

)2 = ∇x ·G = Ġ · ∇̇x = Ġ∇̇x (4.109)

so what must be proved is that

lim
ε→0

N

SN

ε(
|x− y|N + ε

)2 = δ (x− y) (4.110)

First define the volume Bτ (τ > 0) by

x ∈ Bτ ⇐⇒ |x| ≤ τ (4.111)

and let y = 0 and calculate (Note that we use |dV | since in our notation dV = I |dV | and the
oriented dV is not needed in this proof. Also r = |x|.)∫

B∞

N

SN

ε(
|x|N + ε

)2 |dV | =
∫ ∞

0

NεrN−1

(rN + ε)2dr

=

∫ ∞
0

ε

(rN + ε)2d
(
rN
)

= −
[

ε

rN + ε

]∞
0

= 1 (4.112)
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Thus the first requirement of a delta function is fulfilled. Now let φ(x) be a scalar test function
on the N-dimensional space and S a point set in the space and define the functions

max (φ, S) = {max (φ(x))∀x ∈ S} and min (φ, S) = {min (φ(x))∀x ∈ S}

and calculate the integral

N

SN

∫
Bτ

ε(
|x|N + ε

)2 |dV | =
∫ τ

0

ε

(rN + ε)2d
(
rN
)

= −
[

ε

rN + ε

]τ
0

= 1− ε

τN + ε
(4.113)

and note that
N

SN

∫
B∞−Bτ

ε(
|x|N + ε

)2 |dV | =
ε

τN + ε
(4.114)

Thus ∀τ > 0 we have

lim
ε→0

N

SN

∫
B∞−Bτ

ε(
|x|N + ε

)2 |dV | = 0 (4.115)

and

lim
ε→0

N

SN

∫
Bτ

ε(
|x|N + ε

)2 |dV | = 1 (4.116)

Thus

min (φ,B∞ −Bτ )
N

SN

∫
B∞−Bτ

ε(
|x|N + ε

)2 |dV | ≤

N

SN

∫
B∞−Bτ

εφ(x)(
|x|N + ε

)2 |dV |

≤ max (φ,B∞ −Bτ )
N

SN

∫
B∞−Bτ

ε(
|x|N + ε

)2 |dV | (4.117)
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and

min (φ,Bτ )
N

SN

∫
Bτ

ε(
|x|N + ε

)2 |dV | ≤

N

SN

∫
Bτ

εφ(x)(
|x|N + ε

)2 |dV |

≤ max (φ,Bτ )
N

SN

∫
Bτ

ε(
|x|N + ε

)2 |dV | (4.118)

Thus

lim
ε→0

N

SN

∫
B∞−Bτ

εφ(x)(
|x|N + ε

)2 |dV | = 0 (4.119)

and

min (φ,Bτ ) ≤ lim
ε→0

N

SN

∫
Bτ

εφ(x)(
|x|N + ε

)2 |dV | ≤ max (φ,Bτ ) (4.120)

Finally

lim
τ→0

lim
ε→0

N

SN

∫
Bτ

εφ(x)(
|x|N + ε

)2 |dV | = φ(0) (4.121)

and we have proved equation 4.110 since

lim
τ→0

(max(φ,Bτ )−min(φ,Bτ )) = 0 (4.122)

Now in the fundamental theorem of geometric calculus let L(A) = GAψ so that (remember that
ψ commutes with dV and ∇xψ = 0)

L̇
(
∇̇xdV

)
= Ġ∇̇xdV ψ +G∇̇xdV ψ̇

=
(
Ġ∇̇xψ +G∇xψ

)
I |dV |

= Ġ∇̇xψI |dV |
= ∇xGψI |dV | (4.123)
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and ∮
∂V

GdSψ =

∫
V

δ(x− y)ψ(x) I |dV |
= ψ(y) I

= Iψ(y) (4.124)

or

ψ(y) =
I−1

SN

∮
∂V

x− y
|x− y|N dSψ(x) (4.125)

because ψ is a monogenic function (∇ψ = 0).



Chapter 5

Geometric Calculus on Manifolds

5.1 Definition of a Vector Manifold

The definition of a manifold that we will use is -

A vector manifold (generalized surface) is a set of points labeled by vectors lying in a geometric algebra of arbitrary
dimension and signature. If we consider a path in the surface x (λ), the tangent vector is defined by

x′ ≡ ∂x (λ)

∂λ

∣∣∣∣
λ0

= lim
ε→0

x (λ0 + ε)− x (λ0)

ε
(5.1)

and the path length

s ≡
∫ λ2

λ1

√
|x′ · x′|dλ (5.2)

5.1.1 The Pseudoscalar of the Manifold

Now introduce a set of paths in the surface all passing through the same point x. These paths
define a set of tangent vectors {e1, . . . , en}. We assume these paths have been picked so that the
vectors are independent and form a basis for the tangent space at point x. The outer product of
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the tangent vectors form the pseudoscalar, I (x), for the tangent space

I (x) ≡ e1 ∧ e2 ∧ · · · ∧ en
|e1 ∧ e2 ∧ · · · ∧ en| (5.3)

Thus
I2 = ±1 (5.4)

We require that for any point on the manifold the denominator of equation 5.3 is nonzero. We
also assume that for all points on the manifold that I (x) is continuous, differentiable, singled
valued, and has the same grade everywhere.

