
10.3 - Arclength and Curvature 

 

Arclength of Parameterized functions from Chapter 6 

 

 

 

 

Arclength of a space curve defined by ݎԦሺݐሻ ൌ ,ሻݐሺ݂ۃ ݃ሺݐሻ, ݄ሺݐሻۄ 

 

 

 

 

 

 

 

Example 1 

Find the length of the circular helix ݎԦሺݐሻ ൌ cos ଓԦ ݐ ൅ sin ଔԦ ݐ ൅  ሬ݇Ԧ from the point ሺ1,0,0ሻ to the ݐ
point ሺ1,0,2ߨሻ. 

  



Independence of Parameterization 

 

 

 

 

 

Arc Length Function 

 

 

 

 

Parameterize with respect to Arc Length 

 

 

 

 

Example 2 

Parameterize the circular helix ݎԦሺݐሻ ൌ cos ଓԦ ݐ ൅ sin ଔԦ ݐ ൅  ሬ݇Ԧ  with respect to arc length measured ݐ
from the point ሺ1,0,0ሻ in the direction of increasing t. 

  



Curvature 

 

 

 

 

 

 

 

 

 

 

 

Example 3 

Show that the curvature of a circle of radius a is 1 ܽൗ  

 

 

 

 

 

 

 

  



Theorem 

The curvature of the curve given by the vector funtion ݎԦሺݐሻ is: 

ሻݐሺߢ ൌ
ሻݐԦᇱሺݎ| ൈ |ሻݐԦᇱᇱሺݎ

ሻ|ଷݐԦᇱሺݎ|  

  



Example 4 

Find the curvature of the twisted cubic ݎԦሺݐሻ ൌ ,ݐۃ ,ଶݐ  .at a general point and at ሺ0,0,0ሻ ۄଷݐ

 

 

 

 

 

 

 

 

 

 

 

 

Curvature of plane curves 

  



Example 5 

Find the curvature of the parabola ݕ ൌ  .ଶݔ

 

 

 

 

 

 

 

 

 

 

The Normal and Binormal Vectors 

 

 

  



Example 6 

Find the unit normal and binormal vectors for the circular helix ݎԦሺݐሻ ൌ cos ଓԦ ݐ ൅ sin ଔԦ ݐ ൅  .ሬ݇Ԧ ݐ

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Normal Plane and Osculating Plane 

  



Example 7 

Find the equations of the normal and osculating planes of the helix at the point ቀ0,1, గ
ଶ

ቁ. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 8 

Find and graph the osculating circle of the parabola ݕ ൌ  .ଶ at the originݔ
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