5.1.2 The Projection Operator

Define the projection operator P (A) operating on any multivector A in the embedding multi-
vector space as

P (A) ≡ (A · I (x)) I−1 (x) (5.5)

We can show that P (A) extracts those components of A that lie in the geometric algebra defined
by I (x). Since P (A) is linear in A if we show that if P (Ar) projects correctly for an r-grade
multivector it will do so for a general mulitvector. If n is the dimension of the tangent space and
Ar is a pure grade multivector we can write equation 5.5 as

P (Ar) = 〈ArI (x)〉|r−n| I−1 (x) (5.6)

Now consider the blades that make up the components of Ar. They will either consist only of
blades formed from the tangent vectors ei or they will contain at least one basis vector that is
not a tangent vector. In the first case

〈ArI (x)〉|r−n| = ArI (x) (5.7)

and
P (Ar) = Ar (5.8)

In the second case there is no component of ArI (x) of grade |r − n| and

P (Ar) = 0 (5.9)

This is easily seen if one constructs at point x an orthogonal basis (oi · oj = δijo
2
i ) for the

tangent space {o1, . . . , on} and an orthogonal basis for the remainder of the embedding space
{on+1, . . . , om}. Then any component blade of Ar is of the form

Ai1,i2,...,irr oi1oi2 . . . oir (5.10)
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where i1 < i2 < · · · < ir. If ij ≤ n ∀ 1 ≤ j ≤ r then

Ai1,i2,...,irr oi1oi2 . . . oir · I = Ai1,i2,...,irr oi1oi2 . . . oirI (5.11)

and (
Ai1,i2,...,irr oi1oi2 . . . oir · I

)
I−1 = Ai1,i2,...,irr oi1oi2 . . . oir (5.12)

and
P (Ai1,i2,...,irr oi1oi2 . . . oir

)
= Ai1,i2,...,irr oi1oi2 . . . oir (5.13)

If any ij > m then Ai1,i2,...,irr oi1oi2 . . . oirI contains no grade |r − n| and

P (Ai1,i2,...,irr oi1oi2 . . . oir
)

= 0 (5.14)

5.1.3 The Exclusion Operator

For an arbitrary multivector A the exclusion operator P⊥ (A) is defined by

P⊥ (A) ≡ A− P (A) (5.15)

5.1.4 The Intrinsic Derivative

Given a set of tangent vectors {ei} spanning the tangent space the derivative intrinsic to the
manifold is defined everywhere by

∂ ≡ eiei · ∇ = P (∇) (5.16)

Also note that
P (∂) = ∂ (5.17)

When we write P (∇) or P (∂) the ∇ or ∂ is not differentiating the I (x) in the P operator
anymore than ∇ is differentiating dX in the fundamental theorem of Geometric Calculus.

We also note that if the vector a is in the tangent space that

a · ∂ = a · ∇ (5.18)

and that a·∂ is a scalar operator that gives the directional derivative in the a direction. Also since
it is scalar it satisfies Leibniz’s rules without using the dot notation (remember the convention
that if parenthesis are not present the operator precedence is dot product then wedge
product then geometric product).

a · ∂ (AB) = (a · ∂A)B + A (a · ∂B) (5.19)
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5.1.5 The Covariant Derivative

The ∂ operator is entirely within the tangent space and if the general multivector function A (x)
is also entirely within the tangent space, it is still possible (even likely) that ∂A is not entirely
within the tangent space. We need a covariant derivative D that will result in a multivector
entirely within the tangent space. This can be done by defining

a ·DA (x) ≡ P (a · ∂A (x)) (5.20)

so that
a · ∂A = P (a · ∂A) + P⊥ (a · ∂A) = a ·DA+ P⊥ (a · ∂A) (5.21)

Again since a ·D is a scalar operator we have

a ·D (AB) = P (a · ∂ (AB)) = (a ·DA)B + A (a ·DB) (5.22)

A component expansion of D is given in the usual way by (do not forget the summation conven-
tion)

D = eiei ·D (5.23)

and
DAr = ei (ei ·DAr) = P (∂Ar) (5.24)

and

D · Ar ≡ 〈DAr〉r−1 (5.25)

D ∧ Ar ≡ 〈DAr〉r+1 (5.26)

if α (x) is a scalar function on the manifold then

∂α (x) = Dα (x) (5.27)

because in equation 5.27 no basis vectors are differentiated. To relate ∂ and D if the function
operated on is not a scalar first construct a normalized basis {ei} for the tangent space at point
x. Then

I = e1 ∧ e2 ∧ . . . ∧ en and I2 = ±1 (5.28)

and (since a · ∂ and a · D are scalar operators we can move them across the wedge products
without any problems)

(a · ∂I) I−1 =

(
n∑
i=1

e1 ∧ . . . ∧ (a ·Dei + P⊥ (a · ∂ei)) ∧ . . . ∧ en
)
I−1 (5.29)

= (a ·DI) I−1 +
n∑
i=1

(−1)i−1P⊥ (a · ∂ei) ∧ e1 ∧ . . . ∧ ĕi ∧ . . . ∧ enI−1 (5.30)

= (a ·DI) I−1 + P⊥ (a · ∂ei) ∧ ei (5.31)
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We go from equation 5.30 to equation 5.31 by using equation 1.61 on page 33 in the section on
reciprocal frames.

Since (a ·D) I is a grade n multivector in the tangent space it must be proportional to I and
thus commute with I so that ((a · ∂) I) I = I ((a · ∂) I). Also I−1 = ±I so that we have

(a ·DI) I−1 = ± (a ·DI) I

= ±1

2
((a ·DI) I + I (a ·DI))

= ±1

2

(
a ·D (I2

))
= 0 (5.32)

Thus
(a · ∂I) = P⊥ (a · ∂ei) ∧ eiI ≡ −S (a) I (5.33)

Where S (a) is the shape tensor associated with the manifold. Since S (a) is a bivector we can
write (A×B = (AB −BA) /2)

a · ∂I = I × S (a) (5.34)

since
S (a) · I = S (a) ∧ I = 0 (5.35)

and by equation 1.97 page 58. Given that a (x) and b (x) are vector fields on the manifold (both
are in the tangent space at point x), form the expressions in equation 5.36 (remember that for
any three vectors u, v, and w we have u · (v ∧ w) = (u · v)w − (u · w) v)

b · S (a) = b · (ei ∧ P⊥ (a · ∂ei)
)

=
(
b · ei)P⊥ (a · ∂ei)− (b · P⊥ (a · ∂ei)) ei

=
((
bjej

) · ei)P⊥ (a · ∂ei)
= bjδijP⊥ (a · ∂ei)
= P⊥

(
a · ∂̇biėi

)
(5.36)

but

P⊥ (a · ∂b) = P⊥
(
a · ∂ (biei))

= P⊥
(
a · ∂̇ḃiei + a · ∂̇biėi

)
= P⊥

(
a · ∂̇biėi

)
(5.37)



68 CHAPTER 5. GEOMETRIC CALCULUS ON MANIFOLDS

and

b · S (a) = P⊥ (a · ∂b) (5.38)

Thus

a · ∂b = P (a · ∂b) + P⊥ (a · ∂b) = a ·Db+ b · S (a) (5.39)

and (using the fact that the dot product of a vector and bivector are antisymmetric)

a ·Db = a · ∂b+ S (a) · b (5.40)

Now consider the expression

a ·D (b1 . . . br) =
r∑
i=1

b1 . . . (a · ∂bi + S (a) · bi) . . . br

=
r∑
i=1

b1 . . . (a · ∂bi) . . . br+
r∑
i=1

b1 . . . (S (a) · bi) . . . br

= a · ∂ (b1 . . . br) +

1

2

r∑
i=1

b1 . . . (S (a) bi − biS (a)) . . . br

= a · ∂ (b1 . . . br) +
1

2
(S (a) (b1 . . . br)− (b1 . . . br)S (a)) +

1

2

(
r−1∑
i=2

b1 . . . S (a) bi . . . br −
r−1∑
i=2

b1 . . . biS (a) . . . br

)
+

1

2
(b1 . . . br−1S (a) br − b1S (a) b2 . . . br)

= a · ∂ (b1 . . . br) +
1

2
(S (a) (b1 . . . br)− (b1 . . . br)S (a)) +

1

2

(
r−1∑
i=3

b1 . . . S (a) bi . . . br −
r−2∑
i=2

b1 . . . biS (a) . . . br

)
+ (5.41)

= a · ∂ (b1 . . . br) + S (a)× (b1 . . . br) (5.42)

To get from equation 5.41 to equation 5.42 note that in the sums in parenthesis in equation 5.41
the ith term in the first sum cancels the ith + 1 term in the second sum.
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Since any multivector is a linear superposition of terms containing b1 . . . br with 1 ≤ r ≤ n and
a scalar we have

a ·DA = a · ∂A+ S (a)× A (5.43)

Where a (x) and b (x) are vector fields on the manifold write

a · ∂b = a · ∂P (b) = a · ∂̇Ṗ (b) + P (a · ∂b) = a · ∂̇Ṗ (b) + a ·Db (5.44)

Now substitute equation 5.43 into equation 5.44 to get

a · ∂̇Ṗ (b) = b · S (a) (5.45)

5.2 Coordinates and Derivatives

In a region of the manifold we introduce local coordinates xi and define the frame vectors as

ei =
∂x

∂xi
(5.46)

From the definition of ∂ is follows that ei = ∂xi. The {ei} are referred to as tangent vectors and
the reciprocal frame {ei} as the cotangent vector (or 1-forms). The covariant derivative along a
coordinate vector, ei ·D, satisfies and defines both Di and Si.

ei ·DA = DiA = ei∂A+ S (ei)× A ≡ ∂iA+ Si × A (5.47)

The tangent frame vectors satisfy

∂iej − ∂jei = (∂i∂j − ∂j∂i)x = 0 (5.48)

Using the P operator on equation 5.48 gives

Diej −Djei = 0 (5.49)

while using P⊥ gives

ei · Sj = ej · Si (5.50)

For arbitrary vectors a and b in the tangent space equation 5.50 becomes

a · S (b) = b · S (a) (5.51)
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In terms of the coordinate vectors the shape tensor becomes

S (a) = ek ∧ P⊥ (a · ∂ek) (5.52)

and
Si = ek ∧ P⊥ (ei · ∂ek) = ek ∧ P⊥ (ek · ∂ei) (5.53)

Then
∂ ∧ ei = ek ∧ ∂kei = ek ∧ (P (∂kei) + P⊥ (∂kei)) = D ∧ ei + Si (5.54)

Letting a = aiei be a constant vector in the tangent space gives the general result

∂ ∧ a = D ∧ a+ S (a) (5.55)

Additionally

∂ ∧ a = ∂ ∧ (P (a))

= ∂̇ ∧ Ṗ (a) + P (∂ ∧ a)

= D ∧ a+ ∂̇ ∧ Ṗ (a) (5.56)

Thus
∂̇ ∧ Ṗ (a) = S (a) (5.57)

Note that if a and b are any two vectors in the embedding space then P (a ∧ b) = P (a) ∧ P (b)
and if φ (x) is a scalar function on the manifold we have

∂ ∧ ∂φ = ∂ ∧ P (∇φ)

= ∂̇ ∧ P
(
∇̇φ
)

+ ∂̇ ∧ Ṗ (∇φ)

= P
(
∇̇
)
∧ P

(
∇̇φ
)

+ ∂̇ ∧ Ṗ (∇φ)

= P (∇∧∇φ) + ∂̇ ∧ Ṗ (∇φ) (5.58)

but ∇∧∇ = 0 so
∂ ∧ ∂φ = S (∇φ) (5.59)

Since S (a) for any vector a lies outside the manifold we have

D ∧ (Dφ) = 0 (5.60)

Letting φ (x) = xi (x), then since xi (x) is a scalar function

D ∧ (Dxi) = D ∧ ei = 0 (5.61)

so that for a general vector a = ai (x) ei we have

D ∧ a = D ∧ (ajej) = ei ∧ ej (∂iaj) =
1

2
ei ∧ ej (∂iaj − ∂jai) (5.62)

Equation 5.62 is isomorphic to the definition of the exterior derivative of differential geometry.
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5.3 Riemannian Geometry

We shall now relate the shape tensor to the metric tensor and Christoffel connection. The metric
tensor is defined by

gij ≡ ei · ej (5.63)

and the Christoffel connection by
Γijk ≡ (Djek) · ei (5.64)

so that the components of the covariant derivative are given by

(a ·Db) · ei = aj
(
Dj

(
bkek

)) · ei
= aj

(
∂jb

i + Γijkb
k
)

(5.65)

The Γijk can be expressed in terms of the gij by considering the following relations. First, the
Γijk are symmetric in the j and k indices.

Γijk − Γikj = (Djek −Dkej) · ei = 0 (5.66)

Second, the curl of the basis vectors is given by (equation 5.61)

D ∧ ei = D ∧ (gijej) = (Dgij) ∧ ej (5.67)

By equation 5.66 we can write

Γijk =
1

2
ei · (Djek +Dkej)

=
1

2
ei · ((ej ·D) ek + (ek ·D) ej) (5.68)

Now apply equation A.5 (Appendix A) and equation 5.67 to each term in equation 5.68 to get

(ej ·D) ek + (ek ·D) ej = ej · (D ∧ ek) + ek · (D ∧ ej) + (ej · ėk) Ḋ + (ek · ėj) Ḋ
= ej · (D ∧ ek) + ek · (D ∧ ej) +D (gjk)

= ej ·
(
(Dgkl) ∧ el

)
+ ek ·

(
(Dgjl) ∧ ej

)
+D (gjk) (5.69)

Now apply equation A.2 (Appendix A) to ej ·
(
Dgkl ∧ el

)
and ek · (Dgjl ∧ ej) giving in the first

case

ej ·
(
Dgkl ∧ el

)
= (ej · (Dgkl)) el −

(
ej · el

)
Dgkl

= ((ej ·D) gkl) e
l − δljDgkl

= (Djgkl) e
l −Dgkj

= (∂jgkl) e
l − ∂gkj (5.70)
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so that equation 5.68 becomes

Γijk =
1

2
ei · ((∂jgkl) el + (∂kgjl) e

l − ∂gkj
)

=
1

2
ei · ((∂jgkl) el + (∂kgjl) e

l − el∂lgkj
)

=
1

2
gil (∂jgkl + ∂kgjl − ∂lgkj) (5.71)

which is the standard formula for the Γijk.

Now define the commutator bracket [A,B] of the multivectors A and B by (note there is no
1

2
factor)

[A,B] ≡ AB −BA (5.72)

Now form equation A.2 (Appendix A) and use the Jacobi identity (equation 1.101) to reduce the
double commutator products on the r.h.s. of the equation

[Di, Dj]A = ∂i (∂jA+ Sj × A) + Si × (∂jA+ Sj × A)− ∂j (∂iA+ Si × A)− Sj × (∂iA+ Si × A)

= (∂iSj − ∂jSi)× A+ (Si × Sj)× A (5.73)

However (see equations 5.33 and 5.34, page 153) so that Si = − (∂iI) I−1, and

(∂iSj − ∂jSi) = −∂i
(
(∂jI) I−1

)
+ ∂j

(
(∂iI) I−1

)
= (∂jI) (∂iI) I−2 − (∂iI) (∂jI) I−2

= (∂jI) I−1 (∂iI) I−1 − (∂iI) I−1 (∂jI) I−1

= SjSi − SiSj = −2Si × Sj (5.74)

where we have used that I−1 and the partial derivatives of I commute to reduce the second line
of equation 5.74

[Di, Dj]A = − (Si × Sj)× A (5.75)

The commutator of the covariant derivatives defines the Riemann tensor

R (a, b) ≡ P (S (b)× S (b)) (5.76)

Since R (a, b) is a bilinear antisymmetric function of a and b we may write

R (a ∧ b) = P (S (b)× S (a)) (5.77)

or
R (ei ∧ ej) = P (S (ej)× S (ei)) (5.78)
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Since both S (a) and S (b) are bivectors we can use equation A.10 (Appendix A) to reduce
S (b)× S (a)

S (b)× S (a) =
(
ek ∧ P⊥ (b · ∂ek)

)× (el ∧ P⊥ (a · ∂el)
)

=
(
ek · P⊥ (a · ∂el)

)P⊥ (b · ∂ek) ∧ el −
(
ek · el)P⊥ (b · ∂ek) ∧ P⊥ (a · ∂el)

+
(P⊥ (b · ∂ek) · el

)
ek ∧ P⊥ (a · ∂el)− (P⊥ (b · ∂ek) · P⊥ (a · ∂el)) ek ∧ el (5.79)

In equation 5.79 the first and third terms are zero. The second term is entirely outside the
tangent space and the fourth term is entirely inside the tangent space. Also note that since the
second term consists of bivectors that are entirely outside the tangent space that term commutes
with all multivectors A in the tangent space so that the commutator of the second term with A
is zero. Thus the Riemann tensor reduces to

R (a ∧ b) = − (P⊥ (b · ∂eu) · P⊥ (a · ∂ev)) eu ∧ ev (5.80)

or
R (ei ∧ ej) = − (P⊥ (∂jeu) · P⊥ (∂iev)) e

u ∧ ev (5.81)

To calculate the Riemann tensor in terms of the Christoffel symbols note that

[Di, Dj] ek = Sj × Si × ek (5.82)

= Sj × Si · ek (5.83)

= R (ei ∧ ej) · ek (5.84)

Equation 5.82 comes from letting A = ek in equation 5.75. Equation 5.83 comes from the fact
that Sj×Si is a bivector and that the commutator product of a bivector and a vector is the same
as the dot product. Finally we have that Sj × Si · ek = P (Sj × Si) · ek since from equation 5.79
P⊥ (Sj × Si) = − (em · el)P⊥ (ej · ∂em) ∧ P⊥ (ei · ∂el) so that P⊥ (Sj × Si) · ek = 0. Thus

R (ei ∧ ej) · ek = [Di, Dj] ek

= Di

(
Γajkea

)−Dj (Γaikea)

=
(
∂iΓ

a
jk

)
ea + ΓajkDiea − (∂jΓ

a
ik) ea − ΓaikDjea

=
(
∂iΓ

a
jk + ΓbjkΓ

a
ib

)
ea −

(
∂jΓ

a
ik − ΓbikΓ

a
jb

)
ea (5.85)

so

(R (ei ∧ ej) · ek) · el =
((
∂iΓ

a
jk

)
+ ΓbjkΓ

a
ib

)
δla −

(
(∂jΓ

a
ik) + ΓbikΓ

a
jb

)
δla

= ∂iΓ
l
jk + ΓbjkΓ

l
ib − ∂jΓlik − ΓbikΓ

l
jb (5.86)
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Using equation 5.81 we have

(R (ei ∧ ej) · ek) · el = − (P⊥ (∂jeu) · P⊥ (∂iev)) ((eu ∧ ev) · ek) · el (5.87)

Using equation A.9 (Appendix A) to reduce ((eu ∧ ev) · ek) · el gives

((eu ∧ ev) · ek) · el = gulδvk − gvlδuk (5.88)

Substituting equation 5.88 into equation 5.87 gives

(R (ei ∧ ej) · ek) · el = P⊥ (∂jek) · P⊥ (∂iev) g
vl − P⊥ (∂jeu) · P⊥ (∂iek) g

ul

= P⊥ (∂jek) · P⊥
(
∂ie

l
)− P⊥ (∂jel) · P⊥ (∂iek) (5.89)

because

P⊥ (∂iev) g
vl = P⊥

(
gvl∂iev

)
= P⊥

(
∂i
(
gvlev

)− (∂igvl) ev)
= P⊥

(
∂i
(
gvlev

))
= P⊥

(
∂ie

l
)

(5.90)

Finally

R l
ijk = P⊥ (∂jek) · P⊥

(
∂ie

l
)− P⊥ (∂jel) · P⊥ (∂iek)

= ∂iΓ
l
jk + ΓbjkΓ

l
ib − ∂jΓlik − ΓbikΓ

l
jb (5.91)

Which is the standard form of the Riemann tensor in terms of the Christoffel symbols. Note that

Rijkl = R v
ijk gvl

= P⊥ (∂jek) · P⊥ (∂iel)− P⊥ (∂jel) · P⊥ (∂iek) (5.92)

From equation 5.92 and equation 5.48 (∂iej = ∂jei) we can see that the symmetries of the co-
variant Riemann tensor are

Rijkl = −Rjikl, Rijkl = −Rijlk, and Rijkl = Rklij

To prove the first Bianchi identity form R (ei ∧ ej) · ek and use equation 5.49 (Djek = Dkej) to
get

R (ei ∧ ej) · ek = DiDjek −DjDiek

= DiDkej −DjDkei

= [Di, Dk] ej − [Dj, Dk] ei +Dk (Diej −Djei)

= R (ei ∧ ek) · ej −R (ej ∧ ek) · ei (5.93)
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or
F (a, b, c) = a · R (b ∧ c) + c · R (a ∧ b) + b · R (c ∧ a) = 0 (5.94)

However F (a, b, c) is a linear function of a, b, and c. Also F (b, a, c) = −F (a, b, c) and F (a, c, b) =
−F (a, b, c) so since F is antisymmetric in all arguments we may write

F (a, b, c) = F (a ∧ b ∧ c) (5.95)

Thus equation 5.94 contains n
(
n
3

)
=

n2 (n− 1) (n− 2)

6
scalar coefficients. Since the Riemann

tensor is a bivector valued function of a bivector the degrees of freedom of the tensor is no more

than

(
n (n− 1)

2

)2

and equation 5.94 reduces the degrees of freedom by n
(
n
3

)
so that the total

degrees of freedom of the Riemann tensor is(
n (n− 1)

2

)2

− n
(
n

3

)
=

1

12
n2
(
n2 − 1

)
.

5.4 Manifold Mappings

One way of illuminating the connection between geometric calculus on manifolds and the standard
presentation of differential geometry is to study the effects of mappings from one manifold to
another (including mapping of the manifold onto itself). Let f : M → M′ define a mapping
from the manifold M to M′. For our purposes f is a diffeomorphism. That is f and all of its
derivatives are continuous and invertible. We shall denote the image of x ∈ M as x′ so that
f (x) = x′. Then if x (λ) defines a curve on M, then f (x (λ)) = x′ (λ) defines a curve on M′.

Since
dx

dλ
is in the tangent space of M and (remember dot product before geometric product)

dx′

dλ
=

d

dλ
(f (x (λ))) =

dx

dλ
· ∂f (x) =

dxi

dλ

∂f j

∂xi
uj (5.96)

is in the tangent space of M′ (the uj’s would be a basis for the embedding space of M′). Thus
if a is in the tangent space of M at point x then

a′ = a · ∂f (x) = f (a;x) = f (a) (5.97)

is in the tangent space of M′ at point x′ and the frame (basis) vectors for M at point x map
from one tangent space to the other via

e′i = ei · ∂f (x) = f (ei;x) = f (ei) (5.98)
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where in the rhs of equations 5.97 and 5.98 we suppress the position dependence, x, in the linear
functional f. Note that we actually have ei (x) and e′i (x). The cotangent frame, ei, in M is
mapped to e′i in M′ via the inverse of the adjoint

e′i = f̄−1
(
ei
)
. (5.99)

This is simply proved by noting (remember that by definition a · f̄ (b) = b · f (a))

f−1 (e′i) = ei, f̄ (e′j) = ej

f−1 (e′i) · f̄ (e′j) = ei · ej
e′j · f (f−1 (e′i)) = δji

e′j · e′i = δji .

(5.100)

Lab (5.101)



Chapter 6

Case Study of a Manifold for a Model
Universe

We wish to construct a spatially curved closed isotropic Minkowski space with 1, 2, and 3 spatial
dimensions.

To do this consider a Minkowski space with one time dimension (e2
0 = 1) and 2, 3, or 4 spatial

dimensions (unit vector squares to −1) as indicated below

e2
0 = −e2

1 = −e2
2 = −e2

3 = −e2
4 = 1 (6.1)

The vector manifolds will designated by

Vector Function Spatial Dimensions Coordinates Components
X(1) 1 τ, ρ e0, e1, e2

X(2) 2 τ, ρ, θ e0, e1, e2, e3

X(3) 3 τ, ρ, θ, φ e0, e1, e2, e3, e4

The condition that τ does parametrize the time coordinate of the manifold is that

eτ · eτ =
∂X(i)

∂τ
· ∂X

(i)

∂τ
= 1 (6.2)

since then the time coordinate is given by (all spatial coordinates are fixed)∫ √
eτ · eτ dτ = τ (6.3)
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Then the manifolds in 1, 2, and 3 spatial dimensions are defined by

X(1) = t (τ) e0 + r (τ)
(

cos
(ρ
r

)
e1 + sin

(ρ
r

)
e2

)
(6.4)

X(2) = t (τ) e0 + r (τ)
(

cos
(ρ
r

)
e1 + sin

(ρ
r

)
(cos θe2 + sin θe3)

)
(6.5)

X(3) = t (τ) e0+

r (τ)
(

cos
(ρ
r

)
e1 + sin

(ρ
r

)
(cos θe2 + sin θ (cosφe3 + sinφe4))

)
(6.6)

Where r (τ) is the spatial radius of the manifolds. In order for equation 6.2 to be satisfied for all
the three manifolds we must have

eτ · eτ =

(
dt

dτ

)2

−
(
dr

dτ

)2

= 1 (6.7)

For the specific case of r (τ) =
1

2
τ 2 the derivatives and t (τ) are given by

−2 0 2 4 6 8 10

r(τ )

0

2

4

6

8

10

t(
τ

)

Figure 6.1: Expansion Radius of Model Universe, r (τ), where τ is the time coordinate.



79

dr

dτ
= τ

dt

dτ
=
√

1 + τ 2

t (τ) =
1

2

(
τ
√

1 + τ 2 + sinh−1 τ
)

Spatial coordinates for the model universes are given by ρ a spatial radius and the angular
coordinates θ and φ if required. A visualization of the 1-D spatial dimensional manifold is shown
in figure 6.2. eτ and eρ are

eτ =
∂X(1)

∂τ
and eρ =

∂X(1)

∂ρ
(6.8)

and metric tensors for the three cases are

g(i)
µν =

∂X(i)

∂µ
· ∂X

(i)

∂ν
(6.9)

where µ, ν = {τ, ρ, θ, φ}. If we define h (τ, ρ) as

h (τ, ρ) =
dr

dτ

ρ

r (τ)
(6.10)

Then the differential arclength given by the metric tensor, gµν , is

(ds)2 = gµνdx
µdxν (6.11)

and the metric tensors for the three cases are (using sympy to do the algebra)

g(1)
µν =

(
1− h2 h
h −1

)
(6.12)

g(2)
µν =

 1− h2 h 0
h −1 0

0 0 −
(
r sin

(ρ
r

))2

 (6.13)

g(3)
µν =


1− h2 h 0 0
h −1 0 0

0 0 −
(
r sin

(ρ
r

))2

0

0 0 0 −
(
r sin

(ρ
r

)
sin θ

)2

 . (6.14)
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If we renormalize eθ and eφ to be unit vectors

e′θ =
eθ∣∣∣r sin
(ρ
r

)∣∣∣ (6.15)

e′φ =
eφ∣∣∣r sin
(ρ
r

)
sin θ

∣∣∣ (6.16)

The metric tensors g
(2)
µν and g

(3)
µν become

g′(2)
µν =

 1− h2 h 0
h −1 0
0 0 −1

 (6.17)

g′(3)
µν =


1− h2 h 0 0
h −1 0 0
0 0 −1 0
0 0 0 −1

 (6.18)

and
det
(
g(1)
µν

)
= det

(
g′(2)
µν

)
= det

(
g′(3)
µν

)
= −1 = I2 (6.19)

For the 1-Dimensional space the differential arc length is

(ds)2 =
(
1− h2

)
(dτ)2 + 2hdτdρ+ (dρ)2 (6.20)

so that for the light cone, ds = 0, we have the differential equation

1− h2 + 2h
dρ

dτ
+

(
dρ

dτ

)2

= 0 (6.21)

Note that this equation also applies to the 2 and 3 dimensional case if we set
dθ

dτ
=
dφ

dτ
= 0.

Solving for
dρ

dτ
gives

dρ

dτ
= h± 1 =

1

r

dr

dτ
ρ± 1 =

(
d

dτ
ln (r)

)
ρ± 1 (6.22)

Using the integration factor for linear first order differential equations the solution to equation
6.22 is (ρ (τ0) = 0)

ρ (τ) = ±r (τ)

∫ τ

τ0

dτ ′

r (τ ′)
(6.23)
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Note that r (τ) and αr (τ) have the same solution ρ (τ). Now consider the case that r (τ) = τ η,
then

ρ (τ) = ±τ η
∫ τ

τ0

(τ ′)
−η
dτ ′ =


η = 1, ±τ ln

(
τ

τ0

)
η 6= 1,

±1

1− η
(
τ − τ0

(
τ

τ0

)η)
 (6.24)

Typical ρ (τ)’s for various −1.5 ≤ η ≤ 1.5 are shown in the light cone plot. If η > 0 the speed of
light is greater than c in flat space. If η < 0 the speed of light is less than c in flat space. Note
that if the universe is curved, but not expanding or contracting the speed of light is the same as
c in flat space.

1.0 1.5 2.0 2.5 3.0
τ
τ0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

ρ
(τ

)
τ 0

Photon Path
(
r (τ) =

(
τ
τ0

)η)
-1.5
-1.0
-0.5
0.0
0.5
1.0
1.5

Figure 6.3: Lightcone in Curved Space

For a time periodic universe r (τ) = sin
( τ
T

)
where T is twice the period of the universe and

ρ (τ0) = 0, then

ρ (τ) = T sin
( τ
T

)
ln

∣∣∣∣∣∣
csc
(τ0

T

)
+ cot

(τ0

T

)
csc
( τ
T

)
+ cot

( τ
T

)
∣∣∣∣∣∣ (6.25)

The plot of equation 6.25 is shown in figure 6.4
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Figure 6.4: Periodic Light Cone
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6.1 The Edge of Known Space

Another kinematic question to answer is under what conditions light cannot access parts of the
universe. The critical quantity is

λ (τ) =
ρ (τ)

ϑr (τ)
(6.26)

where ϑ (the angular distance around the universe restricted to 0 ≤ ϑ ≤ π) is the measure of
how far from the observer you are. Since the universe is spatially periodic the maximum value
of ϑ is π. If λ (τ) ≥ 1 for some finite τ you can access the distance defined by ϑ. Substituting
equation 6.23 into equation 6.26 gives

λ (τ) =
1

ϑ

∫ τ

τ0

dτ ′

r (τ ′)
(6.27)

so that the connection condition is ∫ τ

τ0

dτ ′

r (τ ′)
≥ ϑ. (6.28)

First consider a linear expansion model of the form

r (τ) = r0

(
1 + α

(
τ

τ0

− 1

))
(6.29)

where r (τ0) = r0. Then

τ

τ0

≥ 1

α
e
αϑ

 r0

τ0

!
− 1 (6.30)

In a linearly expanding universe the photon time of flight increases exponentially with distance.
Now consider super-linear expansion of the form (η > 1)

r (τ) = r0

(
1 + α

(
τ

τ0

− 1

)η)
(6.31)

Then

τ0

r0

α−
1
η

∫ α
1
η
“
τ
τ0
−1
”

0

dµ

1 + µη
≥ ϑ, (6.32)

but the integral in equation 6.32 does not have a closed form solution unless we let τ → ∞. In
that case1 we can write

1

η
α−

1
η csc

(
π

η

)
≥
(
ϑ

π

)(
r0

τ0

)
(6.33)

A contour plot of the left side of equation 6.33 is shown below

1
∫∞
0

dx
1+xη is 3.241-2 in ”Gradshteyn and Ryzhik”
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
α

1.0

1.1

1.2

1.3

1.4

1.5

η

α−( 1
η)

η
csc

(
π

η

)

0.0

0.2

0.4

0.6

0.8

1.0

Figure 6.5: Photon Exclusion Zone
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The right side of equation 6.33,

(
ϑ

π

)(
r0

τ0

)
, is interpreted as follows -

1.
ϑ

π
is the fractional distance around the closed spatially periodic universe.

ϑ

π
= 1 is as far

as one can go before the distance from the observer starts to decrease.

2.
r0

τ0

is a measure of inflation. Immediately after an inflationary epoch
r0

τ0

>> 1.

Thus equation 6.33 determined the maximum distance
ϑ

π
that a photon can propagate in a finite

amount of time.

Another question to consider is under what conditions
r0

τ0

will increase as τ0 increases or when

will the following be true
r (τ)

τ
≥ r (τ0)

τ0

. (6.34)

Equation 6.34 is equivalent to

α

(
τ

τ0

− 1

)η−1

≥ 1 (6.35)

so that if η > 1 then
r (τ0)

τ0

will eventually grow as τ0 increases.



Appendix A

BAC-CAB Formulas

Using the geometric algebra module in sympy1 several formulas containing the dot and wedge
products can be reduced. Let a, b, c, d, and e be vectors, then we have

a · (bc) = (b · c) a− (a · c) b+ (a · b) c (A.1)

a · (b ∧ c) = (a · b) c− (a · c) b (A.2)

a · (b ∧ c ∧ d) = (a · d) (b ∧ c)− (a · c) (b ∧ d)

+ (a · b) (c ∧ d) (A.3)

a · (b ∧ c ∧ d ∧ e) = − (a · e) (b ∧ c ∧ d) + (a · d) (b ∧ c ∧ e)
− (a · c) (b ∧ d ∧ e) + (a · b) (c ∧ d ∧ e) (A.4)

If in equation A.2 the vector b is replace by a vector differential operator such as ∇, ∂, or D (we
will use D as an example) it can be rewritten as

(a ·D) c = a · (D ∧ c) + (a · ċ) Ḋ
= a · (D ∧ c) + Ḋ (a · ċ)
= a · (D ∧ c) + Ḋ (ċ · a) (A.5)

Cyclic reduction formulas are

a · (b ∧ c) + c · (a ∧ b) + b · (c ∧ a) = 0 (A.6)

a (b ∧ c)− b (a ∧ c) + c (a ∧ b) = 3a ∧ b ∧ c (A.7)

1http://docs.sympy.org/
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a (b ∧ c ∧ d)− b (a ∧ c ∧ d) + c (a ∧ b ∧ d)− d (a ∧ b ∧ c) =

4a ∧ b ∧ c ∧ d (A.8)

Basis blade reduction formula

(a ∧ b) · (c ∧ d) = ((a ∧ b) · c) · d
= (a · d) (b · c)− (a · c) (b · d) (A.9)

Finally one formula for reducing the commutator product of two bivectors

(a ∧ b)× (c ∧ d) = (a · d) b ∧ c− (a · c) b ∧ d
+ (b · c) a ∧ d− (b · d) a ∧ c (A.10)



Appendix B

Blade Orientation Theorem

A blade only depends on the relative orientation of the vectors in the plane defined by the blade.
Since any blade can be defined by the geometric product of two orthogonal vectors let them be
ex and ey. Then any two vectors in the plane can be define by:

a = axex + ayey (B.1)

b = bxex + byey (B.2)

and any rotor in the plane by

R = ab = (a · b) + (axby − aybx) exey (B.3)

as long as
RR ∧ † = 1 (B.4)

but
Rexey = exeyR (B.5)

and
RexR

†ReyR
† = RexeyR

† = exeyRR
† = exey (B.6)

and absolute orientations of ex and ey does not matter for exey.
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